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Abstract
We generalize the definition of spoof perfect numbers to multiperfect numbers and
study their characteristics. As a result, we find several new odd spoof multiperfect
numbers, akin to Descartes’ number. An example is 8999757, which would be an
odd multiperfect number, if one of its prime factors, 61, was a square. We briefly
describe an algorithm for searching for such numbers and discuss a few of their
properties.

1. Introduction

Let o(n) denote the sum of divisors of the positive integer n. If o(n) = 2n, n is said
to be perfect. While many examples of even perfect numbers are known, no odd
perfect numbers have been found so far. Their existence is the subject of extensive
research, and the abundance of constraints that an an odd perfect number must
satisfy has left many skeptical about their existence.

Descartes however noted in 1638 that the number

D = 198585576189

would be an odd perfect number if only one of its composite factors were prime.
Indeed, D = 32 - 7% .112 - 132 - 22021 and assuming that 22021 is prime, we have

oD)=(32+3+1) - (T*+7+1)- (112 +11+1)- (13> + 13 +1) - (22021 + 1)
= 2D.

Alas, 22021 = 192 - 61 so D is not perfect. However, Descartes’ example motivated
the search for so-called “spoof perfect” numbers, integers s = nx with the property

a(n) _ oz

2n z+1

for positive integers n and x such that n,z > 2. If x, the so-called spoof factor, is a
prime number, then nx is perfect. On the other hand, if both n and x are odd, but
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x is not prime, then we have a Descartes number, also referred to as an odd spoof
perfect number. Descartes’ example is the only currently known odd spoof perfect
number.

Considerable research has been carried out in finding examples similar to D.
For instance, T6th [3] showed that if s = nz denotes a spoof perfect number with
pseudo-prime z, other than Descartes’ example, then n must be greater than 102,
Others, like Voight [4], generalized the concept of spoof perfect numbers by allowing
negative spoof factors. One such example, due to Voight, is

V=3.72.117.19% - (-127),

which would be perfect if only —127 were positive. The BYU Computational Num-
ber Theory Group [1] further relaxed these conditions. They discovered that the
number

11025 =1-9-25-49 = (1)% - (=3)% - (=5)? - (49)

would be an odd perfect number if 1, —3, —5, and 49 were all assumed to be prime.

2. Scope of This Paper

In this paper we provide a generalization of spoof perfect numbers to multiperfect
(or “multiply perfect”) numbers, integers n such that o(n) = kn for some positive
integer k£ > 2. Indeed, motivated by the fact that no odd spoof perfect number

s = nx with the property
on)

2n z+1
has been found other than Descartes’ example, we turn our attention instead to
numbers such that

o(n) _ =z

kn z4+1’

i.e., the “spoof” equivalent of multiperfect numbers, and

o(n) x
kn a2+ ax+1°

numbers that would be multiperfect if only one of their factors = was the square of
a prime. Our methods allow us to find several new odd spoof multiperfect numbers.
For instance, let

S = 8999757 = 3% - 13% - 61 - 97.

If one assumes (wrongly) that 61 is a square, we have:
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o(S) = (32+3+1)(13% + 13+ 1)(97 + 1)(61% + 61 + 1)
=(13)-(3-61)-(2-7%) - (3-13-97)
=2-32.7%.13%.61-97
=98-32.13%.61-97
= 98S.

And thus, S would be an odd 98-perfect number if only its spoof factor (61) was a
square.

Inspired by this result, we conducted a computer search in hopes of finding other
examples of this kind. And indeed, we found several other odd spoof multiperfect
numbers, which we will present further on in this paper. In the next sections, we
will define spoof k-perfect numbers in a more rigorous manner and provide a few
examples, both odd and even. We will then describe our algorithm that allows to
quickly find such numbers and conclude with a few remarks about Robin’s inequality
and spoof multiperfect numbers.

3. Spoof Multiperfect Numbers

We begin this section by defining spoof k-perfect numbers as follows.

Definition 1 (Spoof k-perfect number). Let s = nz be a positive integer such that
n,xr € Nand n,x > 2. Then s

1. is a spoof k-perfect number of the first kind if o(n)(x + 1) = knz,
2. is a spoof k-perfect number of the second kind if o(n)(z? + x + 1) = knax.
Furthermore, we shall refer to n as its root and to x as its spoof factor.

An advantage of this definition is that it is simple to implement as a computer
program. Indeed, in order to find spoof k-perfect numbers, one merely has to run
through positive integers n and compute the quantity ¢ = o(n)/kn. If q is of the
form z/(z + 1) (for numbers of the first kind) or z/(2% 4+ + 1) (for numbers of the
second kind), then having ged(x, z + 1) = 1, respectively ged(z, 2% + 2+ 1) = 1, we
can calculate the difference § between its denominator and numerator,

0= qden — Qnum;
and handle the following cases:
e If § = 1, we have found a spoof k-perfect number of the first kind,

o If§= + 1, we have found a spoof k-perfect number of the second kind.

2
Qnum
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We implemented this algorithm in Wolfram Mathematica 11.1 and ran it up to
n =5 x 10? with 2 < k < 50 for spoof odd k-perfect numbers of the first kind, and
up to n = 10% with 2 < k < 100 for the second kind. We found no such numbers of
the first kind other than Descartes’ example. On the other hand, we found several
examples of the second kind.

Table 1 shows the three odd spoof k-perfect numbers of the second kind that we
found, for which x is a prime that is also coprime to n.

s n x k
77805 11115 7 1 16
92781 1521 61 || 97

8999757 | 147537 | 61 || 98

Table 1: Odd spoof k-perfect numbers s = nz of the second kind

Note that the spoof factor 61 appears in two of our three examples, which is
striking because it also appears in the spoof factor of Descartes’ classical example.

Other odd examples exist, for which x is not a prime number. For instance,
s = 41089685 (with n = 1173991 and z = 35) would be an odd 48-perfect number
if x = 35 was the square of a prime.

Even spoof k-perfect numbers exist as well, and are much more abundant than
their odd counterparts within our result set. For instance, s = 393120 (with
n = 10080,z = 39) would be a 4-perfect number if only 39 was prime and s =
1176725309760 (with n = 862701840,z = 1364) would be a 5-perfect number if
only 1364 was prime.

4. On Robin’s Inequality

The spoof k-perfect examples we found and presented above are notable because
the existence of multiperfect numbers is bounded by an inequality of Guy Robin [2].
Recall that we have o(n) < e'nloglogn, for all positive integers n > 5040, where
v denotes the Euler-Mascheroni constant, if and only if the Riemann Hypothesis is
true. Thus, assuming the Riemann Hypothesis, we would expect a k-perfect number
n to appear only after

The spoof k-perfect numbers we found did not satisfy this iyequality. For instance,
e 23.53...

we would expect a 98-perfect number to appear after ™ ~ 101077 , however

our odd spoof 98-perfect number,

S = 8999757,
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seems to violate this bound. Other examples — even and odd — present such char-
acteristics. For example, s = 941129280 (with n = 470564640,z = 2), which is a
spoof 7-perfect number of the first kind, is found under the expected lower bound
1.3 x 10?2 and s = 10805558400 (with n = 2701389600,z = 4), a spoof 6-perfect
number also of the first kind, is found under the expected lower bound 4.1 x 10'2,
to name a few.

5. Conclusion and Further Work

In this paper we have introduced spoof k-perfect numbers as an extension to spoof
perfect numbers and found several notable odd examples. The search for more of
these numbers can be easily continued with more computing power using the same
simple algorithm that we described above. Of course, one may extend our definition
of such numbers even further by considering spoof factors with multiplicity greater
than 2. As an example, numbers s = nz that would be perfect if only one of their
prime factors were a cube are such that o(n)(2® + 22+ z + 1) = knx, and it would
suffice to adapt our algorithm to search for positive integers n satisfying

o(n) kx
n a3 4+a24+x+1’
for a positive integer x. In conclusion, we end this discussion with the following
question, which is based on our experimental results.

Question 1. Does there exist an odd spoof k-perfect number of the first kind, for
k> 27
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