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Abstract
We establish a local to global principle for higher moments over holomorphy rings
of global function fields and use it to compute the higher moments of rectangular
unimodular matrices and Eisenstein polynomials with coefficients in such rings.

1. Introduction

A classical problem in number theory is to compute the natural density of subsets
of the integers. The natural density of a subset A C Z? is given by considering
the number of points in A N [~H; H)?, normalizing it by (2H)? - the number of
points in the whole “box” [~H; H)? - and then taking H — co. A convenient tool
to compute such densities in special situations was developed in [16, Lemma 20]. If
the set A can be characterized locally in the sense that A = ﬂp(Zd NU,) for some
defining sets U,, C Z;,l (which is the case if A is defined by equations modulo prime
powers), then under certain conditions the natural density of A can be expressed
in terms of the Haar measures of the U,. One would naturally expect that such a
local to global principle for natural density should hold for any global field. Indeed,
a similar result was established for number fields in [1, Proposition 3.2]. Finally,
the case of global function fields was covered in [7, Theorem 2.1].

DOLI: 10.5281/zenodo.14679265



INTEGERS: 25 (2025) 2

One should think of the natural density as a substitute for a finite Haar measure
on the integers. It then becomes natural to ask whether one can make sense of the
notion of expected value (or any higher moment). If U, C Zg are again the defining
sets of our set in Z%, then the expected value is defined as

T {p : pprime, a € U}

lim (ZH)d

H—o0

a€[—H;H)d

This means, for the elements in the box [—H; H)¢ we count the number of defining
sets in which it is contained, average over the total number of points in the box,
and let the side length of the box go to infinity. This notion was considered in [5]
for Eisenstein polynomials.

One can make a similar definition of expected value over the ring of algebraic
integers of number fields or for higher moments. In [11, 12], a local to global
principle for higher moments over number fields was established based on a local to
global principle for natural densities [1, 16]. In [8] the notion of natural density for
holomorphy rings of global function fields was introduced (slightly different from
the one in [14]), where the boxes are replaced by Riemann-Roch spaces (see Section
2 for precise definitions). For local to global principles for densities over global
Dedekind domains, we direct the interested reader to [3]. In this paper we will
prove a local to global principle for higher moments over global function fields and
show how to use this tool for some interesting examples.

This paper is organized as follows. In Section 2 we recall the local to global
principle for the natural density in global function fields as introduced in [7]. In
Section 3 we will prove our main theorem, the local to global principle for higher
moments over function fields, and in Section 4 we will apply it to some examples
(coprime pairs, affine Eisenstein polynomials, and rectangular unimodular matrices,
all with coefficients in the holomorphy ring of some global function field).

2. Preliminaries

In this section we recall the basic definitions and results from [7]. We follow the
terminology of [17] for function fields and related concepts.

Let F be a global function field, that is, a finite extension F/F,(X), where F,
denotes a finite field with ¢ elements. We denote by Op a valuation ring of F', having
maximal ideal P. Such an ideal is called a place of the corresponding function field.
The set of all places of F will be denoted by Pr. If § £ S C Pp and ¢t € N, we
define

Sy={PeS : deg(P) >t} (1)
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Moreover, we write Og to denote the holomorphy ring of S,

Os= () Op.
pes

The easiest example of a holomorphy ring is I, [x], as this consists of the intersection
of all the valuation rings of F,(z) different from the infinite place (see [17, Section
1.2]). We denote by Div(F') the set of divisors of F, i.e. the free abelian group on
the set Pr. Furthermore, for D = 3 pp npP € Div(F) we define vp(D) = np.
The support of D, supp(D), is defined as the finite subset of Pg for which vp(D) is
non-zero. For D, De Div(F) we write D < D if and only if vp(D) < ’Up(ﬁ) for all
P € Pp. Note that this defines a partial order on Div(F'). Moreover, we will write
D > 0 whenever vp(D) > 0 for all P in Pg. Let

Divt(F) = {D € Div(F) | D > 0}.

For S C Py, let Dg be the subset of divisors of Div" (F) having support contained
in the complement of S.

Let (ap)peps C R then, for a € R, we write

lim ap =a
DeDs

if for every € > 0 there exists D, € Dg such that, for all D € Dg with D > D., one
has |a — ap| < €. Similarly one defines limsuppep, ap and liminfpepg ap. For
further information on Moore-Smith convergence, see [4, Chapter 2].

We define the upper density for A C (’)g as

[AN L(D)|

pg(A) :=limsup —————,
S qt(D)d

DeDs
where £(D) is the Riemann-Roch space attached to the divisor D and ¢(D) =
dimp, (£(D)). Analogously, one can give a notion of lower density p by replacing
the limit superior by the limit inferior. Whenever these two quantities coincide, we
define the density of A as pg(A) = p(A) = ps(A4).

This definition of density coincides with the classical definition,

o AN €Fyfe] : deg(f) < a)

d=oo |{f € Fylz] : deg(f) <d}| ’
when Og = Fy[z] (that is, F' = Fy(z) and S is all the places except the infinite
place). This was used in [14] to compute the density of square-free, multivariate
polynomials with coefficients in F,[z]. A similar notion of density was used in [15]
for homogeneous polynomials.

For a valuation ring Op, let us denote by 613 its completion. As F' is a global
function field, Op admits a normalized Haar measure, which we denote by up. By



INTEGERS: 25 (2025) 4

abuse of notation, we will denote the product measure on @p also by pup. For
U C (5’13 we denote by U the boundary of U with respect to the P-adic metric.

In [7], extending [14], the following local to global principle for densities over
global function fields was established.

Theorem 1 ([7, Theorem 2.1]). Let d be a positive integer, S be a proper, nonempty
subset of P, S; as defined in Equation (1) and Og the holomorphy ring of S. For
any P € S, letUp C (5}13 be a Borel-measurable set such that up(0Up) = 0. Suppose
that

tli)rgoﬁs({a € O |a € Up for some P € S;})=0. (2)

Let 7 : O — 25 be defined by m(a) = {P € S:a € Up} €25. Then
(i) Z wp(Up) is convergent.
pPes

(ii) Let T C 25, Then v(T) := ps(m~Y(T")) ewists and v defines a measure on 2°.

(iii) The measure v is concentrated on finite subsets of S. In addition, if T C S is
finite we have

v({T}) = <H uP(Up)> [T —ue@e)). 3)

pPeT PeS\T

In the same paper, the following variant of Ekedahl’s sieve was proved as a tool
to verify assumption (2).

Theorem 2 ([7, Theorem 2.2]). Let F' be a global function field and S be a proper,
nonempty subset of Prp. Let Og be the holomorphy ring of S. Furthermore, let
f.g € Oglz,...,2z4] be coprime polynomials. Then

tlilgloﬁs ({y e OL: f(y)=gly)=0 mod P for some P € Si})=0. (4

Remark 1. Note that in [7] the theorem is only stated for sets S having finite
complement; however, the assumption is not needed in the proof. An alternative
proof was sketched in [14, Theorem 8.1].

The next corollary follows from Theorem 1. It relates the density of the defining
sets to their Haar measures and will play a crucial role in the proof of our main
theorem.

Corollary 1. Let F' be a global function field with full field of constants equal to
F,. Let d be a positive integer, S be a proper, nonempty subset of Pr, and Og
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the holomorphy ring of S. Let Py,...,P, € S be distinct and for j = 1,....,n, let
Up, C (9%]_ be a Borel-measurable set with yip,(0Up;) = 0. Then

n

ps | [} (Up,N0O%) | = Htu(UPj)- (5)

j=1

Proof. Define Vp = Up for P € {Py,...,P,} and Vp = () otherwise. Then (Vp)pcs
satisfies the assumption of Theorem 1 and Equation (5) corresponds to (3) with
T={P,...,P,). O

3. Higher Moments

If Og carried a Haar measure, we could consider a random element a € Og and
define the expected number of places P € S such that a € Up. The next definition
is the analogue notion of expected value, respectively higher moments, in the case
where we only have the natural density.

Definition 1. Let F be a global function field with full field of constants equal to
F,. Let n and d be positive integers, ) #£S C Pr. Suppose Up C Op. Then we
define the n-th moment of the system (Up)pecg to be

> {PeS|acUp}™
Ry a€L(D)?
:u“TL - l)her’gs q@(D)d (6)

if it exists. We call p; the expected value of the system (Up)pes.

Our main theorem gives an easy way to compute higher moments for a large
class of systems.

Theorem 3. Let d and n be positive integers. Let F be a global function field with
full field of constants equal to Fy, S be a proper, nonempty subset of Pr, and Og be
the holomorphy ring of S. For each P € S, let Up C (’3313 be a measurable set such
that up(d(Up)) = 0. Let Sy .= {P € S| deg(P) >t}. If

tlim Ps ({ae@flg | a € Up for some P € S;}) =0 (7)

is satisfied, and for some a € [0,00) there exist absolute constants c’,c,é € Z, such
that for all D € Dg with deg(D) > ¢ and for all a € L(D)? one has that

|{P €S |deg(P) > deg(D)*,a € UpNLD)}| <c (8)

and that there exists a sequence (vp)pes C Rso, such that for all m € {1,...,n}
and all deg(Pr),...,deg(P) < ¢ deg(D)™ with P; € S pairwise distinct one has



INTEGERS: 25 (2025)

that

m m
ﬂ Upj N £(D)d < qE(D)d H Upj,

j=1 7=l
Z vp converges,
pPes
then it follows that
> KHPeS|aeUp}
— aeL(D)4
Hn = DIEIYIDIS qf(D)d

exists and [, < 0.
For | € N>, we denote by {l
with exactly | subsets. Then we have the formula

n l
n
3 D U | PR
Py,....PES m=1
Vi<je{l,..l}, Pi#P;

Remark 2.

n} the number of partitions of the set {1,...

(10)

(1)

1. Let (Up)pes, (ﬁp)Pes be systems satisfying the assumptions of Theorem 3

for a moment r. If up(Up) = pp(Up) and we have another system (Vp)pes
such that Up C Vp C Up, then the r-th moment of (Vp)pcg exists too and
is given by Equation (11).

l
kind and can be computed as follows:

- Qe-sr

!
k

. The coeflicient {n} in Equation (11) is the Stirling number of the second

. One could weaken the assumptions (8), (9), and (10). Namely, it would be
enough to assume that for every D € Dg, there exists D € Dg with D>D
such that for all D’ € Dg with D’ > D, the Conditions (8), (9), and (10) hold
true. The statement could be proved using the same ideas as in the proof
below.

. We could also include the case « = oo, meaning that we could drop assumption
(8) and require instead that (9) and (10) hold for all places in S.
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Proof of Theorem 3. We fix S throughout the proof, and write O, p, and D in place
of Og, ps, and Dg, respectively. For a € O? and P € P, we define

1, ae€Up,

(e, P) = {0, a¢ Up.

For M € N, we have

where for all j € {0,...,n}, we define

( > T(a’P)> ( > T(a,P)>
Ry(M, D)= 3 = PeS, deg(P)<M .

¢(D)d

a€L(D)4
First we show that, for all j € {0,...,n—1}, the term R;(M, D) is negligible for
M going to infinity. We define
la,p =|{P € S| deg(P) > ¢ deg(D)*,a € Up N L(D)"}].

Then by Assumption (8) there exist ¢, & > 0 such that for all a € O% and all D € D
with deg(D) > & we have [, p < ¢. We define

On(M,D) =g "P* (Z T(a,P)) .

a€L(D)d \PeSn

Thus, for M > &, we can express ¢“(?)?0,,(M, D) as

—~(n n W M < deg(Py) < ¢ deg(D)™  if1<k<i
Z(z) Z H(Pj)j—l €5 ¢ deg(D)* < deg(Py) ifi<k<n
i=0 acL(D)%:

ac U ﬁ Upj

Py,...,PpeS)j=1
" /n i . )
gz (l> Sy Pz, € 8" M < deg(P;) < ¢ deg(D)*}
=0 a€L(D)*:
ac U ﬁ Upj

Py, Pp €Sy =1
n
4 2 <n> cnfi 2
5 )
=1

(Py,..., Pi)GSi'
M<deg(Py),.deg(Pr)<c’ deg(D)"

<lep)n |J vp

PeSy

1£(D)* N () U, .
j=1
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Using Assumption (9), we further have that

£(D)'n U Upl
PeSm
¢*(D)d

n % J
if T\ n—i
ey (1) > ey
i=1j=1 (P1,...,P;)es? k=1
M<deg(P1),...,deg(Pj)<c’ deg(D)“

iL(D)'n U Upl

0,(M,D) <"

n PeSm
sc £{D)d
n % n J
3y (e (X o)
i=1 j=1 ¢ PESy

This implies that

limsup ©,,(M,D) < "p (Od N U Up)

DeD PeSm
n 7 J
i\ n—i
(e (X )
=1 j=1 PeSy
Thus, we get from Equations (7) and (10) that

lim limsup ©,,(M, D) = 0. (12)
M—oo pep

Using Holder’s inequality, we obtain, for j € {1,...,n — 1},
Rj(M, D) < Gn(M, l))(7l—j)/an(]\47 D)j/n.

Hence, if we can show that lim lim R, (M, D) exists, then we get, for all j €
M—o00 DED
{0,...,n—1},

lim limsup R;(M, D) =0,
Ve Der J( )

and thus, u, exists as well and we have

b= L, Rn,D).

In order to show that lim lim R, (M, D) exists, we need to evaluate expressions
M—o00 DED

of the form

LDy N U |
DeD qt(D)d '
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We would like to use Corollary 1, however, this only applies if the places are

pairwise distinct. For I € N>;, we denote by 7 the number of partitions of

{1,...,n} which contain exactly [ subsets. Note that {Py,...,P,} ={Q1,...,Q:}
with @1, ..., Qk pairwise distinct if and only if

l
{1,...n}=| |{Geft,....n} : Pj=Qu}.
k=1

Thus, we get
n
IL(D)* N N Up,|
j=1
Rn(M,D) = Z 4(D)d

Pl,...,P[(T)ES
deg(P1),...,deg(Py(r)) <M

l
n IL(D)*N N Up,|

o n j=1

i} T S
=1 P,..., PeSs

deg(Py),...,deg(P)<M

Vi<je{l,...,l(r)}, Pi#£P;

As all the sums are finite, we can pull the limit over the divisors inside of the sums
and get, with Corollary 1,

n ()
Jim R, (M, D) :Z{?} 3 o N Up, nO?
=1 Pl,...,Pg(T)GS j=1
deg(P1),...,deg(Py(r)) <M

Vi<je{l,...,U(T)}, Pi#P;

i{?} Z jlf[lﬂpj(URj)-

=1 Pi,...P,ES
deg(P1),...,deg(P) <M
Vi<je {1 d(r)}, PP,

Taking M — oo yields Equation (11). Using Condition (10) and the crude estimate

{7;} < n'™, one gets

i, < nHL <1 + Z ,up(Up)> < 0. O

pPeS

Remark 3. We briefly compare this with the results in [11, 12]. There, an alterna-
tive definition of expected value (respectively, higher moment) was used. Namely,
under the same assumptions for (Up)peg as in Definition 1, they define

I ={acO%|ac Up for infinitely many P € S} (13)
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and £(D)% == £(D)4\ I. Then they define the n-th moment of the system (Up)pes

to be
>, {PeSlacUp}"
. a€L(D)}
DEDs gtP)d

; (14)

if it exists. Let us call this the renormalized n-th moment.

This means that they consider, in our language, the moments of the sets (Up \
I)pecs. The restriction to the complement of I prevents the moment from being
infinity in a trivial fashion. The rationale in [11, 12] is that the moment of a random
variable with respect to a probability measure does not change when altered on a null
set. Furthermore, for system (Up)pcgs satisfying Condition (2), one can show that
the set I of elements which lie in infinitely many sets Up has density zero (see the
lemma below). Hence, the renormalized moment should be seen as a renormalized
version of the more natural Definition 1. If (Up)pes satisfies Condition (7), (Up \
I) pes satisfies all the conditions of Theorem 1 and I is closed in all Op for P € S,
then the n-th moment of (Up\ I) pes coincides with the renormalized n-th moment.
This happens for all the examples we have worked out in Section 4.

Lemma 1. Let F' a global function field with full field of constants equal to Fy, d
a positive integer, S be a proper, nonempty subset of Pp, Sy as defined in Equation
(1), and Og the holomorphy ring of S. For any P € S, let Up C @ﬁlp be Borel-
measurable and I defined as in Equation (13).

1. For all P € S, we have
up(Up\I) = pnp(Up).
2. If (Up)pes satisfies Condition (7), then
ps(I) = ps({a € OL | a € Up for infinitely many P € S}) = 0.

Proof. For the first part we note that F' is a finite extension of F,(z) and therefore
countable. Thus, I C Og C F is countable too. Recall that pup is a Haar measure
and hence, pp(I) = 0.

If a € I, then for any integer ¢, a € Up for some P € S;, that is

IC{acOL|acUp for some P € S}
for all positive integer . So we have
ps(I) < tli}rn psla € O] a € Up for some P € S;} =0,

where the last equality follows from Equation (7). Thus, we have pg(I) = 0 as
desired. O
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4. Applications

In this section, we will verify the assumptions of Theorem 3, i.e., compute all higher
moments, for various examples that were considered in the existing literature.

4.1. Coprime n-Tuples

In this subsection we will compute all higher moments of coprime n-tuples. Here a
coprime n-tuple denotes an n-tuple such that all entries are coprime over a specified
ring. The computation of the natural density of coprime pairs over the integers is
classical and goes back to Mertens [6] and Césaro [2] in the 1870’s.

The densities of coprime n-tuples over holomorphy rings have been calculated in
[8]. Previously this has also been considered over F[x] in [18]. We now compute
all corresponding higher moments over holomorphy rings.

Theorem 4. Let F' be a global function field with full field of constants equal to F,.
Let n > 2 be a positive integer. Let ) # S C Pr and let Og be the holomorphy ring
of S. Define the system Up = (P@p)" \ {0} for each P € S. Then all moments
exist and are given by Equation (11), where

,UP(UP) _ q—ndeg(P). (15)

Proof. We show that the system satisfies the assumptions of Theorem 3. We first
check that Condition (7) is satisfied using Theorem 2. Consider the polynomials
flx1,22,...,2,) = x1 and g(x1,22,...,2,) = 2. Then for positive integers t,
define

Si(f,9) ={a € O% | f(a) € P and g(a) € P for some P € S;}
={(a1,az2,...,a,) € O% | a1 € P and ag € P for some P € S,}.

Note that A; = {a € O% | a € Up for some P € S;} is a subset A; C S;(f,g). Thus,
by Theorem 2, we have

Jim 76(A,) < Jim 75(S,(f.9)) = 0.

So limy_y00 pg(A¢) = 0.

Next we check that Condition (8) is satisfied. Let & = 1. Fixa = (a1,a2,...,a,) €
L(D)"\ {(0,...,0)}. Asa # (0,...,0), we can without loss of generality assume
that a; # 0. Now by [17, Theorem 1.4.11], we have

Z deg(P)vp(ar) = — Z deg(P)vp(ar).

pPes PePp\S
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Recall that € L(D) implies that vp(z) > —vp(D). So we have for D € Dg

Zdeg Yup(ar) Z deg(P)vp(ay)

Pes PEPp\S

Z deg(P)vp(D)

PePrp\S
< deg(D).

For any constant ¢’ > 0, we obtain

Z deg(P)vp(ay) Z deg(P)vp(ay) < deg(D).
pes pes
deg(P)>c’ deg(D)
Since P\ {0} = {x € F | vp(z) > 1} and ay # 0, we have
' deg(D)-|{P €S : deg(P) > c deg(D),a € Up N L(D)"}| < deg(D).

Together with the observation that (0,...,0) is not contained in any U,, we obtain,
for all a € L(D)™,

1
H{P €S : deg(P) > deg(D),acUpNL(D)" }\SC—

Hence, Condition (8) is satisfied for any choice of ¢/ > 0.
Now we verify Conditions (9) and (10). Let Py,...,P. € S be pairwise distinct
places. Then we get for D € Dg

)N [ (P;Op,) = L(Dp,....p,);
j=1

where Dp, .. p,. is defined by

-1 it Pe{P,..., P},
vp(Dp,,...p.) = { {h }

vp(D)  otherwise.

If deg(P1), ..., deg(P.) < ¢ deg(D), then we obtain
deg(Dp, ... p,) = deg(D Z deg(P;) > deg(D) — rc’ deg(D) = (1 — rc’) deg(D).

Hence, if we pick 0 < ¢ < %, then we can use the Riemann-Roch theorem [17,

Theorem 1.4.17 (b.)] and obtain that there exists a constant C' > 0 depending only
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on F and ¢ such that for all D € Dg with deg(D) > C, we have

{(Dp,...p,) =deg(Dp, . p)+1—g=deg(D)+1—g—) deg(P))

Hence, there exists a constant C' > 0 such that for all D € Dg with deg(D) > C and
all pairwise distinct places Py, ..., P. € S with deg(Py),...,deg(P,) < % deg(D),
we have

m D) H q— deg(P) (16)
Thus, we get

“c "N m UPJ‘ = ‘ﬁ ﬂ P |n = "/(D) ﬁq—ndeg(Pj).

j=1 j=1

So for each P € S, we choose vp = ¢~ 98(P) which satisfies Condition (9). The se-
ries Y pegq " deg(P) is dominated by the Zeta function Z(q~") = Y opepp 4" deg(P),
For n > 2, the Zeta function converges by [17, Proposition 5.1.6], hence Condition
(10) is satisfied. Thus, we can invoke Theorem 3. Note that (POp)™ is a subgroup
of (5}% and singletons are null sets, so (15) holds true as

up(POR)™ \ {0)) = up((POR)") = |03 /(POp)" [ = g 5P O

4.2. Affine Eisenstein Polynomials

In this subsection, we will compute all higher moments of affine Eisenstein poly-
nomials. The affine Eisenstein polynomials over holomorphy rings can be used to
study totally ramified extensions, see [7] and the references therein for more details.
In said paper, the density of affine Eisenstein polynomials is also computed (see [7,
Theorem 3.6]). The density of the shifted/affine Eisenstein polynomials over num-
ber fields have been computed in [9] and the higher moments over number fields
have been considered in [11]. For this section we will by abuse of notation identify
polynomials of degree d with the corresponding (d 4 1)-tuple of coefficients.
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Let ) # S C Pp and P € S. A polynomial f(z) € Ogx] of degree d, say
flx) = Z?:o ajz?, is said to be P-FEisenstein if

aq ¢ P,ag ¢ P? and a; € P forallic {0,...,d—1}.

In addition, f(x) is said to be Eisenstein if there exists P € S such that f(z) is
P-Eisenstein. We define for P € S

Up = (P@p \ P“'@p) x (P@p)dfl x (@P \ P@p) . (17)

This will be the system for Eisenstein polynomials in Og[z] as Up N (’)fl;rl represents
exactly the P-Eisenstein polynomials.

Next we introduce shifted Eisenstein polynomials. For P € S we say f(z) €
Oglz] is a shifted P-Eisenstein polynomial if there exists ¢t € Og such that f(x +t)
is a P-Eisenstein polynomial.

For t € @p we denote by o, the map

o OFt = OF f(x) = flz+1). (18)
We define for P € S
Vp = U o(Up). (19)
teOg

This yields a system for shifted Eisenstein polynomials as Vp N Og“ represents the
shifted P-Eisenstein polynomials.

For a commutative ring R, A = (i: ?) € GLax2(R) and f(z) € R[x] of degree d
we define

i, (o + 0
(7 M) = G 0)°7 (220 € Rl
Let P be a prime ideal in R. We call f(z) € R[z] affine P-Fisenstein if there
exists A € GLax2(R) such that (f * A)(z) € R[z] is P-Eisenstein. Furthermore, a
polynomial f(z) € Og|x] is called affine Eisenstein if there exists P € S such that
(f x A)(x) is affine P-Eisenstein.
It turns out that only particular affine transformations are needed to realize all

affine Eisenstein polynomials. The following lemma is a consequence of [7, Corollary
3.4].

Lemma 2. Let F be a global function field, ) # S C Pr and P € S.

(a) Let oy denote the shift introduced in (18) and Up as in (17). Let s,t € Op.
Then the following are equivalent:

(i) os(Up) Nay(Up) # 0
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(ZZ) O't(Up) = O‘S(Up)
(iii) s —t € P.

(b) Let f € Oglz] be a polynomial of degree d > 2. Then the following are
equivalent:

(i) f(x) is affine P-FEisenstein

(ii) There exists t € Og such that f(z +t) is P-Eisenstein or xf(1/x) is
P-FEisenstein.

(c) Let f € Oglz] be a polynomial of degree d > 2, such that x%f(1/x) is P-
FEisenstein. Then f(z) is not a shifted P-Eisenstein polynomial.

Proof. We start with the proof of part (a). As o; ‘o, = 0,_;, we can without loss
of generality assume that s = 0. Clearly we have 04(Up) = Up for t € P. Hence,
(¢) = (b) = (a) holds true.

Let us now assume that f(z) € o,(Up)NUp. Write f(z) = Z?:o ajzl. As f(x) €
Up, we get ag—1 = 0 (mod P@p) and ag is invertible (mod P@p). However,
f(z) € 0;(Up) and thus, looking at the constant coefficient of f(x +t), we get that

d
agt? = Z a;t’ =0 (mod P@p)
j=0

as ag,...,aq_1 € P. Hence, we get t € (P@p) NOp = POp.

Moving onto the proof of part (b), clearly we have (b) = (a). For the other di-
rection we recall that, by [7, Corollary 3.4], for every affine P-Eisenstein polynomial
f(z), either x%f(1/z) is P-Eisenstein, or there exists t € Op such that f(z + 1) is
P-Eisenstein. We are left to prove that we can choose t € Og. Let Gp be a set
of representatives in Op of Op/P and let Hp be a set of representatives in Og of
Os/(PN0Og). By 1.(c) we can write

|_| Ot(Up)Z U Ut(Up) - U Ug(Up)Z |_| U;(Up).

teHp tEOs teOp teGp

Now using 1. and the fact that |Hp| = |Os/(PNOg)| = |Op/P| = |Gp| we get

|| onp)= | oeUp) = |J oxUp) = | | o:(Up), (20)

teHp teOs tcOp teGp
which yields the claim.
For part (c), notice that If f(z) = Z;l:o ajz? is a shifted P-Eisenstein poly-

nomial, then ag ¢ P. However, if 29f(1/z) = Z?:o aq—;x) is P-Eisenstein, then
aq € P. O
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For every P € S, we define
inv : (’3}1,“ — @ffl,f(x) — xdf(1)/x).
For P € S, let Vp be as in (19); then we define
Wp =Vp Uinv(Up). (21)

This yields a system for affine Eisenstein polynomials as VVpﬁO‘é+1 represents affine
P-Eisenstein polynomials by Lemma 2.

Now we are ready to compute the higher moments of the Eisenstein polynomials,
the shifted Eisenstein polynomials and the affine Eisenstein polynomials.

Theorem 5. Let F' be a global function field with full field of constants given by F,.
Let d > 3 be a positive integer. Let ) # S C Pr and let Og be the holomorphy ring
of S. Define the systems (Up)pes, (Vp)pes, and (Wp)pes as in Equations (17),
(19) and (21), respectively. Then all moments exist for all three of these systems
and are given by Equation (11), where

(1 —q deg(P))2
pp(Up) = e (22)

for the system (Up)pes,

(1 —q deg(P))2
pp(Vp) = T @ D desP) (23)

for the system (Vp)pes and

(1 —q- deg(P))Q (1 T qdeg(P))
N“P(WP) = qddeg(P) (24)

for the system (Wp)pes.

Proof. First we note that Up is clopen and that inv and o; are homeomorphisms,
and thus Vp and Wp are clopen too. Hence, the boundary of each of those sets is
empty. Next, we compute up(Up), up(Vp) and pup(Wp). Clearly we have
pp(Up) = (1 - MP(P5P)) pp(POp)! (MP(P@P) - MP(P@P)Q)
_ (1 —q deg(P)) g (=1 deg(P) (qi deg(P) _ q72deg(P))

(1 —q deg(P))Q
qddeg(P)
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Using Equation (20) and the fact that shifts preserve the measure, we obtain

(1—q~ deg(P))2
pp(Vp) =|0s/(P N Os)|pp(Up) = @D deE(P)

Again using Equation (20) and Lemma 2 (¢) we get

Wp =inv(Up)U | | o:(Up).

teHp
As the shifts and inv preserve the measure, we get

deg(P), (1 — ¢~ 98(P)2
pp(Wp) = (1 +|Gp))up(Up) = (1 + ¢ )W

We are only checking the Conditions (7), (8), (9), (10) for the system (Wp)pes
corresponding to affine Eisenstein polynomials. The estimates for (Up)pes and
(Vp)pes follow similarly due to the inclusions Up C Vp C Wp.

Let P € S, D € Dg, and suppose f € Wp N L(D)4. Either 2¢f(1/z) €
Up N L(D)™L or f(z) € Vp N L(D)¥!. For any ¢’ > 0 we have

{P € S |deg(P) > ¢ deg(D), f € Wp N L(D)1}
<|{P € S | deg(P) > ¢’ deg(D), f € Vp N L(D)*}|
+ |{P € S| deg(P) > ¢ deg(D),z%f(1/x) € Up N L(D)*1}]
= T+1I.

Note that the coefficients of z%f(1/x) are just a permutation of the coefficients of
f(z) and hence, IT < I. Thus, it is enough to estimate I.

Let f € Vp N L(D)%*! and denote by Disc(f(z)) the discriminant of f(x). We
first consider the case Disc(f(z)) # 0. Let b € Og be such that f(x +b) € Up.
Since the discriminant is invariant under a shift, Disc(f(z)) = Disc(f(z+b)). As the
discriminant is the Sylvester matrix of the resultant of f(z +b) and (f(z +b))’, we
get Disc(f(x)) € P as all but the leading coefficients of f(x +b) and (f(xz+0b))" are
elements of P. Furthermore, as f € £(D) and the discriminant is a homogeneous
polynomial of degree d(d —1) in the coefficients of f, we have Disc(f(x)) € L£(d(d—
1)D). Hence, we obtain by the same reasoning as for the coprime n-tuples in the
proof of Theorem 4,

{P € S |deg(P) > c deg(D), f € Vp N L(D)*1}]
<2{P € S |deg(P) > ¢ deg(D),Disc(f(z)) € PN L(d(d—1)D)}|
- 2d(d — 1)

C/

Now suppose Disc(f(z)) = 0. Then f(x) is inseparable. Therefore, we can write
flx) = g(zpk) for some k € N, where g(z) is separable. Hence Disc(g(z)) # 0. By
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assumption there exists some b such that f(x + b) is P-Eisenstein and thus, we get
that

fla+b) = g((z +0)"") = g(a” + ")

is P-Eisenstein. Hence, g(z+ bpk) is P-Eisenstein. Thus, we can apply the previous
argument for g and obtain

{P € S| deg(P) > ¢ deg(D), f € Vp N L(D)?}|
{P € S |deg(P) > ¢ deg(D), g € Vp N L(D)Y/?"}|
2d(d — 1)

C/

IN

<

Next we are going to verify Conditions (9), (10). For this we fix some moment
0#neN.

As for coprime pairs we choose a = 1 and ¢/ = % We estimate the size of inter-
sections of Wp,, Wp,,..., Wp, for distinct Py,..., P, with deg(P;) < 5= deg(D) for
j€{1,2,...,n}. As before D € Dg with deg(D) > C for some constant C' depend-
ing only on n,d. Let f € ();_, Wp, for each P;, then either f(z+t;) is P;-Eisenstein
for some t; € Og, or 2% f(1/x) is P,-Eisenstein. If f(x +1;) is P;-Eisenstein then we
have

ag(z +t) +ag 1 (x+t) 4+ fag=adppd + a2 4+ 4 af

for some alj,al;,_,,...,a{ € Og. Thus, we can express a,;,_,,a,_,,a,_, as functions
of ag_3,...,aq and t;:

, d
Ag_1 = adg—1 + 1 tiaq

, d—1 d\
Gg_o = Qd—2 + 1 tiag—1 + 9 t7aq

' d—2 d—1Y 5 d\ 3
ay_s=ag_3+ 1 tidg—2 + 9 tiaqg—1 + 3 tiaq.

As f(x +t;) is P;-Eisenstein, we get

—_

d
ag—1 + ( )tiad =0 (mod F))

d—1
aq—2 + < 1 >tiad—1 + (2> tfag =0 (mod P;)

-2 -1
ag—3 + (d ) )tia'd_g + <d ) )t?ad—l + (g) t?ad =0 (mod Pz)

SY
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Therefore, given ag and ¢;, from the first equation, az—; (mod F;) is fixed and we
denote it by @4—_1(ag, t;). Using the other equations, we also get that ag—o and a4—3
are uniquely determined modulo P; by a4 and ¢; and we denote the corresponding
elements modulo P; by @y »(agq,t;) and @q_3(aq,t;) respectively. If x9f(1/x) is
P;-Eisenstein then we must have ag_1,aq_1,a4_3 € P; as d > 3.

We partition Py, Py, ..., P, into Q1,Q2,...,Qn_x and S1,Ss, ..., Sk, where k €
{0,n} are valid choices. Suppose x?f(1/z) is Eisenstein with respect to Q1, Q2, - . .,
Qn—k and f(x) is shifted Eisenstein with respect to S1, Sa,..., Sk. We count the
number of such f for a given partition. The restriction on x¢f(1/x) implies that
aq—1 and ag_o both are in @Q1,Q2,...,Q,_;. Then, since f is shifted Eisenstein
with respect to each S;, for each S; there exists some ¢; such that f(z +¢t;) is S;-
Eisenstein. This implies that the coefficients of f satisfy the following system of
equations:

ag—1 = g—1(aq,t;) (mod S;)

ag—2 = Gg—2(aq, ;) (mod S;)

ag—3 = Gg—3(aq, ;) (mod S;) (25)
ag—1 =0 (mod Q)

ag—2 =0 (mod Q)

for each S; for all s € {1,...,k} and each @,, with m € {1,...,n — k}. Using the
Chinese Remainder Theorem and the fact that P; N Og and P; N Og are coprime
for P, # P; (by [17, Proposition 3.2.9.]), we see that the coefficients aq_1,aq—2
are uniquely determined in Og/(Og N ﬂle Si N ﬂfn;kl Qm) and aq_3 is uniquely
determined in Og/(Og N ﬂle S;), once we have fixed aq € £(D) and t; € Og/P;.
This readily implies that

|{a € L(D)* . ﬂvp,x f(1/x) e ﬂ Ug,. }|
< 1(D)] - =Es 1550 2Dy (1800 () @ - 1£(D) 1 ﬂS| D)+

D) |d+1 H q72 deg(P.
j=1
(26)

where we have used for the first inequality that aq € L(D),aq,...,a4—4 € L(D)
and that we can restrict ourselves to |Og, /S;| = ¢3°8(5?) choices for t; by Lemma 2.
Equation (16) allows us to pass to the third line of Equation (26). Summing over
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all possible partitions, we get

‘,C(D)dJrl N ﬂ ij| < 2an(D)(d+l) H q72deg(Pj).
j=1 j=1

—2deg(P) is dominated by the Zeta function Z(g~?2), and since Z(q~2)

—2deg(P)

Since Y pep,. q
converges (see [17, Proposition 5.1.6.]), > pep,. ¢ converges t0o. O

4.3. Rectangular Unimodular Matrices

In this subsection we compute all higher moments of rectangular unimodular ma-
trices over function fields. Rectangular unimodular matrices have already been
considered in the literature in similar situations. Namely, their density over num-
ber fields was calculated in [13]; their density over function fields was done in [7, 10],
and their expected value over rationals was established in [12].

Let us recall the definition of rectangular unimodular matrices over a Dedekind
domain. Let D be a Dedekind domain and n,m € N with n < m. A matrix
M € Mat,xm (D) is called rectangular unimodular, if and only if M mod P has
full rank for all non-zero prime ideals P of D [13, Proposition 3]. This is equivalent
to saying that the matrix has a basic minor which is not contained in PO p, where
a basic minor of a matrix is the determinant of a square submatrix of maximal size.
Note that rectangular unimodular matrices in the case n = 1 correspond to coprime
pairs. We will use Theorem 3 and ideas of [12] to compute all higher moments of
rectangular unimodular matrices.

Theorem 6. Let n,m be positive integers such that n < m and F be a global
function field with full field of constants equal to Fyq and § # S C Pp. For any
P €S, let Vp be the set of matrices in Matnxm(@p) for which the ideal generated
by its basic minors is contained in P@p, and let I be the set of matrices contained
in infinitely many Vp. We define Up = Vp \ I.

Then the system (Up)pes satisfies the conditions of Theorem 3, and the higher
moments are given by Equation (11), where

n—1

pp(Up) =1— H (1 - qfdeg(P)(mfiU . (27)
i=0

Proof. Equation (27) holds true due to the computation in the proof of [7, Theorem
4.4] and the fact that up(Vp NI) =0 (by Lemma 1). We are left to check that the
assumptions of Theorem 3 are satisfied.

We start by noting that Vp is clopen and I is closed, and hence pp(0Up) <
pup(I) =0 by Lemma 1. Condition (7) is satisfied as shown in [7, Theorem 13]. We
want to show Condition (8) is satisfied for & = 1. When M € Up, by definition,
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there exist some n x n submatrix A such that det(A) # 0. As M € Up N L(D)"*™,
we have A € £(D)"*". Thus,

vp(det(A4)) = vp (Z sgn(o HAZ o (i) )

g€S
> Ullelgr}L vp (H Ai,o(i))
ITi2: Aio@)#0 i=1
> —nup(D).

This implies, as for coprime n-tuples, that for D € Dg we have

> deg(P)vp(det(A)) = — > deg(P)vp(det(A))

pPes PEPp\S
Z deg(P)nvp(D)

PEPF\S

< ndeg(D).

Hence, we get for for any constant ¢’ > 0,

Z deg(P)vp(det(A Z deg(P)vp(det(A)) < ndeg(D).
pes pes
deg(P)>c’ deg(D)

Since 0 # det(A) € POp, and P = {z € F'|vp(z) > 1}, we have
' deg(D)|{P € S : deg(P) > ¢ deg(D), M € Up N L(D)}*™}| < ndeg(D).

Hence Condition (8) is satisfied for any ¢’ > 0.

Now we check Conditions (9) and (10). For each A € £(D)""" such that 0 #
det(A) € N;_, P, by definition, there exists M € (;_, Up, N L(D);""™ containing
A as a submatrix. There are at most (™)[£(D)|"™~™" such choices per matrix M.
So, we have

T T
N Te L) < () L) (A € L) 0# det(d) € (Y R
i=1 i=1

Fix an arbitrary D € Dg. Define ¢, to be the inclusion map Mat,, «,(L(D)) —
Mat,, «n(Os), and denote the quotient map Mat,, »,, (Og) — Mat, x»(9s/N7_, ) by
¢2. Let ¢ = ¢poo 1. As {A € L(D)"" | 0 # det(A) € (;_, P;} is a subset of
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Mat, ., (£(D)), we get
{A €L(D)"™™ | 0 # det(A) € _ﬁpi}|
<K{Be Matm(OS/g P_) | det(B) = 0} - [ker(¢)]
—|{Be Matnmms/gpg | det(B) = 0} - |£(D) N ﬁlpiw"’.

Recall that P, N Og and P; N Og are distinct maximal ideals in Og for P; # P;
(see [17, Proposition 3.2.9.]) and therefore, by the Chinese Remainder Theorem,
the following is an isomorphism of Og-modules:

e Matnxn(OS/ﬁ P) — HMatan(OS/Pi),
i=1

i=1

(ajk + Pi) = ((ak + P)i<jksn, -+ (ajr + Pr)i<jkbsn) -
1<) k<n

i=1

Clearly we have that det(aj; +(;—; P;) =0 (mod (;_, P;) if and only if det(a;; +
P;) =0 (mod P;) for all i € {1,...,r}. Therefore,

B e Matm(OS/Q 7) | det(B) = 0} = TTHB: € Matin(95/r) | det(B,) = 0}].

We know that the quotient ring ©s/p; is isomorphic to F aes(r,) (see [17, Proposition
3.2.9.]). Hence, we have

{B; € Mat,,«n(9s/P,)

det(B;) =0} = |Matn><n(]queg(Pi)> \ GLan(queg(Pi))|
n—1

deg(Pom® _ T (glesPom — gles(Pow)
k=0

< andeg(Pj)n(n—l).

=4q
By Equation (16), there exist a constant C' > 0 such that for all D € Dg with
deg(D) > C, we have

(D) (Y Pl = '@ T a5,
i=1

j=1
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Now, combining everything, we have

(N\Up, N LD ™|

i=1

IN

(m) q(nm,fnz)deg(D)ql(D)n2 ﬁ qan deg(Pj) ﬁ (2nqdeg(Pi)n(n71))

n ; -
Jj=1 =1

_ Clqan(D) H qfn deg(P)

j=1

for a constant C’ > 0 depending only on n, m. Observe that g~ "dee(P) ig the

PePp

Zeta function Z(¢~™). By [17, Proposition 5.1.6.], it converges when n > 1. The
case n = 1 corresponds to coprime m-tuples and is covered by Theorem 4. O
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