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Abstract
By Zeckendorf’s Theorem, every positive integer can be uniquely written as a sum of
distinct non-adjacent Fibonacci terms. In this paper, we investigate the asymptotic
formula of the number of binary expansions that are less than x and have no adjacent
terms, and generalize the result to the setting of general linear recurrences with non-
negative integer coeflicients.

1. Introduction

Zeckendorf’s Theorem [21] states that each positive integer can be expressed uniquely
as a sum of distinct non-adjacent terms of the Fibonacci sequence (1,2,3,5,...)
where we reset (F, Fy) = (1,2), and the expression is called the Zeckendorf ex-
pansion of a positive integer. Zeckendorf expansions share the simplicity of repre-
sentation with the binary expansion, but also they are quite curious in terms of
the arithmetic operations, determining the Oth digits, the partitions in Fibonacci
terms, the minimal summand property of Zeckendorf expansions, and its converse;
see [4, 5, 7, 11, 15, 9, 20].

Zeckendorf’s Theorem consists of three components: the sequence, the condition
on expressions, and the set of numbers represented by the sequence. By varying each
component and shifting the focus to a particular component, we encounter many
interesting questions. For example, we may vary the Fibonacci sequence slightly by
changing its initial values, but maintaining the recurrence relation, and ask ourselves
how many non-negative integers less than = are sums of distinct non-adjacent terms
of the new sequence-this question is investigated in [3].

In this paper, we fix the condition on expressions, and change the sequence more
than slightly. The first example we considered was the sequence {27112 ~and

DOI: 10.5281/zenodo.15091051



INTEGERS: 25 (2025) 2

Zeckendorf’s expressions for the Fibonacci sequence, i.e., we asked ourselves how
many non-negative integers less than x are expressed as a sum of distinct non-
adjacent powers of 2. For example, the binary expansion 165 = 1 4 22 4 2% 4 27
satisfies the non-adjacency condition while the binary expansions of 166 and 167 do
not. For a generalization, we reformulate the task as follows.

Definition 1. Let Ny be the set of non-negative integers. The infinite tuples p in
[Tr2, No are called coefficient functions, and let py for k € N denote the kth entry
of u,i.e., p=(u1, pa,...). Aset & of coefficient functions 1 is said to be for positive
integers if only finitely many entries of u are positive for each p € £ , and a set of
coefficient functions is also called a collection. Given a collection € (of coefficient
functions) for positive integers, an increasing sequence {f[ k172 of positive integers
is called a fundamental sequence of & if for each n € N, there is unique p € & such
that n = 220:1 /,Lkﬁk.

The following is immediate from [4, Theorem 16, , Lemma 3 & 37], which is also
stated in Theorem 5 below.

Lemma 1. Let € be the collection of coefficient functions p for positive integers
such that pr < 1 for all k € N, and let € be the subcollection ofg’ consisting of
such that w, = 1 implies that pg+1 = 0 for all k € N. Then, {2*71}22, and the
Fibonacci sequence are the only fundamental sequences ofg and &, respectively.

Definition 2. Let £ be the collection defined Lemma 1. If p € £, then the binary
expansion Y po; 12571 is said to be Zeckendorf.

Then, the earlier task is equivalent to finding an asymptotic formula of the number
of positive integers less than x that have Zeckendorf binary expansions.

The main goal of this paper is to investigate the asymptotic formula of a function
that counts the number of positive integers n up to x in the setting where the collec-
tions € and & are replaced with periodic Zeckendorf collections; see Definition 11. In
[4], generalized Zeckendorf expansions are introduced in terms of a lexicographical
order, which further generalized the expansions introduced in [17]; see Definition
9. The expansions introduced in [17] are for general linear recurrences with con-
stant non-negative integer coeflicients, and in the viewpoint of [4], the expansions
are called periodic. The main result of this paper is for the generalized Zeckendorf
expansions that are periodic. However, several results remain valid for non-periodic
ones, and for this reason, we use the language introduced in [4] to present our work.
Appealing to the reader’s intuition, we formulate the first main result below without
properly defining terms. The terms will be properly introduced in later sections,
and its technical version is stated in Theorem 13 and 14.

Theorem 1. Let Ebea periodic Zeckendorf collection for positive integers, and let
{Hy}?2 | be the unique fundamental sequence of €. Let € be a periodic Zeckendorf
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subcollection of E. Let z(x) be the number of non-negative integers n < x such that
n=>y ukﬁk for some u € E. Then, (1) there are positive real numbers v < 1,
a, and b such that a < z(x)/x7 < b for all sufficiently large x; (2) there are finitely
many explicit and computable sequences {x}72 | from which the limsup and lim inf
of z(x)/x"Y can be determined.

For the Zeckendorf binary expansion, using Theorem 13, we prove

lim sup Az) = MSV ~ 1.55, liminf Az) = 3¢+l ~1.17 (1)
z 7 5 z Y 5
where v := log, ¢ and ¢ is the golden ratio; see Section 5.1. This is interesting since
the values still bear the golden ratio, which must have come from the expressions
in &; see Section 5.2 and Theorem 16 for more examples of explicit calculations of
the bounds.

Let us demonstrate the behavior of z(z)/x7 for the Zeckendorf binary expansions.
Shown in the first figure of Figure 1 is the graph of z(z)/zY. The fluctuating
behavior of the graph suggests that z(x) may not be asymptotic to an “elementary”
increasing function. However, it reveals certain self-similarities as in some dynamic
systems, and in particular, the distribution of the values are far from being random.

Shown in the second figure of Figure 1 is the frequency chart of the values of
z(x)/xY for 262144 < x < 349525, which is one of the maximal intervals in the
figure on which the values are not (always) decreasing—the binary expansions of these
boundary values will be explained later. The values of the ratio range approximately
from 1.17 to 1.55, which are represented in the horizontal axis, and we partitioned
it into 200 intervals of equal length, in order to count the number of the values that
fall into each of the 200 intervals, which is represented vertically. The third figure
is the probability distribution of the values, i.e., it is the graph of

Prob{262144 < z < 349525 : z(z)/2” <r} as a function of r.

As observed in the first figure of Figure 1, there are values of x where the ratios
are locally extremal over a relatively large interval, and we prove that their limits
are as identified in Equation (1). The local minima are obtained at x; = 2"~}
for each n > 2, and the local maxima are obtained at xo = ZZ:O 2n—2k=1 where
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Figure 1: Graph, frequency, and distribution of z(z)/x7”
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t = [(n—1)/2]. The sample interval 262144 < x < 349525 used in the second figure
of Figure 1 is obtained at these values where n = 19.

The topic has a purely combinatorial interpretation as well. Consider the sets g
defined in Lemma 1, and notice that Eis lexicographically ordered; see Definition
6. Given a tuple 7 € g , we may ask ourselves how many tuples in & that are “less
than” 7 have no consecutive 1s. The fluctuating behavior of the distribution of such
tuples in Eis precisely as presented in Figure 1.

In [1], the notion of regular sequences is introduced, and proved in [12] is an
asymptotic formula of Yy _; x(k) in full generality where (k) is a regular sequence.
It turns out that the fluctuation behavior is a common feature of the summatory
function of a regular sequence, and there are many examples of summatory func-
tions in the literature that have similar fluctuation behaviors; see [6, 8, 19, 16].
This setup in [12] applies to some cases of ours. For the case of Zeckendorf bi-
nary expansions, the counting function z(z) is equal to Zz;é x(k) where y is the
regular sequence defined by x(k) = 1 if the binary expansion of k is Zeckendorf,
and x(k) = 0 otherwise. The asymptotic formula involves a fluctuation factor as a
continuous periodic function on the real numbers, and we follow their formulation
of the asymptotic formula, which has been standard in the literature; see Section 6.

The authors of [12] describe the fluctuation factor as a Fourier expansion. In
the context of the Mellin-Perron summation formula, the description of the Fourier
coeflicients is given in terms of the coefficients of Laurent expansions of the Dirichlet
L (x(0) + X5, x(k)/k*) at special points that line up in a vertical line in the

complex plane. One of our main goals is to obtain exact bounds on the fluctuation

series

factor. However, it does not seem feasible for us to use the Fourier expansion formu-
lation and obtain exact bounds. Moreover, the current notion of regular sequences
in the literature is formulated for base-N expansions, and hence, the asymptotic
formula in [12] does not apply to the expansions in terms of the fundamental se-
quences of periodic Zeckendorf collections. We shall introduce an example in Section
5 where we count certain expressions under non-base-N expansions.

Introduced in Theorem 8 is a formula for the counting function z(z) in full
generality, and we call it the duality formula. We use the duality formula to obtain
exact bounds on the fluctuation factor of z(z) rather than the Fourier expansions
described in [12]. The duality formula is a manifestation of the phenomenon that
the coefficient functions of £ themselves bring out their own fundamental sequence
{H}y}?2 | into the formula of z(x). For example, as stated in Lemma 1, the Fibonacci
sequence is the fundamental sequence of the coefficient functions that do not have
consecutive 1s, and the number of Zeckendorf binary expansions less than z is
written as a sum of Fibonacci terms in a fashion similar to the binary expansion of
x; see Lemma 2 below. A subset of N is called an index subset in the context of
series expansions, and an element of the subset is called an index.

Lemma 2 (Duality formula). Let A be a finite subset of indices. If A contains no
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adjacent indices, define A := A. If there is a largest index j € A such that j+1 € A,
then define A:={k € A:k>j}. Then, 2(3>,c42"") = 1ca Fr-

For example, 100 = 22 + 25 + 26 = f[g + ﬁﬁ + Ef77 and the indices of non-zero
coefficients are A = {3,6,7}. Thus, A = {6,7}, and 2(100) = Fs + Fy = Fg = 34.

Let us formulate the counting function z(x) using a continuous real-valued func-
tion as done in [12]. Recall the example of the Zeckendorf binary expansions and
the formulas (1). By [12, Theorem A], there is a continuous real-valued function
® : R — R such that z(z) ~ 27®({logy(z)}) where {logs(x)} denotes the frac-
tional part of logy(z), and the authors of [12] describe ®(t) as a Fourier series. As
explained earlier, we use the duality formula, rather than the Fourier series descrip-
tion, and we also use the generalized Zeckendorf expansions for the real numbers in
the interval (0,1), which is developed in [4]; see Section 2.3. In this section, we state
our results on the properties of ® in Theorem 2 below, and its technical versions
are found in Theorem 10, 11, and 12.

Theorem 2. Let z(x) be the counting function defined in Theorem 1. Then,
z(z) ~ 27®({logz(x)}) for some positive real numbers v < 1 and ¢ > 1 and a
continuous function ®. Moreover, ® is differentiable almost everywhere with re-
spect to Lebesgue measure, and there are explicit criteria in terms of the generalized
Zeckendorf expansion of a real number y for determining whether ® is differentiable
aty or not, and whether ® has a local mazximum, a local minimum, or neither at y.

When the quotient z(x)/x” is calculated, we noticed that its values are naturally
transitioned to the quotient of two real numbers in the interval (0,1), e.g., for the
Zeckendorf binary expansions,

Fy+ Fg+ Iy aw+o¢w2+aw6—|—E_ wHw?+wl+ E/a

TN TG R GrErR)

(2)

where w = 1/¢, a = (3¢ + 1) /5, and FE is a relatively smaller quantity. Notice that
properly estimating the value of the last expression in Equation (2) for general cases
may rely on the uniqueness of the expansions of the real numbers in the numera-
tor and the denominator, and it leads us naturally to the generalized Zeckendorf
expansions of real numbers. Motivated from the non-constant quotient factor of
the last expression in Equation (2), we define a function on the interval (0,1) to
represent the factor, and denote it by 6* : (0,1) — R; see Definition 23. Theorem
10, 11, and 12 are stated for 6*. For the case of the Zeckendorf binary expansions,
the relationship between the continuous functions can be

({logy(2)}) ~ ag™ (2182 71)

where ® is the function appearing in [12].
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As demonstrated in the case of Zeckendorf binary expansions, the factor §* is
infinitesimally fluctuating for the general cases as well, and the main tools for an-
alyzing the fluctuations were the generalized Zeckendorf expansions for the real
numbers (see the work toward Definition 23) and Lemma 18, which describes a
sufficient condition for §* having a higher value.

The remainder of the paper is organized as follows. In Section 2, we review the
generalized Zeckendorf expansions for the positive integers and the real numbers in
(0,1). These contents are also available in [4], but for the readability of our work,
we review the contents in this paper. In Section 3, the setup of two generalized
Zeckendorf expressions is introduced for the positive integers and for the interval
(0,1), and in this setup, the duality formula and the transition from the integers to
the real numbers are introduced. In Section 4, the main results Theorem 1 and 2
are proved. In Section 5, calculations for the Zeckendorf binary expansions and two
more pairs of collections are demonstrated, one of which is a pair with non-base-NV
expansions. In Section 6, we conclude the paper discussing the generalization of
regular sequences and their summatory functions.

2. Generalized Zeckendorf Expansions

We shall review the definitions and results related to the generalized Zeckendorf
expansions for positive integers that are periodic, and they are also available in
[4]. By [4, Theorem 7], the definition introduced in this paper is equivalent to the
definition introduced in [17, Definition 1.1]. We also review the definitions and
results related to the generalized Zeckendorf expansions for the real numbers in the
interval I := (0, 1) that are periodic; see [4] for non-periodic ones for I.

2.1. Notation and Definitions

We identify a sequence of numbers with an infinite tuple, and denote its terms
using subscripts. For example, the sequence of positive odd integers is denoted by
Q = (1,3,5,7,...), and we use subscripts to denote its values, e.g., Q3 = 5. We
may define a sequence by describing () where k is assumed to be an index > 1,
e.g., the earlier example is the sequence given by Qi = 2k — 1. Recall coefficient
functions from Definition 1. Given a coefficient function € and a sequence @, we
denote by > €@ the formal sum > - €xQ.

Given two coefficient functions e and p, we define € + p to be the coefficient
function such that (e + p)r = e + p for k > 1, and € — p to be the coefficient
function such that (e — p)r = ex — pug for k > 1 if €, > pi for all K > 1. Given
¢ € Ny, we define ce := (ceq, cea, ... ).
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Definition 3. Let ¢ be the coefficient function such that i = 0 for all k # i
and B! = 1, and call it the ith basis coefficient function; in particular, 8; does not
denote the ith power of an integer.

Definition 4. For coefficient functions €, we use the bar notation a to represent
the repeating entries. For example, € = (1,2,3,0) is the coefficient function such
that €, = 0 for all k > 3, and we denote it by € = (1,2, 3) as well. If ¢ = (0,1, 2,3),
then it means that there is an index n such that ¢, = 0for 1 <k <n, and €,4; = j
for 1 < j < 3. We use the simpler notation 0 for the zero coefficient function (0).
If there is an index M such that e, = 0 for all k > M, then € is said to have finite

support.

Definition 5. Let ¢ be a coefficient function, and let m and n be two positive
integers. Define rev,(¢) to be the coefficient function (e,,€,—1,...,€1). Define
resy, (€) and res™(e) to be the coefficient functions such that res,,(e), = 0 for all
k> m, resp(€)r = € for all 1 < k < m, res™(e)y = e for all k& > m, and
res™(€)r, = 0 for all 1 < k < m. Also we define res’(e) := ¢, reso(e) = 0, and
res ()

resi™(e)

to be the coefficient function such that res’(e), = e for all m < k < n and
1 = 0 for other indices k.

2.2. Generalized Zeckendorf Expansions for Positive Integers

We shall use the ascending lexicographical order to define generalized Zeckendorf
expansions for positive integers, and it is defined as follows.

Definition 6. Given two coefficient functions p and g/ with finite support, if there
is a largest positive integer k such that p; = u; for all j > k and py < pp,, then we
denote the property by u <, p'.

For example, if p = (1,2,10,3,7) and p' = (1,3,1,4,7), then p <, p’ since pq < piy
and ps = p.

Definition 7. We define an ascendingly-ordered collection € of coefficient functions
to be a set of coefficient functions with finite support ordered by the ascending lexi-
cographical order that contains the zero coefficient function and all basis coefficient
functions 5°. Let £ be an ascendingly-ordered collection, and let u € £. The small-
est coefficient function in £ that is greater than p, if (uniquely) exists, is called the
immediate successor of u in £, and we denote it by . The largest coefficient func-
tion in & that is less than y, if (uniquely) exists, is called the immediate predecessor
of n in &, and we denote it by . In particular, B" shall denote the immediate
predecessor of the nth basis coefficient function " for each n > 2, if (uniquely)
exists.

Definition 8. Let u be an element of an ascendingly-ordered collection. If pu # 0,
the largest index n such that p, # 0 is called the order of y, denoted by ord (). If
p =0, we define ord(u) = 0.
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By definition, an ascendingly-ordered collection £ contains all the basis coefficient
functions, i.e., 7! € £ for n > 2, and hence, the immediate predecessor 3", if
exists, has a non-zero value at index n — 1, i.e., ord(8™) =n — 1.

Definition 9. Let £ be an ascendingly-ordered collection of coefficient functions.
The collection is called Zeckendorf if it satisfies the following:

1. For each p € &, there are at most finitely many coefficient functions that are
less than p.

2. Given u € &, if its immediate successor f is not B! + y, then there is an index
n > 2 such that res,—1(p) = 6" and & = 8™ + res”(u).

We also call £ a Zeckendorf collection for positive integers.

Surprisingly enough, it turns out that a Zeckendorf collection for positive integers
is completely determined by the subset {8™ : n > 2}, which is the meaning of
Theorem 3 below.

Theorem 3 ([4], Definition 8 & Corollary 9). Given coefficient functions 0™ of
order n — 1 for n > 2, there is a unique Zeckendorf collection for positive integers
such that ™ = 0™ for each n > 2.

Let us demonstrate the Zeckendorf collection for positive integers determined by
0™, which have a common periodic structure.

Definition 10. Let L = (eq,...,en) be a list of non-negative integers where N > 2
and e; # 0, and let 5* be the coefficient function such that 3} = e; where 1 < j < N
and k = j (mod N). Given n > 2, define 8™ := rev,_1(5*). For an integer n > 2,
a coefficient function ( is called a proper L-block at index n — 1 if there is an index
k < n—1 such that res*T1(¢) = res*+1(0"), ¢, < 67, and resj_1(¢) = 0. The index
interval [k, n—1] is called the support interval of the proper L-block ¢ at index n—1.
The coefficient functions 6™ for n > 2 are called mazimal L-blocks, and the index
interval [1,n—1] is called the support interval of the maximal L-block at index n—1.
Both proper and maximal L-blocks are called L-blocks, and two L-blocks ¢ and &
are said to be disjoint if their support intervals are disjoint sets of indices.

Theorem 4 ([4], Theorem 7). Let L and 6™ for integers n > 2 be as defined in
Definition 10. Then, the collection £ consisting of the sums of finitely many disjoint
L-blocks is a Zeckendorf collection for positive integers such that 5™ = 0™ forn > 2.

Definition 11. Let L and £ be as defined in Theorem 4. The collection £ is called
the periodic Zeckendorf collection for positive integers determined by L.

Definition 12. Let L be the list defined in Definition 10. Let e = Y. _, (™ where
¢™ are disjoint L-blocks at index ., such that i, < i,41 for 1 < m < n. This
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expression is called an L-block decomposition, and if € # 0, the support intervals of
¢™ form a partition of [1,4,], and ¢™ # 0, then the summation is called the (full)
L-block decomposition of €. If € # 0 and ("™ are non-zero disjoint L-blocks, then the
summation is called the non-zero L-block decomposition of e. The expression p+7 is
called an L-decomposition if " _ (™ is an L-block decomposition, =7 _, (™,
and 7=>" _ (™ where 1 <s <t <n.

Example 1. Let L = (2,3,0), and let £ be the periodic Zeckendorf collection for
positive integers determined by L. Then, 8* = (2,3,0,2,3,0,2,3,0,...), and the
following are examples of the immediate predecessors:

B?=(2), *=(3,2), B*=(0,3,2), B°=(2,0,3,2), 5° = (3,2,0,3,2,0,3,2).
Listed below are examples of proper L-blocks at index 5:
¢! =1(0,0,0,0,2), ¢ =(0,0,0,2,2), ¢ =(0,0,0,3,2).

The support intervals of ¢* for k = 1,2,3 are [4,5], [4,5], and [2,5], respectively.
Stated below are two examples of the sum of finitely many disjoint L-blocks where a
semicolon is inserted instead of a comma to indicate the end of the support interval
of a block, and their immediate successors are stated below as well:

€=(2,0,3,2;0;0,0,3,2;2,2;1), 7 = (1,0,3,2;0;0,0,3,2;2,2; 1)
€=(0;0;0;0;1;0,0,3,2;2,2:1), 7= (2,0,3,2:0:0,0,3,2;2,2:1).

Given a collection £ of coefficient functions with finite support and a sequence G
of positive integers, let evalg : € — Ny be the evaluation map given by € — > €G.
The weak converse of Zeckendorf’s theorem for Zeckendorf collections for positive
integers is stated below. Recall Definition 6.

Theorem 5 ([4], Theorem 16, Lemma 3 & 37). Let € be a Zeckendorf collection
for positive integers with the immediate predecessors B“ for n > 2. Then, there
is a unique increasing sequence H of positive integers such that evaly : € — Ny is
bijective. Moreover, for each n > 2,

H,=H +Y B"H, (3)
and the map evaly is increasing, i.e., € <, § if and only if evaly () < evalg (9).

Recall Definition 1. Then, by Theorem 5, given a Zeckendorf collection £ for positive
integers, there is one and only one fundamental sequence of £.

Definition 13. Given a Zeckendorf collection £ for positive integers, the expansion
n =Y eH is called the £-expansion of n where H is the fundamental sequence of

E.
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For the collection in Example 1, the fundamental sequence H is given by the
linear recurrence H, 3 = 2H, o + 3H, 1 + H, with (Hy, Hy, H3) = (1,3,10). In
general, the fundamental sequence of a periodic Zeckendorf collection determined
by L = (e1,...,en) is given by

=2

—1
H, = exH, 1 + (1 + 6]\7)[7[71,]\[7 n>N (4)
1

B
I

with initial values (H1, Ha, ..., Hy) determined by Equation (3).

Definition 14. Let L = (ey,...,en) be the list defined in Definition 10. The
following is called the characteristic polynomial of L for positive integers:

N-1
N — ZekxN_k—(l—l—eN). (5)
k=1

By Descartes’ Rule of Signs, the polynomial (5) has one positive simple real root
¢, and it is greater than 1. By [4, Section 5.3.2], it is the only root with the largest
modulus in the complex plane. Thus, by Binet’s formula, H, = a¢™ + O(¢™")
where o and r < 1 are positive real constants. Notice that the periodic Zeckendorf
collection for positive integers determined by L = (ey,...,en,€1,...,€en) is equal
to the collection determined by (eq,...,en) since they have the same immediate
predecessor of 8" for each n > 2.

2.3. Generalized Zeckendorf Expansions for Real Numbers

Let us review the definitions and results for the periodic Zeckendorf collections for
the real numbers in the interval I := (0,1). The general definition is given in [4,
Definition 10], and in this paper, we review the definition for the periodic Zeckendorf
collections.

Definition 15. Given two coefficient functions ¢ and €, we define the descending
lezicographical order as follows. If there is a smallest positive integer k such that
€j = €; for all j <k and € < €, then we denote the property by € <4 €.

For example, if € = (1,2,10,5,...) and ¢ = (1,3,1,10,...), then € <q € since
€2 < €y and € = €.

Definition 16. If ¢ # 0 is a coefficient function, the smallest index n such that
€n, # 0 is denoted by ord™(e). If € = 0, we define ord*(¢) = occ.

Definition 17. Let L = (eq,...,en) be a list of non-negative integers where N > 2
and e; # 0. Givenn > 1, let 5" be the coefficient function such that res,,_1(3") = 0
and B = ej for k > n where 1 < j < Nand k—n+1 = j (mod N), and
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we call ™ the mazimal L*-block at index n. For an integer n > 1, a coefficient
function ¢ is called a proper L*-block at index n if there is an index k > n such
that res;_1(¢) = resp_1(8"), ¢k < B2, and res*+1(¢) = 0. The index interval [n, k]
is called the support interval of the proper L*-block ( at index n. Two proper
L*-blocks ¢ and £ are said to be disjoint if their support intervals are disjoint sets
of indices. The descendingly ordered collection of non-zero coefficient functions
consisting of the finite or infinite sums of disjoint proper L*-blocks is called the
periodic Zeckendorf collection for 1 determined by L. If £ denotes the periodic
Zeckendorf collection for positive integers determined by L, the collection for I is
denoted by £*. Let e =Y °_, (™ where ("™ are disjoint proper L*-blocks at index
im such that i, < i,4+1. This expression is called an L*-block decomposition of
¢, and if the support intervals of (" form a partition of [1,00), the summation is
called the (full) L*-block decomposition of €. If (" are non-zero disjoint proper
L*-blocks, then the summation is called the non-zero L*-block decomposition of €.
The expression p + 7 is called an L*-decomposition if Y °_ (™ is an L*-block
decomposition, p =" (™ and 7=, (™ where 1 < s <.

Thus, given a list L = (eq,...,en), we have the periodic Zeckendorf collection &
for positive integers and the periodic Zeckendorf collection £* for I. The collection
£ is ascendingly ordered, and £* is descendingly ordered. Also notice that the zero
coefficient function and the maximal blocks 8" for n > 1 are not members of £*,
but the zero coefficient function can be a proper L*-block at any index n.

Example 2. Let L = (2,3,0), and let £* be the periodic Zeckendorf collection for
I determined by L. The following are examples of maximal L*-blocks:

Bt =(2,3,0,2,3,0,...), f2=1(0,2,3,0,2,3,0,...), 5> =(0,0,2,3,0,2,3,0,...).

Listed below are examples of proper L*-blocks at index 4, and semicolons are in-
serted to indicate the ends of the support intervals. See Definition 4 for the bar
notation:

¢'=(0;0;0;2,0;0), ¢* = (0:0:0:2,2;0), ¢* = (00;0;2,3,0,0;0).

The support intervals of ¢* for k = 1,2,3 are [4,5], [4,5], and [4, 7], respectively.
Stated below are two examples of coefficient functions where ¢ ¢ £* and 7 € £*:

e=(1,2,2,0) + 5* = (1,2,2,2,3,0), 7=(1,2,2,2,3,0,0).

Lemma 3 ([4], Definition 10, Theorem 13). Let € be a coefficient function. Then,
rev,(e) € € for allm > 1 if and only if € € £ or e = 3" _, (™ + B*T! where
Sor _ ™ is an L*-block decomposition and [i,b] is the support interval of ™.

Recall Definition 15.
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Theorem 6 ([4], Theorem 24). Let £* be the periodic Zeckendorf collection for 1
determined by L = (e1,...,en). Then, there is a unique decreasing sequence @ of
real numbers in I such that the map evalg : £* — I given by € — > €Q is bijective,
and the map evalg is increasing, i.e., € <q 0 if and only if evalg(e) < evalg(d).
Moreover, for each n > 1,

Qn=>_B""Q, and Q, =w" (6)
where w is the (only) positive real zero of the polynomial
N—1
14> ek + (1+en)z. (7)
k=1

Definition 18. Let £* be a periodic Zeckendorf collection for I. The sequence @
defined in Theorem 6 is called the fundamental sequence of £*, and the polynomial
(7) is called the characteristic polynomial of L for 1.

For the collection in Example 2, the fundamental sequence @ is given by the
linear recurrence @, = 2Qn+1 + 3Qn+2 + Qnis, and its initial values are given by
the formula (6). In general, the fundamental sequence of the periodic Zeckendorf

collection for I determined by L = (ey,...,en) is given by
N-1
Qn= ekQuir+(1+en)Quin, n>1. (8)
k=1

The polynomial (7) is a reciprocal version of the polynomial (5), i.e., if f(x) is
the polynomial, then the reciprocal version is equal to —z f(1/x). Thus, it has a
positive simple real zero w < 1, and it is the only zero with the smallest modulus.

For the remainder of Section 2.3, let £* be the periodic Zeckendorf collection for
I determined by L, and let @) denote the fundamental sequence of £*. The results
introduced below will be used in Section 4, but they are introduced here in order to
provide the reader with an opportunity to become more familiar with generalized
Zeckendorf expansions of real numbers.

Definition 19. If € € £*, we define infg-(€) as follows. If € does not have finite
support, then infg- (€) := €. If ¢ is the largest index such that e, > 1, then infg« (e) =
resq(€) — B¢ 4 B°T1, which is not a member of £*. If there is no confusion, let inf
denote infg«.

The long recursion (6) implies the following lemma, and we leave the proof to
the reader.

Lemma 4. Ife € £, then Y eQ =) inf(e)Q.
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Recall the restriction notation from Definition 5 and L*-decompositions from
Definition 17. Throughout the proof of Lemma 5, we use the increasing property
of evalg defined in Theorem 6.

Lemma 5. Let ¢ € &, let v = > eQ > 0, and let Ax be a sufficiently small
positive real number such that x +Ax <1 and v — Az > 0. Ifz+ Az =Y et Q for
et € &*, and n is the largest integer > 0 such that res,(€) = res,(e"), then n — oo
as Ax = 0. Ifx — Az => e Q for e € E*, and n is the largest integer > 0 such
that res, (inf(e)) = res,(e7), then n — 0o as Az — 0.

Proof. Let € = > >, (™ be an L*-block decomposition, and let [is,, by, be the
support interval of (™. Notice that given m > 1, there is a smallest index k,,, > b,
such that Bi’:‘n > 0, and that b,,, and k., approach oo as m — oo.

Let Az = Y €°Q where ord*(e?) = ¢, and let T be the largest index such that
kT < t where t is sufficiently large. Then, Ax < Qg,.. Recall from Definition 17 the
support intervals of proper L*-blocks. Then, ¢ := (7 + 3T is a proper L*-block, and
its support interval is either [ir, br] or [iT, k7], and hence, z;;ll (ME+pRT e £
Thus,

=3 (ENa M@ <etAr < Y] (L0 C") Q+ @+ Aa
<SS (SR @+ €@+ Qe
By Theorem 6,
S (M <q €t <q hh ¢ €+ Brr,

and by the definition of the lexicographical order, we have

T-1
TeSpp_y (6+) = Zm:l = IeSpr_y (6)

Notice that as Ax — 0, we have t — oo and T' — oo, and hence, by_; — oco.
Let us prove the statement about x — Ax. Suppose that ¢ = Efnozl ¢™ is the
non-zero L*-block decomposition. Then, inf(e) = ¢, and

sz(Z:ﬂCm)Q>x—AJ;
>3 (Shem e+ Y- >3 (ShTen) @

As in the earlier case, we have resy,._,(e7) = ZyTn;ll ¢"™ =resp,_, (€), and bp_1 — oo
as t — oo.

Suppose that € = an:l ¢™ is the non-zero L*-block decompositionl and let ¢
be the largest index such that ¢/ > 1. Then, inf(e) = Zf::ll (™M + €+ Bt where
¢ = ¢* — B°. Then, there is a largest index p such that p < t and ¢+1 = p (mod N)
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where N is the length of L, and hence, by the periodic structure of the entries of
Bett) we have B+ = res,_1(B°*!) + BP. Thus,

T = Zinf(e)Q >x— Ax
=3 (SR @+ 3@+ Y wes, 1(BHQ+ Y] BQ - Aw
>3 (Znli M) @+ Y 6@+ Y wes, 1 (FHQ = Y ves, 1 (inf(€))Q.
Then, Z(an_:ll (" +¢HQ > D e Q > Y res,_1(inf(€))Q. Tt is clear that
resc—1(€) = resq_1(e”) = res._1 (inf(e))

and €, = ¢! —1 = inf(e).. Thus, e~ = res.(e”)+resT!(e7) is an L*-decomposition,
and hence, rest!(e7) is a member of £*. By Theorem 6,

Z e Q> Z res,—1 (inf (€)@

implies res,_1 (inf(¢)) <q €, and hence,
CH LBt = res;fll (inf(e)) <q res“T(e7).

Thus, we have
resg L (B <a res”H () <a B,

and hence, res,_1(e~) = resy_1(inf(¢)). Since p — oo as t — oo, we prove the
result. O

3. Generalized Zeckendorf Expressions

3.1. Expressions for Positive Integers

Throughout this section, let £ and & be periodic Zeckendorf collections for positive
integers determined by lists L = (eq,... eN) and [ = (61, ...,€n), respectively,
such that £ is a proper subcollection of E. Let H and H be their fundamental
sequences, respectively. Let B” and " be the immediate predecessor of f™ in &
and 5 respectively. Recall from Definition 13 that > eH is called an &- -expansion if
€€ 5 and if, in addition, € € £, then the summation, which is written in terms of H
is called an &-expression. The main object of this paper is the function that counts
the number of positive integers less than x whose g—expansion is an E-expression.

The proofs of Proposition 1, Lemma 7, and Theorem 8 given below in this section
remain valid for non-periodic Zeckendorf collections. The main result of this paper
is for periodic ones, and they are stated for periodic collections.
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Proposition 1. Let E and € be Zec/iendorf collections for positive integers. Then,
the collection £ is a subcollection of £ if and only if the immediate predecessors 5™
in & are members of £ for n > 2.

Proof. If £ is a subcollection of g, then B” € & for n > 2 are members of E. Suppose
that B" for n > 2 are members of 57 and let us show that & C &. First, let us show
that the proper L-blocks are members of E. Let n > 2, and let B” = Z%Zl ¢
be the L-block decomposition (including zero blocks); see Definition 10. Let £ be a
non-zero proper L-block with support interval [a,n — 1], i.e., £, < B;’ and &, = Bg
for all a < k <n —1, and let us show that £ € £.

Notice that a is contained in the support interval of ("™° for some 1 < mg < M,
and let [b, s] be the support interval where b < a < s. Then, "™ is a nonzero
L-block since &y < /3’;’ = (/" implies that " > 0. Let n be the coeflicient function
such that n, = &, i, = (" for all @ < k < s = ord(¢"™°), and 7, = 0 for other
indices k. Then, n is a proper L-block with support interval [a, s] since

Na = Ea < BT =M <G5 and gy, = ¢ = 657!

for a < k < s. Notice that £ = 77+Zm mo-‘rlC ,
z—blocks7 ie, & € E. Moreover, the support interval of the proper L-block & is
[a,n— 1], and the (disjoint) union of the support intervals of the L-blocks n and (™
for mp+1 <m < M is [a,n — 1] as well. Thus, in general, a disjoint sum of proper
L-blocks is a member of £.

which is the sum of disjoint

Let us consider the case where the sum involves a maximal L-block BC. Let €
be the sum of disjoint proper L-blocks £™ for 1 < m < T, ie., € = Zﬁ:l &y
and suppose that [c,n] where ¢ > 1 is the union of the support intervals of the
proper L-blocks {™. Then, as shown earlier, the union of the support intervals of
the L-block decompositions of {™ for 1 <m < T'is Jy := [c,n] as well. Recall that
ﬁc € 5 and hence, it is the L-block decomposition, the union of whose support

intervals is Jy := [1,c—1]. Since J; and Jo are disjoint, the L-decomposition BC +€
is an L- decomposition, and hence, it is a member of & as well. This proves that all
L-block decompositions are members of E. O

Example 3. Let us demonstrate examples of subcollections. For each of the fol-
lowing, we first check if B” <o 0" for n = 2,...,7, and check if 5™ is a member of
£. We use the semicolon to indicate the end of the support interval of an L-block.

1. Let L =(1,3) and L = (1,2,1). Then,
BT =(1,2;1,1;2,1) <, 07 = (3,1,3,1,3,1).

However, 37 does not have an L-block decomposition since res (ﬂ7) has an
L-block decomposition, but resy (67) does not have an L-block decomposition.
Thus, £ determined by L is not a subcollection of E.
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2. Let L = (3,2) and L = (2,3,1). Then,
BT =(;1,3;2;1,3;2) <, 07 = (2,3,2,3,2,3),

and 87 has an L-block decomposition. This example is sufficient to understand
that 5™ is a member of &£ for all n > 2.

3. Let L = (3,2) and L = (3,1,2). Then,
BT =(;21,32;1,3) <, 0" = (2,3,2,3,2,3),

and 37 has an L-block decomposition. This example is sufficient to understand
that 8™ is a member of £ for all n > 2.

Let us compare the fundamental sequences of £ and & below. The values of o
and & that are mentioned in Theorem 7 will be identified later in Theorem 15.

Theorem 7. There are positive real numbers «, &, ¢, 5, and r < 1 such that

~ ~ ~ H o
o n—1 nr _ ~.n—1 nr i -_n_
Hy = a¢" ™' +0(¢"), H,=a¢""' +0(¢"), and lim i 0
9)

where v = log(;qb and 1 < ¢ < <;~S

Proof. Recall L = (ey,...,en) and L =(¢1,...,¢n). Let b = (en,...,e1) and
b = (énry...,€1), and let f and f be the characteristic polynomials of L and E,
respectively. As explained in the paragraphs appearing below Equation (5), there
are positive real numbers «, a, ¢, (}l and r such that Equation (9) hold and ¢ > 1,
where ¢ and q~5 are the dominant positive real zeros of f and f, respectively.

Let us prove that 5 > ¢. Since & # g , if we duplicate the repeating blocks of £
and € to the length of NM as follows, Proposition 1 implies

/ T ~ ~ ~ o~
b’ '=(en,....en,...,€1,eN,...,e1) <a b = (Enry. ., €0, €1, €01, ., E1).

Notice that £ is equal to the periodic Zeckendorf collection determined by the reverse
of the list b’, which is equal to BH'N M and £ is equal to the periodic Zeckendorf
collection determined by the reverse of the list b’ , which is equal to GLHNM, By
Proposition 1, there is a largest index s < NM such that S1HNM < §IENM et

fol@) = 2™ — (e aVM=1 4o pen 124 (1+en))

be the characteristic polynomial of revyys(b’) for positive integers. Then, the
following induction step shows that ¢ is a zero of f,:

SN =N ey 16+ (1+en).



INTEGERS: 25 (2025) 17
Then,
¢kN+N _ €1¢kN71+N N €N_1(,Z51+N + (1 + eN)¢Na
which implies
¢(k+l)N _ 61¢(k+1)N_1 RS 6N71¢1+N + eN(bN + €1¢N_1
+--+ (1+en).

Since ¢ is the only positive real root of f., it would be sufficient to prove that

f2(@) > 0. )
Notice that for any integer t > 3, we have f1!VM
convenience, let

N1+t N M
sti—nnm < Oignynae For

Bi= BIHNM g GIHNM g gy (t—1)NM, and 81 :=1+ (¢t —1)NM.
Let y := ) res® (B)f[ Below we shall establish that ﬁl+tN]\/[ —(y+ f{sl) is greater
than a term IA-L* where t, < 1+ tNM is sufficiently close to 1 + ¢t NM. Then, the
asymptotic version of the inequality will imply that f.(¢) is positive.

Notice below that if s =1, i.e., s, =14 (t — 1)NM = sq, then Zresiifl(ﬁ)ﬁ'
is interpreted as 0;

Er(t72)NJVI +H, +y
= ﬁ(t—2)NM =+ ffsl + Z reszifl(ﬁ)ff + Z res” (B)ﬁ
= ﬁ(t_g)NM + H,, + Zress*_l(ﬁ)f[ - ZBSII;' + Zress*(ﬁ)ﬁ.

Notice that by the definition of s, the coefficient function res*+ (B) is a proper L-
block, which implies that res,, _1(3) € £. Thus,

ﬁ(t—Q)NM + ffm +y < f_j(t—z)NM + ﬁm + eris* - ZBSII} + Zfess*(ﬁ)ﬁ
< f_j(t—Q)NM - ZBSI}EI + fIsl + Zress* (é)fi:.

Notice that 0 < y; = f_j(t—Z)NM — ZB“I} + ]EIS1 < H'sl implies that there is
é) € € such that ord(®) < s; — 1 and y; = S *H. Let @ = an:l ¢™ be an
L-block decomposition such that the support interval of ¢* is [a,s; — 1], and let
us claim that e := €® + res™ (f) € £. Let [so, (t — 1)NM] be the support interval
of the proper L-block ress*(é). Notice that the support interval of the L-block
res® () may not be [s,, (t — 1)NM] or [s, — 1,(t — 1)NM], e.g., if L = (1,3,0)
and s, = 2+ (t — 1)NM, then the support interval is [s; — 1, (¢ — 1)NM]. Since
el = ésl,l > 0 and ress*(é)sl,l =0, we have s1 — 1 < sp. If 51 < s¢, then € is a
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sum of two disjoint L-blocks. If s1—1 = sp, then ésl = ¢y implies that ¢ +res® (é)
forms a single L-block. Thus, € + res®*(f) € &, and

ﬁ(t—Z)NM +H, +y< Z “H + Zress*(é)ﬁf < Z 0H < Hy v

Then,

Hioynm < ﬁtNM+1 - (y+ H,,),
which implies
VML < GNM (01 pNM=1 o (14 en)) + 0(1).

This proves that 0 < p—NM-1 < f*(cg) as t — oo. Since fi(¢) = 0, we prove that
@ > ¢. O

3.2. The Duality Formula

Lemma 2 is the specialized version of the duality formula. In this section, we intro-
duce the general version for Zeckendorf collections for positive integers, including
non-periodic ones.

Definition 20. Given a non-zero coefficient function p with finite support that is
not necessarily in £, we denote by i the largest coefficient function in £ that is less
than p, and we denote the immediate successor of i in £ by fi.

Lemma 6 (Mixed decomposition). Given € € E—&, write e = (°+ p as an
Z—decomposition such that p = ZZ:1 ¢™ is an L-block decomposition with the
mazximal integer n > 0. If n > 1, then let [a,i] be the support interval of ¢t, and if
n =0, then let a = ord(¢°) + 1. Then, 3% <, ¢* and e = B+ 3" _ (™.

Proof. Notice that e ¢ £ implies that a > 2. Suppose that (% <, B“. There is an
index j < a — 1 such that CJQ < A% and =p¢forj+1<k<a-1 Thus,
rcsi_l(co) is a proper L-block with support interval [j,a — 1] , and this contradicts

the maximality of n. Notice that ¢(° = B“ also contradicts the maximality of n.
Thus, £ <, ¢°, and

Ba+zcm<a<—0+zcm.
m=1 m=1
Notice that ¢ = % + Y27 _, ¢™, and hence, € = 8% + 3.7 _ (™. O
Example 4. Let L = (1,0) and L= (1,1). Suppose that ¢ = (1,1,1,0,1,0,1),

which is a member of & — £. Notice that there is no L-block at index 7 in €, and
hence, the maximal number n described in Lemma 6 is 0, and a = 8. So, 58 <, €

and € = /8.
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Definition 21. Given a positive integer z, let R(z) denote the subset of non-
negative integers > eH < x where € € £, and let z(z) denote #R(z).

Lemma 7. For each p € &, we have R(Y. pH) = R(Y. iH).

Proof. Let y € R(Y. iH). Then, y = Y. eH where e € £ and Y. eH < Y iH. By
Theorem 5 applied to € and the fundamental sequence H , we have € <, [1, and
hence, € <, fi < fi. Since fi <, p1, we have € <, p. Thus, y = Zef[ < E,uf[ and
ye RS uil). )

Let y = > eH € R(>_ pH) for some € € £. Then, by Theorem 5, € <, u, and
hence, € <, i < fi. Thus, y = Y. eH < S jaH < . iH, ie., y € R(Y iH). O

Theorem 8 (Duality Formula). For each p € £, we have z (Z ,uﬁ) => nH.

Proof. By Lemma 7, we have z(} pH) = z(>2 iH). If Theorem 5 is applied to
& and H, then evaly restricts to a bijective function from S := {e € £ : € <, [i}
toT :={n € Ng : n < >.uH}. Theorem 5 can be applied to € and H as
well. Since & is a subcollection of &, , evalg restricts to a bijective function from
S:={ee€f:e<,f}to T := R(>. ﬂﬁ) In other words, the three subsets S, T,
and T are bijective to each other. Thus,

2) RH) =#T = #S =#T = jH,
which proves that z(3> uH) = 2(X iH) = 3 iH. O

Recall the setup in Example 4. Then, H = F}, is the fundamental sequence of
& determined by L. By the duality formula, z(3)eH) = 3. €F = Fy. However, it
turns out that using p = (0,1,1,0,1,0,1) is also convenient for this case. Notice
that the linear recurrence of F implies that > uF = > €F. This observation is
formulated in Lemma 2.

3.3. Transition to Expressions for the Interval I

By the limit value in Equation (9) and the Duality Formula, the magnitude of z(x)
is approximately x7, and for the case of L= (B—1,...,B—1), the same magnitude
is predicted in [12]. As in [12], we define 6(z) := z(z)/x7, and transform this ratio
as a function on real numbers.

Recall from Definition 17 and Theorem 6 periodic Zeckendorf collections for I,
their maximal blocks, and their fundamental sequences.

Notation 1. For n € N, let 5" andﬁ” be the maximal L*-block and L*-block at
index n, respectively, and let @ = ¢! and w = ¢~ '. Let Q and Q denote the
fundamental sequences of £* and £*.
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Recall Definition 20. For e € € of order n > 1, we have € € &. Suppose that
€ # A"+ and recall the function rev,, from Definition 5. Then, Equation (9) imply
z = k—1 rk
= Zeﬁi = Zek(f? +O(~¢ ) where r < 1land > =37,
(CeH)  (Cen(@gh=t +0(¢7)))
(Ceaagh ) +0@™)  _ ag"  Fadh"l4+0(em )

(Zekagk—l>+0($rn)>’y g (Zekak—n—1+o($rn—n)>’y
a S Engi—wt + O(wt="n) «a S revp(6)Q + O(w™)

5(x)

N ay . (Z?:l €n+l—t0~ut + O(a}(l—r)n))w N 5 . (Z revn(e)@ —+ ()(@n)>’Y ’ (10)
If €= g™t then
a w(lfT)" o wn
=z e e e EEEE (b

ar (7 enpr—e@t + O@E-TIn))T G (Z revan (€)Q + O(g)n))’Y

Notice that n — 0o as x — oo, and hence, O(w™) = o(1) — 0. Thus, as x — oo,
the ratio in Equation (10) approaches a value depending only on the real number
rev,,(€)Q € I. This observation motivates us to define d(z) as a function on I, and
it is introduced in Definition 23 and Proposition 2 below.

For that goal, we need to understand the relationship between rev,, (¢) and rev,, (€)
as coefficient functions in & *, which appear in Equation (10). We begin with the
version of Lemma 6 for E/N'*, which is the main content of Section 3.3.1, and the
relationship between the coefficient functions is explained in Definition 23 in Section
3.3.1.

3.3.1. Mixed Decomposition
Recall from Notation 1 that 5" for n > 1 denotes the maximal L*-blocks of £*.

Lemma 8. Let € be a coefficient function not necessarily in E* such that resp(e) =0
for an integer b > 0. Then, € <q BT if and only if res,(€) is a proper L*-block
with support interval [b+ 1,n] for some n > b+ 1.

Proof. Suppose that € <q B! for an integer b > 0. By the definition of the
inequality, there is an index n > b+ 1 such that res,_;(e) = res,_1(3°*!) and
en < BYTL, so res, (€) is a proper L*-block with support interval [b+ 1,n].

Suppose that res, (€) is a proper L*-block with support interval [b+1, n] for some
n > b+ 1. By the definition of a proper L*-block with support interval [b+ 1, n],
we have res, (¢) <q BT, res,(€), < BT, and hence, € <4 B0+ O

For the remainder of the paper, we define 3> := 0 for convenience.

Corollary 1. Let e € E*. Then, there is a (unique) largest integer £ > 0 or £ = oo
such that € = an:l ("4 poand an:l ¢™ is a proper L*-block decomposition where
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the support interval of ¢* is [i,b], resy(u) = 0, and B+ <q p; if £ =0, then b =0
and € = p, and if £ = oo, then p =0 and € € £*.

Proof. Suppose that ¢ € £*. Then, we have the L*-block decomposition € =
oo, ¢™, and this corresponds to the case £ = oo

Suppose that € ¢ £*. Then, there must be a unique largest integer £ > 0 such that

an:l Cmeis a proper L*-block decomposition where [i, b] is the support interval of

te= _, ("™ +pu, and resy () = 0. As in Lemma 6, the maximality of ¢ implies

m=1 12 12
that res, (1) is not a proper L*-block for any n > b+ 1, and hence, by Lemma 8,
we find B**! <4 p. O

Definition 22. Given € € g*, an expansion € = an:l ¢™ + p where ™, £, and
w are as described in Corollary 1 is called an L*-block decomposition of a member
of £* where ¢* is uniquely determined, and if [i,b] is the support interval of ¢¢, the
index b is called the largest L*-support indez of ¢; b = oo if e € £*, and b = 0 if e = p
Let £* denote the union of £* and the set of coefficient functions an:l ¢m 4 pbtl
where (™ and p = B**! are as described in Corollary 1.

The following lemma and corollary show that an L*-block decomposition of an
L*-block decomposition maintains the boundaries of the support intervals of the
proper L*-blocks.

Lemma 9. Let ¢ be a non-zero proper L*-block with support interval [i,b]. Then,

there is an L*-block decomposition ( = 2;21 N such that the support interval of
t .

nt is [a,b].

Proof. Let ¢ be a non-zero proper L*-block with support interval [i,b]. Let ' =
>ooo_1n™ be the full L*-block decomposition where [iy,, ¢x,] is the support interval
of ™, so b is contained in a unique interval [i;, ¢;]. Notice that

resp—1(¢) = resy_1(8Y) and ¢, < B = nyt < 0.

It follows that ¢, < 9};, and hence, n° := resé (C ) is a proper L*-block with support
interval [iz, b]. Thus, ( = Zt 11 n™ +n° is an L*-block decomposition. O

Corollary 2. Let e = Zm:l ™+ be an L*-block decomposition of € € E*. Then,
ueecr.

Proof. 1f [i,b] is the support interval of ¢!, by Lemma 9, the (disjoint) union of the
support intervals of an L*-block decomposition of Z _, ¢™ is contained in [1,b].
Thus, p has an L*-block decomposition, and hence, it is a member of £ O
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3.3.2. Transition to a Function on I

Given € € £* and an integer n > 1, notice that rev,(¢) € € and rev,(¢) € &, which
is defined in Definition 20.

Lemma 10. Suppose that € € E* and e <q BL. If e € E*, then
rev, (revn(e)) = resy(€).

Ife € & — E* i.e,e= anzl ¢™ 4 p is an L*-block decomposition with the largest
L*-support index b < oo where £ > 1 and b > 1, then for sufficiently large n,

N[t i B <ap,
e (revn(e)) B {resn(el) if BT = pu.

Proof. If € € £*, then rev,(e) € &€, so
revy, (revn(e)> =rev, (rev,(€) ) = res,(€).

Suppose that € € & — £*, so we have the L*-block decomposition as described in
the lemma, and notice that, by Lemma 8, ¢ <4 #* implies b > 1. Let n > b + 1.
If 3+ <4 p, then there is a smallest index p > b+ 1 such that g5 < p,. So, if
n > p, then

¢ ¢
revn(z ¢+ B <, revn(z ™+ ),

m=1 m=1

and by applying Lemma 6 to rev,(¢) = revn(an:1 ¢™ + p), we have

¢
revy,(€) = revy, (Z ¢+ 51’)
m=1

which implies that

¢ ¢
rev, (revn(e)> = resn(mz::1 ¢+ B = m§::1 ™4 B

If 31 =y, then

‘
rev,(€) = revn(z ¢+ gt e €,
m=1

and hence, rev,(¢) = rev,(€). Thus, rev, (revn(e)) = rev, (revy,(€)) = res,(€).
O
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Let us use Lemma 10 to define Tev(e) for € € £*, which is a version of Lemma 6
for I.

Definition 23. Given € € £*, if % <4 ¢, then define tev(e) := B, and if € <4 B,
define

rev(e) := lim rev, (revn(e)) .
n—oo

Let 47 : [@,1) — R be the function given by
5 eQ) == DL(f)? ifw< Ze@ <1foree "
(=)
Given a real number y € I, there is a unique positive integer n such that y €
[w™, w"1). Let 6* : I — R be the function given by 6*(y) = 87 (y/w™ ') where n is
defined as above. We also denote §* (> eQ) simply by 6*[e] for all € € £*.

If e <q ' and € € g*, then by Lemma 10, the limit considered in Definition 23
is well-defined. By Theorem 6, given a real number y € [w,1), there is a unique
€ € £ such that y = 3" €Q, so &7 is well-defined.

Recall that é(z) = z(z)/2z". In Proposition 2, we compare the values of  with
those of 6%, and we begin with two preliminary lemmas:

Lemma 11. Let € € £*. Then, € € E* if and only if Tev(e) = €.

Proof. Suppose that ' <q e. Then, by Lemma 8 and Corollary 1, e € £* if and
only if € = B%. If € € €%, then € = B!, and by Definition 23, Tev(e) = €. If € & E*,
then 5% <4 € by Corollary 1, and by Definition 23, Tev(e) = 5! # e.

Suppose that € <4 B, If e € £¥ — £*, then by Corollary 1, we have an L*-block
decomposition € = an:1 ¢™ + B! where b is the largest L*-support index of
¢ (see Definition 22), and by Lemma 8, ¢ <q (' implies that b > 1. If ¢ € £*,
ie,ee & ore=" _ (™4 B then 1 < £ < oo by Corollary 1, and by
Lemma 10, rev, (revn(e)) = res,(e) for sufficiently large n, which implies that
tev(e) =e If e ¢ E*, ie., e = Zim:l ¢™ + u where B+ <4 u, then by Lemma 10,

rev, (revn(e)> = an:l (™ + /3 for sufficiently large n. Thus,

¢
Tev(e) = Z "+ B > 6

m=1
in particular, Tev(e) # e. O

In Lemma 12, we show that Tev extends the map rev,(e) — rev,(€) appearing
in Equation (10). Recall Definition 20.
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Lemma 12. Suppose that p € &, and t := ord(p) > 0. If u <, B, then
tev(revy(p)) = revy(). If B1TY <, u, then Tev(revy(u)) = B1.

Proof. Suppose that p <, A1 If p € &, then i = p, and by Lemma 3, rev,(p) €
&*. Thus, by Lemma 11, Tev(revy(p)) = revy(p) = reve(f).

Suppose that p € € — € and p <, 37!, By Lemma 6, 1 = (° + S (™ where
¢ and ¢™ for 1 < m < n are as defined in the lemma, and [a,i] is the support
interval of ¢*, so that 3*~! <, ¢® and n > 1. Then, i = %+ S0 _, (™. Let
e:=rev(u) € E*. Then, € € £* — * and € <q B¢ <4 . By Lemma 10, we have

revy, (m) = revy <,8“ + z”: Cm> = revy (1)
m=1

for sufficiently large n. Thus, Tev(e) = rev¢(Qi), i.e., Tev(revy(p)) = revy(Q).
Suppose that 81! <, u. Then, there is an index 1 < p < ¢ such that BA;“ < ip

and resP T (511) = resPt1 (). Thus, res;(3') <4 revy(u), and hence, B <q revy(p).

By definition, Tev(rev;(u)) = 3*. O

Proposition 2. Given a positive integer x, let x = Zuf[ where | € 5, and let
n:=ord(u). Then, §(z) ~ * (D rev,(1)Q) a/a” as x — oo.
Proof. If u <, ", then by Equation (10) and Lemma 12,

5(I) — « . Zrevn(ﬁ)Q + O(wn)

T (Sreva(Q + 0@™)”

g ' Zﬁ(revn(ﬂ))Q _ 6*(2 rev ( )Qv) ~

av o) et
(Sreva(n)@)

If A7+t <, u, then i = A", and by Lemma 12 and Equation (6),

=~ Tev(rev 31
5 (> revy,(1)Q) = 2_tev(revn (1)Q > 8Q - 1

~

(Z Tevp (N)é) ! (Z reVn(.“)é) ! (Z reva (N)é) B
By Equation (11), the quotient of §(x) and 6*(>_ rev, (1)Q) o/&" approaches 1. [

Notice that for large positive integers x = pH and ord(p) = n, i.e.,
z=a) et +0(0")
k=1

for 0 < r < 1, we have Y rev,(u)Q ~ ptoes(@/A}=1 g4 we may state the
asymptotic relation in Proposition 2 as follows:

§5(z) ~ — §* ((E{loga“/a)}—l) . (12)

oY
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4. Proof of the Main Results

We shall prove the main results in this section. Assume the notation and context of
Section 3. Recall from Theorem 7 that & < w and v = log¢;¢ < 1, and from Theo-

rem 6, recall the evaluation map evalé LEF I, which is increasing and bijective.
Also recall the subcollection €* of £* from Definition 22. For the remainder of the

paper, we use the following notation.

Notation 2. Let £ denote the subset of £* consisting of coefficient functions that
have finite support, and let U denote the image evalé(é’ *— &%) in L

4.1. Continuity and Differentiability

For the case of L = (B —1,..., B — 1), the asymptotic formula introduced in [12]
implies that §* is continuous. For the general cases considered in this paper, 6* is
continuous as well, and differentiable precisely on U which has Lesbegue measure
1. Let us prove these facts.

4.1.1. Continuity

Let us first understand the behavior of Tév in the “neighborhood” of € € £*. Recall
infz, from Definition 19, and let inf := infz,. For example, inf(3') = 62, and by
Equation (6), we have

> BQ=) mf(8HQ =) Q.

Lemma 13. Letx =) e@ >0 fore e g*, and let Ax be a sufficiently small positive
real number. Let x+ Az =3 etQ and & — Az =3 ¢ Q where {e*, e~} C £*. For
the following statements, n represents an index determined by Ax such that n — oo
as Ax — 0. Ife € e — &%, then

Fev(e) = Fev(e") = Fev(e ).
If e € E% — E*, then
Fev(e) = infe- (Fo¥(e")), and res, (Fe¥(e)) = res, (Fev(c ).
If e € £*, then
res,, (TeV(€)) = res, (Tev(e ")) = res, (Tev(e ).

Proof. Let € = Zﬁnzl ¢™ + 1 be an L*-block decomposition with the largest L*-
block support index b. Recall that, by Lemma 5, there is n € N determined by the
sufficiently small Az such that res,(¢) = res,(¢") and res, (inf(€)) = res,(¢7), and
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that n — 0o as Az — 0. Also recall the meaning of L*- or Z*-decompositions from
Definition 17. For the remainder of the proof, all the expressions of €, €T, €™, inf(e),
and inf(e*) are L*-decompositions unless specified differently.
Suppose that € € £* — €%, i.e., B+ <4 p. By Theorem 6,
¢
Z ¢m +Bb+1 g€ <qe<qeT

m=1

for sufficiently small Az. By Lemma 5, we have ¢™ = an:l ¢™ + 7. Then,
the earlier inequalities and the lexicographical order imply 5! <4 7+, and also
€ = Zf;lzl (™ + 7~ where B! <4 77. Thus, both expressions are L*-block
decompositions, and by Lemma 10,

¢
rev(eh) =Tev(e ) =Tev(e) = Y (" + 4"
m=1
Suppose that € € £* — £*, i.e., p = B!, By Lemma 5, et = Zﬁl:l M+t
where BT <4 7. Since € does not have finite support, we have inf(e) = ¢, and
by Lemma 5, €~ = anzl (™47~ where 77 <4 B!, Since Bt <4 77, as in the
earlier case,

‘
tev(eh) = Z ¢™ + b, and infe- (Tev(e)) = € = Tev(e).
m=1

Notice that, by Lemma 8, 7= <4 8**! implies that 7~ has an L*-block decomposi-
tion an=€+1 (™~ u~ where £+1 < s < 00, and let [b+ 1, ¢] be the support interval
of the proper L*-block ¢**!. From Lemma 5, we have

res, (inf(€)) = res, (€) = res,(e7)

for n — oo, which implies that res, (3°+1) = res,(77). Since we have ¢/*1 < gbt!
from ¢“*! being a proper L*-block at index b+ 1, we have ¢ > n, and hence, ¢ — 0o
as n — 0o. By considering all cases of u~ for Lemma 10, we have

res.—1(Tev(e™)) = resq—1(€) = res._1(tev(e)).

Suppose that € € £* — &X, i.e., p = 0 and £ = co. We have inf(e) = €, and by
Lemma 5,

T T
et = Z (™4 7" and e = Z ¢+ T
m=1 m=1

where T — oo as Az — 0. For all cases of 7+ and 7~ for Lemma 10, Corollary 2
implies
T-1 T-1
tev(eh) =) ("4t andTev(e )= > ("4
m=1

m=1
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are z*—decompositions. Since T' — oo, we have
res, (Tev(e)) = res, (Tev(e™)) = res, (tev(e™)).

Suppose that € € £F, i.e., u =0, £ = oo, and (" = 0 for all sufficiently large m.
Let T be the largest index such that ¢7 # 0, and let ¢ be the largest index such
that ¢ > 1. By Lemma 5, we have

T T

et = Z<m+7+ and ¢~ = Z(mfﬂc+7ﬁ
m=1 m=1

where there is a sufficiently large n € N such that res,(77) = 0, and res,(77) =

res, (6°t1), which implies 3°T! <4 7= <q B¢ For all cases of 7+ and 7~, by

Corollary 2 and Lemma 10,

T T
rev(eh) = Y ("+rev(rt) andTev(e ) = Y (M- B+ 5 =e
m=1 m=1

By Lemma 10 applied to all cases of 7+, there is a sufficiently large n € N such that

res, (Tev(et)) = ("™ = e =Tev(e) = res, (Tev(e))

ivgh

and Tev(e~) = e = res,, (Tev(e)). This proves the assertion. O
Recall the subset U from Notation 2.

Theorem 9. The function 6* is continuous, and locally decreasing and differen-
tiable on U.

Proof. Let us prove that 07, defined in Definition 23, is continuous. Let € € £* such
that 8! <q ¢, and let z = Ze@ and y = > Tev(e)Q. Let Az, €', and ¢~ be as
defined in Lemma 13.

Suppose that € € Ex — & Then, by Lemma 13,

0 (z+ Az) =Y tev(€)Q/(x + Az)?

and 0*(z — Az) = S Tev(e)Q/(z — Az)?. Since the numerator remains constant,
6* is decreasing and differentiable on an open neighborhood of x; in particular, it
is continuous at x. This proves the assertion about U.

Suppose that ¢ € £* — £*. Notice that given 7 € £*, by Equation (6), we have
Y 7Q =Y infe« (7)Q. Since Tev(et) € £*, by Lemma 13,

Sorev(eh)Q = 3 inf(rev(eh)Q = S rev(e)Q.
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Thus,

Zrev )Q/(x + Az)” Zrev )Q/(x + Ax)” —>Zrev )Q/x”

as Az — 0. By Lemma 13, there is a sufficiently large n such that
res,, (€) = res, (Tev(e)) = res, (Tev(e)),

and let 7 := res"™1(tev(e ™)), so that Tev(e~) = res, (Tev(e~)) + 7. By Lemma 13,

Zﬁ(e*)Q = Z(resn(e*) +7)Q = Zresn Tev(e))Q + ZTQ

Notice that Tev(e~) € £* implies Tev(e ™), < M for all k € N where M is the largest
entry in L, and hence, Y} 7Q = Y202, w® <307 ) Mw* — 0 as n — oo. By
Lemma 13,

Zrev )Q = Z res,(e7)+7)Q = Zresn (rev(e))@Q + ZTQ.

Thus, > Tev(e™)Q — > Tev(e)Q as Ax — 0, which proves that

S rev(e)Q/(x — Ax)? = Y Fev()Q/a”

as Az — 0.

It remains to show that &} [e¢*] — %[e] where e € £* with 3! <4 ¢ and that
5%[e*] — O%[e] where e = 8. The proofs of these cases are similar to the earlier
cases, and we leave it to the reader. This concludes the proof of §; being continuous
on [w,1).

Let us show 0} (@) = lim,_,1- 67(z) = 1, so it demonstrates that when we define
0* using 67, the function values of those end points coincide. Notice that ¢*(@) =
w/@" = 1. Recall that #' is the maximal L*-block at index 1, and 3 6'Q = 1. If
Zresn(él)@ < x:= Ze@ < 1 where n is sufficiently large and € € £*, then by
Theorem 6, res, (6') = res, (¢). By Equation (6),

-5l Eal-| 5

as n — oo. Thus, § is continuous on (0,1). O

4.1.2. Differentiability

Let us prove the differentiability of 6* on evals (&%).

Lemma 14. Let € € £ — £*. Then, there are infinitely many indices r such that
€e—pr€E*.
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Proof. Let e =Y °_ (™ € £ — & be a non-zero L*-block decomposition. Then,
for each m, there is a largest index r such that [i,b] is the support interval of (™
and ¢ # 0. Thus, (™ — " is a proper L*-block with support interval [i, 7], and
S (m - e £,

Let € = an:l (™ 4+ BT € £ — £ be an L*-block decomposition. Recall
that L = (eq,...,en) is the list, by which the period Zeckendorf collection £* is
determined, and notice that there is the largest index ro < N such that e,, > 0.

Then, for all large r = b+ 19 (mod N),
Z — —
e—f" = Z ¢+ (resy (B°T1) — B7) +res” (B
m=1
¢
_ Z Cm + (reST(Bb+1) o 6T) +BT+N7TO+1.
m=1
Since res,.(8**1) — 8" is a proper L*-block with support interval [b+ 1, 7], the above
decomposition implies that e — 87 € £*. O
Theorem 10. The function §* is not differentiable on evalé(ﬁ).

Proof. Let e € £ — £F, and let x := Zeé and y := > eQ. By Lemma 14, there
is a sufficiently large 7 such that e — 87 € £*. Let Az := Q, = @&", and let
Ay :=Q, =w". Then, by Lemma 10 and the linear approximation of 1/z7,

—w" \(x—w")y  zY
L (- (L4 L ro@))-L
—&}7' Yy xY x’Y"Fl xY

Yy ~r w"” 1 o

As r — o0, the ratio (w/@w)" — oo, and hence, ¢* is not differentiable at = €
eval@(§ —&). Ife = an:l ¢™ € & where ( is a positive integer, a similar

(o]

calculation for e+ 5" € £ for sufficiently large r shows that the difference quotient
approaches +o0o as well, and hence, * is not differentiable at x € eval5(£7). O

Thus, §* is differentiable precisely on the subset U defined in Notation 2.

4.1.3. Lesbegue Measure

Let us prove that U is a Lesbegue measurable subset of measure 1.
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Proposition 3. Given an L*-block decomposition € = an:l (M4 Bl c Ex — &,
let xc ==Y €Q and z. = Z(Zﬁlzl (™ + B%)Q € E. Then, the subset U is the
disjoint union of the open intervals (x.,x.) where ¢ € E* — E*; in particular, U is
open with respect to the usual topology on 1, and it is Lesbeque measurable.

Proof. Let us show that the open interval (z., .) is contained in U. Let z = 32 7Q
where z € (¢, z.). By Theorem 6,

£ 4
Z Cm + BbJrl <4 T <d Z Cm + ﬂb-
m=1 m=1

This implies that 7 = an:l ¢4 p where B**! <4 p. Thus, the sum is the L*-block
decomposition of 7 € £* — £*, i.e., x € U.

By Corollary 1, given z = > T@ € U, there is a unique full L*-block decomposi-
tion of 7 = an:1 ¢™ + p where b is the largest L*-support index, 5! <4 u, and
the union of the support intervals of (™ for 1 < m < £ is [1,b]. Thus, by Theorem
6,if e = Zﬁnzl ¢™ 4 B+ then z < z < 2.

Notice that, by Corollary 1, given € U, the coefficient function e € £* — £*
described above is uniquely determined, and this implies that the intervals (z., z.)
are disjoint. This concludes the proof of the fact that U is a disjoint union of the
intervals (z, ). O

The length of the interval (z.,z.) described in Proposition 3 is
L= =Y p"*Q (13)

where b > 1, and to find the measure of U, we need to figure out the number of
intervals (z,,,z,/) where y € &* — £*, for which z,, — 2, = I. Recall the list
L= (ey,...,en), which determines the periodic Zeckendorf collection £*.

Lemma 15. Let i < b be two positive integers such that b —i+ 1 = j (mod N)
for some 1 < j < N. The number of proper L*-blocks with support interval [i,b] is
equal to e;.

Proof. Let ¢ be a member of £* supported on [i,b]. Notice that ¢ is a proper L*-
block with support interval [z,b] if and only if 0 < ( < e; and (i = Bi for all k
such that ¢ < k < b. Since the number of the possibilities for (3 is e;, we prove the
lemma. O

The value Cj, described in Proposition 4 below is the number of intervals (z,,, z,)
whose length is I; defined in Equation (13).
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Proposition 4. Let S, for n > 1 be the subset of € € £* such that € = an:l ¢
is an L*-block decomposition and the support interval of (' is [i,n] for some i < n,
and let So := {0}. Let C,, for n > 0 be the number of elements in S,,. Then,

Cy=e1Cr_1+---4+e,Cy fork=1,... N

N-—1 (14)
C, = Z exCnr+ (1 +en)Cpn-n foralln>N+1.

n=1

Proof. Let ¢ be a proper L*-block with support interval [1,1]. Then, by Lemma 15,
there are e; such blocks, and hence, C; = e;. We shall calculate C,, inductively.

Given an integer n > 1, let T; for 1 < ¢ < n be the set of proper L*-blocks
with support interval [i,n]. Notice that the uniqueness of the proper L*-block
decomposition implies that .S, is the disjoint union of

S+ Tir1:={e+p:ee€ Sk, u €Ty}

for k=0,...,n—1, where the cardinality of S, +T})11 is equal to Cy-#T})11 = Cre;
for 1 < j < N such that n — k = j (mod N). Thus,

Cp =Choie1 +Chgea + -+ Creg—1 + Coey

where 1 <t < N and t = n (mod N), and the coefficients of C} periodically repeat.
By induction, if n > N + 1, then

On = €1Cn_1 +-- eNC(n—N + (elcn—N—l + -+ etCO)
=eCh1+ - +en1Chony1 + (1 +en)Crn.
O

Proposition 5. Let f(z) =1 — ij:’ll exx® — (1 + en)a™N. Then, the generating
function p(z) = Y po, Cra® is identical to (1 — 2™N)/f(xz) on an open interval
containing 0.

Proof. For a non-negative integer t < N, we have

oo oo o0
z'p(x) = Z Crattt = Z Crgz® = Coxt + -+ + Cn_pz™ + Z Ch—ga®
k=0 k=t k=N-+1

N oo
= Z Ckftxk + Z Ck7t$k~
k=t

k=N+1
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Below we shall calculate p(z) — Ei\;l e;xtp(x) — (1 +en)zVp(x), and by Equation
(14), the sums over k > N + 1 shall be cancelled out:

p(w)—(elwp(w) +o+eno1z (@) + (1 + en)ap(a))

—chx + Z Ckx

k=N+1

N-1 /N oo
— (Z e;Cl_px® + Z etC;ctxk) -1+ eN)CoxN

oo

- Z (1 + BN)Ck_Nl‘k
k=N+1

N N—1N-1 N-1
= Z Cpzt — Z e;Cl_px® — Z e Oz — (1+ eN)COxN
k= t=1 k=t t=1

N-1 N-1

MY i = Y elCnpa™ — (1+ en)Coa™

I
™=
Q
E?

0 =1 t=1 t=1
N N-1 N-1
:ZC’kxk — Chpah — 2N Z etOn_y — (1+eN)C’0xN =1-2".
k=0 k=1 t=1
Thus, p(z)f(r) =1 — 2, and it proves the result. O

Definition 24. Let p denote the real number Z,@lé (where B is the maximal
L*-block at index 1).

Lemma 16. Let £ > 1 be an integer. Then, ZBZQ =

Proof. Notice that 5° = (0,e7,...,€x) implies

ZBZQ = Zﬂ_ia’k = Zﬂ_é—ul‘:’k @t Zﬂk /+1~k7 = it
k=0 k=0

Theorem 11. The open subset U has Lesbeque measure 1.

Proof. Let € = an:l ¢™ 4 B! be an L*-block decomposition where b > 0 is the
largest L*-support index of €. Let

Y4 Y4
=D (" we=3 eQ andal =3 (3 " +A"Q,
m=1

m=1
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which is interpreted as 1 if b = 0, i.e., e = 3'. By Proposition 3, U is the disjoint
union of (z.,z.) where € varies over £, and it is Lesbegue measurable.

Recall the set S, and the number C} defined in Proposition 4. Notice that, by
Lemma 16, the length of (z.,z.) is @® — @°p = @°(1 — p). By Proposition 5, the

measure of U is

11—V

f(@)
where f(z) is the characteristic polynomial defined in the proposition.  Let us
rearrange p as follows. Notice that ;@ + --- + ey@ =1 — f(@) — @". Then,

> @ (1—p)=(1-p)
b=0

p=(er@+- - +exo)+aN (e @+ +endN) + -

=(1-f@-oMa+a¥+*N 4. ) =1- 152)%
1-oV
which implies (1 —p — = 1.
=0TE
Therefore, the measure of U is equal to 1. O

4.2. The Local and Global Maximum and Minimum Values

Theorem 12 below is the technical version of Theorem 2, and we prove it in this
section. Recall that, by Theorem 9, §* is locally decreasing on U, and hence, 6*(x)
is not a local extremum value if x € U.

Theorem 12. The function §* does not assume a local extremum value at points
in evals((E* —EX)U(E* = &F)). It assumes a local minimum value at points in EX,

and a local mazimum value at points in evalg (Ex —&%).
The following terminology is explained in Lemma 17 below.

Definition 25. Let p denote the smallest positive integer such that y@P~! < w?,
and let us call the integer the exponent of the generic upper bound of §*.

Lemma 17. If ¢ € £, then 6*[] < L 1ev(€)Q/ Y €Q < L (w/@)?.
Proof. Notice that . eQ < (Z e©)7 for all € € £%, s0 6*[] < S.Tev(€)Q/ 3. €Q.

Since Tev(e) < 3!, we have > Tev(e)Q < 1. Since the set of values of 6* is equal to
that of 07 : [W,1) — R, we may assume that €; > 1, i.e., Y €@ > &. Then,

5 < S () S @ < 1/5 < %(w/a)p.
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Lemma 18. Lete € £, 2 =3 €Q, and y = Y. Tev(€)Q. If Az and Ay are positive
real numbers such that wP /WP < Ay/Az, then y/x7 < (y + Ay)/(x + Ax)7.

Proof. Since g—i < %, Lemma 17 implies £ < %g—z < %%. Notice that
1A Az A
y <f—y, which implies 1+7—<1+—y.
x  vAz x y

Since (1+1¢)Y < 1+ 4t for real numbers t > 0, we have (1 + %)7 <1+ fy%, and
hence,

Az\" A A
<1+x) <1420 <14 2
T T Y

It follows

Az\” A A
1+ 27) <14+ 2Y which implies 2% <« 412V
x y v (x4 Az)Y

O

The following corollary is useful for further reducing the finite cases listed in
Theorem 13 and Theorem 14 below.

Corollary 3. Suppose that € € E*. If n > p, then

5 = 29 2 TVOQ +
(Z e@) (Z e@ + @n)

Proof. If p < n, then w?/wP < Qn/@n = w"/W". By Lemma 18, we prove the
result. O

Proposition 6. The function §* assumes a local minimum value at the points in
eval5(€3).

Proof. Let € = an:l ¢™ be an L*-block decompgsition where ¢? is nonzero and
[4,b] is the support interval of (¢, and let = 3" €Q. For sufficiently small positive
real numbers Az, we have x + Ax = > et Q where ¢ € £*, and by Lemma 5,
€t = e+ 7 where 7 € £ such that ord™(7) = n > b+ 1 is sufficiently large, i.e., it
is an L*-decomposition. By Lemma 10 and 13, Tev(e') = € + Tev(7), and we have

Ay:=>"1ev(e)Q - Q= tev(r)Q >w" and Az = 7Q <"

by Theorem 6. Thus, Ay/Az > @W(w/0)" — oo as n — oo. By Lemma 18,
8*e] < 6*[et].
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Since ¢* is non-zero, there is a largest index r such that ¢! > 0, and & := ¢¢ — 8"
is a proper L*-block with support interval [¢,r]. Then,

-1
=Y e B e E
m=1

is an L*-block decomposition, and let 2~ := e‘@. By Theorem 9 and Proposition
3, 0* is decreasing on (x~,x), and the continuity of §* implies that 6*(z1) > 0*(x)
for all x; € (z—, ). O

Proposition 7. The function §* does not assume a local extremum value at the
points in evalz (£ — £7).

Proof. Let € = > >°_, (™ be the non-zero L*-block decomposition. For each m,
there is the largest index r in the support interval of ¢"* and (" > 0. Then,
e— (" € &%, and by Corollary 3, §*[c — 87] < 0*[¢] for infinitely many r. So, 6*[¢] is
not a local minimum.

Let us show that it is not a local maximum. Given ¢ > 1, let [;,¢ — 1] be the
support interval of ¢t. Let et := an:l (M4 B4 1+ 5" where r = £+ N. Then, the
proper L*-block ¢ := ¢*+ 3! has support interval [i, ¢] such that ¢ < £+ N —1 since
£* is periodic and Bf+kN =e >1for k>0. Sincer >¢, et = 27;;11 M+ E4 BT
is an L*-block decomposition. Thus,

=)D Q=Q1+ Q=Y (T 1 (MR > Qr =w
= Z€+@ - Zfé = Qvf—l + @r - Z(Z;O:t+1 <m>Q
S QVZ71 + @r < 2(4’\&@_1,

w” WZ+N71

C Ay
which implies Ar > ool T~ ol

where w’/0% — oo as £ — oo. Thus, for sufficiently large t, Ay/Az > wP/aP.
Notice that

y+Ay—Ze+Q Zrev Qandm—i—AJ;—ZeJrQ

where et € £*. By Lemma 18, 6*[¢] < 6*[e]. Since ¢ can be arbitrarily large, this
proves that §*[e] is not a local maximum. O

Proposition 8. The function §* assumes a local mazimum value at the points x in
eval (E* — E€*). Moreover, x € eval@(y — &%) is locally the only value that attains
the local maximum.
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Proof. Let € = anzl ¢! + Bt be an L*-block decomposition of € € £* — £*, and
let 2 = 3. €Q. By Theorem 9 and Proposition 3, we have 6*(z) > 6*(z') for all
values =’ > x that are sufficiently close to x.

Let us show that §*(x) > 6*(z) for all values 2’ < x that are sufficiently close
to x. Given an integer n > b+ 1, let €" = an:l ¢t + res, (BTY) € &F, let
Ty = ZE”@7 which approaches x as n — oo, and let Z,, € I,, := [z,, 2] such that
6*(Zn) = max{6*(z) : z € I,}. Let T, = Y. e Q for e~ € £*. By Proposition 6,
0*(z,,) is a local minimum, and hence, Z,, # x,,. Let us claim that e~ € £* — £*.
By Theorem 11, Propositions 6 and 7, if e~ € £* U (5~* —&*) and T,, > x,, then 6*
assumes a value higher than 6*(Z,,) at values arbitrarily near Z,,, which contradicts
the choice of T,,.

Below we shall show that if 2’ =3 €Q <z e €& — &% and 2/ is sufficiently
close to x, then §*(a’) < 6*(x). This shall imply that §*(x) is a local maximum,
and z is locally the only value that attains the local maximum.

Let 2/ =5 €Q < z where € € £* — £* such that 2/ is sufficiently close to z. By
Lemma 5 applied to g*, there are proper L*-blocks (" for £ +1 < m <t such that

0 t
EIZZCZ—" Z <m+86+1
m=1 m=£¢+1

is an L*-block decomposition, and [b+ 1,¢] is the support interval of (‘*! where
¢ — oo as ¥’ — x. Notice that the periodic property of £* and Lemma 5 imply that
there is an index 7 such that ¢+ 1 <7 < ¢+ N and res”(8°T!) = (0,e1, .-, en)-
Recall p : =" B1Q and Lemma 16. Then,

Az ::a:fw':Ze@fzeléﬁpabfzgﬂé
ZﬂﬂlQ Z Rb+1 <e+1 ZBT@)

r—1
— p&'}b _ (pa}b _ Z( 72+1 _ <£+1)wk _ p@r—1)7 resc+1(<€+1) = 0.
k=c
Let M be the maximum value of e for k=1,..., N;

Zﬁb-‘rl C£+1w+pwr 1<OJ <ZM~k T-‘rl ),T—NSC
k—c
N—-1 _
< Z M~k r+1 ) Swrfl <Z M¢k+p> < \S.

k=r—N k=0

| /\

where \ = ,1:[:_01 M(Ek + p. Let us estimate Ay := > €@ — > Q. By Equation
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(6), (2 (MR + S BHQ = (142 C™)Q + Qe < Qe So,

t
Ay _ ZBbJrlQ _ Z ( Z Cm +Be+1> Q > wb - Z(<£+1 +ﬂc)Q

m=/+1

r—1
_ wb o (ZBbJrlQ _ Z(_Z+l o C£+l)&7k o ZBTQ + Qc)
k=c

r—1
— wb _ (wb _ Z(’Z—H _ <]€+1)Wk — Wt +wc)
k=c

_ Z(_Z+1 o <£+l)wk _’_wrfl W

k=
2 WC _'_wrfl —UJC _ wrfl > wc+N71.

-1

Thus, ﬁ—z > (%)C w , and since ¢ — oo as Az — 0, it follows Ay/Ax — co. By

)
Lemma 18, §*(x — Az) < 6*(x). This proves that 6*(2’) < §*(z), and it concludes
the proof of the proposition. O

This concludes the proof of Theorem 12. Using the following theorems, we reduce
the task of finding the global extremum values to a finite search, which is the
assertion of Theorem 1, Part (2). Let

NIng¢+1In(1 —p+ah)

pti=p+1+ =
Ing —Ino

. (15)

Theorem 13. The mazimum value of 5* is obtained only at e € E* — £*. Suppose
that € = Z:n:l ¢™ + B is an L*-block decomposition with the largest L*-support
index £ —1 >0, and §*[€] is the mazimum value. Then, £ < max{2,p*}.

Proof. By Theorem 12, the global maximum is obtained only on £* — £*, and let
€ be a member of £* — £* with the L*-block decomposition as described in the
statement where ¢ > 1. Suppose that ¢ > max{2,p*} > 2. Let

t
€+ — Z Cm+ﬁ£_l+ﬁr
m=1

where 7 = £+ N — 1. Then, et € £*, and res’(e) = 5°. Thus,

Ay = Z etQ — Z €Q = Q, by Equation (6), and
N T I ST N o T I S
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Thus, by Lemma 16,
Al‘ _ affl _ paﬁfl +&£+N71 — &271(1 _ p_i_a}N)’
and ¢ > p* implies

Ay N -1 B Pt - PP WP
Az 011 —p+aN)  ¢HN-1(1—p+oN) = gp  @p’

By Lemma 18, 6*[¢] < §*[¢t], and it implies that 6*[¢] is not a maximum value.
Therefore, ¢ < max{2, p*}. O

Theorem 14. Let pt := max{2,p}. Then, there is € € £* such that respf(e) =0
and 6*[e] is the minimum value. In particular, if p < 2, then the minimum value is

531 = 1.
0

Proof. By Theorem 12, the minimum value is obtained by € € £}, 1e.,e =", (™,
which is the non-zero L*-block decomposition. Since d; : [0, 1) — R takes the same
set of values as §, assume without loss of generality that e; > 1. Let [¢, s] be the sup-
port interval of ¢¢, and let r be the largest integer such that ¢! > 0. Then, ¢¢— 3" is
a proper L*-block with support interval [i, 7], and hence e~ := e— " € £. Suppose
that 6*[e] is the minimum value of 6*. If r > pt > 2, then €, > 1,50 €~ is non-zero.
By Lemma 3, 6*[¢7] < 6*[e” + 8"] = §*[¢] contradicting that §*[¢] is a minimum.
Thus, r < p', which proves that res?’ (e) =0. O]

5. Examples

We consider several examples in this section, and use the results in Section 4 to find
the global maximum and minimum values of §*. Recall the constant « defined in
Theorem 7, and for the closure of calculations, we introduce the following theorem.
The idea of the proof of the following is also available in [18, Theorem 2.4].

Theorem 15. Let £ be the periodic Zeckendorf collections for positive integers
determined by a list L = (ey,...,en). Let f be the characteristic polynomial of
L for positive integers, defined in Definition 14, and let ¢ be its dominating (real)
zero. Let H be the fundamental sequence of £. Then,

H, 1 N Hy, [ dr=1 f(x) ]
=0

lim = e —,

woo g1 f1(g) 2 (k= 1))

If H, = B! for 1 <k < N and B # ¢, then
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Proof. Suppose that f has no repeated zeros. Let A1,...,Any_1 be the remaining
distinct zeros of f. Given a complex number z, let ry(z) = (\¥~1, ... AL 2) for
1 <k < N be row vectors, and let M(z1,...,2xn) be the matrix whose kth row is
ri(zy) where x are complex numbers. By Binet’s formula,

N-1
Hy= 3 X 4 agnt
k=1

for constants ay and a. By specializing this formula at 1 < n < N, we have a
system of linear equations for ay and «, and by Cramer’s rule, we have

a=det M(Hy,...,Hy)/det M(1,¢,...,¢"1).

By the determinant formula of the Vandermonde matrix,

N-1

detM(17¢7"'v¢N_1):E H((b_)\k)

k=1

where E is a quantity determined only by A{,...,Any_1, and in particular, E is
independent of ¢. Since f(z) = (z — ¢)g(z) for g(z) € Rx],

N—-1

F (@) =g) = ] (@— )

k=1

Hence, det M(1,¢,...,¢oN 1) = Ef'(¢).
Let x be a polynomial variable. Then,

det M(1,z,...,2N71) = Ef(x)/(x — ¢)
since it is a Vandermonde matrix. For 1 < k < N, let Cj be the cofactor of
M(1,z,...,2N¥~1) at the position (k, N), so that

N—1
det M(1,z,..., 2N 1) = Z Crp1zt.
k=0

Then, for 1 <k < N, we have Ef(z)/(x — ¢) = Zg;ol Cj412%, which implies

E [dk—l f(x)} _

Cr = (k—1) |daF T2 —¢

Then,

EH, {d’“l f(x)} |
=0

N N
det M(Hy,...,Hy)=> CpHp =Y oDl e g
k= k=1 ’

1
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which implies

detM(Hy,...,Hy) 1 < H, [d"" f(z)
T At ML, b, LN () > (k—1)! [dmkl x—qsL_O'

k=1

If H, = B¥' for 1 <k < N and B # ¢, then

N-1
detM(Hl,...,HN):E H(B_)\k):Eé(_B;’
k=1

which implies «a = det M(Hy, ..., Hy) = 1(B) .
detM(17¢7"'7¢N_1> (B_¢)fl<¢)

Suppose that f has repeated zeros. The dominant zero ¢ remains simple, and let
dy, be the multiplicity of A\g for 1 < k < N’ where N’ is the number of distinct zeros
of f other than ¢. Let the rows of M(x1,...,2x) consist of the di — 1 consecutive
derivatives of )\?71 where ); is treated as a variable. For example, if A; is the only
repeated zero, and it has multiplicity 3, then

ri(p) = W75 (B — DAE2 (k= 1) (k — 2)AE 73 N1 NEL )

(k=1 k—1+\k—1 (k=1)(k—2) \k—1 yk—1 k—1
_</\1 CEELART, Bt AR )

See [2, Section 1] for more examples. Let us use these components as a basis for
Binet’s formula. By [2, Theorem 1] or [14],

detM(l,x,...,xN_l) =Ef(x)/(x— )

where E depends only on A and their multiplicities, and in particular, E is indepen-
dent of 2. Also, det M(1,¢,...,¢N 1) = Ef'(¢). Using this result, the argument
for f without repeated roots applies seamlessly to this situation, and we leave it to
the reader. O

Recall the exponent p of the generic upper bound of 6* from Definition 25, and
the values p* and p' described in Theorems 13 and 14.

5.1. The Nth Order Zeckendorf Base-IN Expansions

Let £* be the periodic collection for I determined by L = (1,0), and let & be the one
for I determined by the list L= (1,1). This is an example introduced in Section
1 called the Zeckendorf binary expansions. Then, the exponent of generic upper
bound of 6* is p = 2, and p* ~ 4.998. The value of p! is 2, so 6*[3!] = 1 is the
minimum value. For the maximum values, consider ¢ = an:l ¢™ + /3%, which is an
L*-block decomposition with the largest L*-support index ¢ — 1. By Theorem 13
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with p = 2, we have £ < 4, and hence, the only possibilities of € are (1,0,0,1,0) and
BL. Tt turns out that §*[3'] is the largest, and its value is 1/p7 = (3/2)7. Using
Theorem 15 and Proposition 2, we obtain the result (1).

We may generalize it to the setting of the following two lists of length N.

Definition 26. Let N > 2 be an integer. The periodic Zeckendorf collections &£ for
positive integers and £* determined by L = (1,1,...,1,0) where 1 is repeated N —1
times are called the Nth order Zeckendorf collections for positive integers and for
I, respectively. The periodic Zeckendorf collections & for positive integers and E*
for I determined by L= (N—1,N—1,...,N —1) are called the base-N collections
for positive integers and for I, respectively.

Let us demonstrate the 3rd order Zeckendorf collections for positive integers, i.e.,
N = 3. Since L = (1,1,0), the collection £ consists of coefficient functions that
have no three consecutive 1s. For example, 100 = 3°+2-32 4 3% = ﬁl + 2&3 + E[g,
is not a 3rd order Zeckendorf expression while 1000 = H 1+ fI4 + fIG + I§7 is a 3rd
order Zeckendorf expression.

Theorem 13 is what we could do for general cases, but for the setup considered
in Definition 26, we obtain a better version of the theorem using Lemma 18 alone.

Lemma 19. Let £* be the periodic Zeckendorf collection defined in Definition 26
where N > 3, and let € € £*. Then, the exponent of generic upper bound of §* is
p=1. Ife, =1 and ¢ is a proper L*-block of € with support interval [i,n — 1] for
n >3, then € :=e+ "1 — " € £* and §*[e] < §*[¢].

Proof. Let us prove that p = 1. Recall Notation 1. Notice that @ = 1/N, and the
characteristic polynomial of L for positive integers is

fy@) =2V — @V 1)

Since fn(2) =2V — (2¥ — 1) = 1, we have ¢ < 2, and hence, w > 1/2. If ¢/ is the
dominant real zero of fxn_1, then the collection for positive integers determined by
Lo=(1,...,1,0) with N — 2 copies of 1 is a subcollection of the one determined by
L, and hence, by Theorem 7, we have ¢’ < ¢. This implies that w < wy where wy
is the reciprocal of the dominant zero of 3 — (22 4+ z + 1), which is less than 0.55.
If N >4 and p=1, then

#Plng <2In2=In4 < NP 'InN,

which implies ywP~! < wP where 7 is the ratio defined in Theorem 7. The inequality
also holds for N = 3 as well.

Suppose that €, = 1, and that ( is a proper L*-block of ¢ with support interval
[i,n — 1] for n > 3. Let ¢ := e+ B"~! — " € £*, and recall the fundamental
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sequences ) and @ from Notation 1. Let

x:Ze@, y:ZeQ, x':Zelé, and y’:Ze’Q.

Let us show that € € £*. If ({,—2,Cn—1) = (0,0), then (e, o5, €, _4,€,) = (0,1,0),
and hence, ¢ € £*. If ({,—2,Cn—1) = (1,0), then by the definition of the support
interval of a proper L*-block, the number of 1s preceding the entry (,_; = 0 must
be less than N — 1 since €, = 1. Thus, (€),_5, ¢, _1,€,) = (1,1,0), and the number
of 1s preceding the entry e/, = 0 is less than or equal to N — 1. Hence, €’ € £*.

Thus, we have §*(2’) = ¢//(2')7. Let
Ar =2z —z=a"""1-3&",

Ay=y —y=uw"""-w"=w""(1-w).

Notice that n > 3, and (1 — z)x is an increasing function on [0, 1/2] and decreasing
0n[1/21] Then, :w§%<%<w<w0<557—w>é>01and
w—3 < .05. Since the graph of (1 —z)z is symmetric about the vertical line z = %,
it follows that (1 — @)W < (1 — w)w, and hence,

- (16)

wP

Ay 1—w (w7 ! 1—w [w?
- = = | = > — | = | >
Ar 1—-o\wn 1) 7 1-0\w2

Thus, by Lemma 18, §*(z) < 6*(x + Az) where N > 3. O

ISR RS

By Theorem 8, if §*[¢] is the maximum and e; > 1, then € € £ — £*. Let
€ = 22:1 ¢™ + 1 be an L*-block decomposition where b > 2. Since (¢ is a
proper L*-block, we may shift the entry €,41 = 1, and obtain a higher value of
5* by Lemma 19. Thus, b < 2, and ¢; > 1 implies that b = 0, i.e., e = . B
Theorem 14, the minimum is 6*[3']. By Theorem 15, Proposition 2, and the above

calculations, we proved the following.

Theorem 16. Let N > 2 be an integer, let ¢ be the dominant positive real zero of
f(z) =N — Z ,0 z® and let v :=logy ¢. Let z(x) be the number of non-negative
integers n < whose base-N expansions are Nth order Zeckendorf expressions.
Then,

. z(x a . 2
hmsgp ;v) = g hmnmlf % =a (17)
where
f(N) , NNt -1

TN -9 T (N-L(WNN - 1)NN-T
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5.2. Non-base-N Expansions

Let £ be the collection for positive integers determined by L = (2,0,1), and let £
be the one determined by L= (10,4). By Equation (3), the fundamental sequence
H of € is given by (Hy, Hy, H3) = (1,3,7) and H,, = 2H,,_1 + 2H,,_3 for n > 4,
and the fundamental sequence H of € is given by (Hy, Hy) = (1,11) and H, =
1Oﬁn_1 + 5ﬁn_2 for n > 3. The characteristic polynomials of L and L for positive
integers are f(z) = 2% — 222 — 2 and f(z) = 22 — 102 — 5, respectively, and ¢ ~ 2.36
and 5 ~ 10.48 are their dominant (real) zeros, respectively. Then, the exponent of
generic upper bound of §* is p = 1, and p* = 3.59.

By Theorem 13 and Corollary 3, the following are the possibilities of € € £* — £*
for the maximum values of §;. The symbol  indicates the repeating blocks (2,0,1):

B (1,%), (1,1,%).

For example, ¢ = (1,0,%) € £* — £* is not listed above since Corollary 3 implies
5*[e] < 6*[¢'] where € = (1,1,%) € £* —E*. According to the numerical calculations
of 6* at the above three tuples, 6* attains the highest value at €™ := (1,2,0,1), and
32 2 2
§*[eM] = ~w+2,69 S ~ 1.8757.
@+ p2Q) (@twp)r  (1+p)

Since p = 1, the minimum of §* is 6*[3!] = 1.
Using Theorem 7 and 15, we find the exact values of the maximum and minimum
values to be as follows:

. H,  443¢+17¢* _ . H, ¢
«a:= lim = , o= lim = S
n—3060 (bn—l 86 n—oo (bn—l 10
e 202 +1  —227+25¢
— 3 3 3 e — —
p=(20+w’)+w(2w+w’) + 1 TR
Thus, by Proposition 2, we proved
2 47 4 17¢2
lmsup 2 = 20 36474430+ 1767y o6,
2 27 (a(l+p) 43 (254 41¢)
. ezx) o 107 o

6. Future Work

From Definition 26, recall the base-INV collections for positive integers. If £ is the
base-N collection for positive integers, and £ is a periodic Zeckendorf subcollection
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of € for positive integers, then the counting function z(x) defined in Definition 21
turns out to be the summatory function of an N-regular sequence x, which is defined
in [1]. In [12], it is proved that given a regular sequence Yy, the following asymptotic
relation holds:

n

> x(k) ~ n7®({logz(n)}) (18)
k=1

where v < 1 is a real number, and ® is a continuous function on (—oo, 00).

If £ is a periodic Zeckendorf collection but not a base-N collection, then the
result of [12] does not apply as the definition of regular sequences is given in terms
of base-N expansions. In our future work, we aim to establish the definition of
generalized reqular sequences associated with a periodic Zeckendorf collection for
positive integers such that given a generalized regular sequence x, the relation (18)
holds where qg is the dominant zero defined in Definition 14.

Acknowledgment. The author would like to thank the referees who brought
attention to the works that are related to the author’s work.
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