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Abstract
In this paper we study the finite trigonometric sum Y a; csc (7rl /n), where the
coefficients a; are equal to cos(2wlv/n), and where the summation index ! and
the discrete parameter v both run from 1 to n — 1. This sum is a generalization
of Watson’s trigonometric sum, which has been extensively studied in a series of
previous papers, and also may be regarded as the so-called Dowker sum of order one
half. It occurs in various problems in mathematics, physics and engineering, and
plays an important role in some number-theoretic problems. In the paper, we obtain
several integral and series representations for the above-mentioned sum, investigate
its properties, derive various expansions for it (including asymptotic expansions)
and deduce very narrow upper and lower bounds for it. In addition, we obtain two
relatively simple approximate formulas containing only a few terms, which are also
very accurate and can be particularly useful in applications. Finally, we also derive
several advanced summation formulas for the digamma function, which relate the
gamma and the digamma functions, the investigated sum, and the product of a

sequence of cosecants [] (csc(ﬂ'l/n))csc(ﬂl/n).

1. Introduction

1.1. A Short Historical Survey

Finite trigonometric sums are an interesting object of study and often appear in
analysis, discrete mathematics, combinatorics, number theory, applied statistics,
and in many other areas of mathematics. They also often occur in applications,
especially in physics, and in a variety of related disciplines, such as, for example,
digital signal processing, computer science, information theory, telecommunications,
and cryptography; see, for example, [19, Section 1.1]. Albeit many finite summation
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formulas are known and can be found in various handbooks and tables of series; see,
for example, [52, 54, 59, 74], such formulas still continue to attract the attention
of mathematicians; see, for example, [3, 4, 6, 10, 11, 12, 13, 14, 15, 16, 20, 22,
23, 28, 29, 30, 32, 33, 42, 48, 51, 57, 58, 75, 77, 79]. Indeed, very often, finite
trigonometric sums cannot be evaluated in a closed-form at all.' In such cases, it
may be desirable to have a convenient asymptotic formula; notwithstanding, even
the latter may be quite difficult. We, for example, still do not know the asymptotics
of many trigonometric sums related to the {-function.

In 1916 the famous English mathematician George N. Watson [83] considered
the finite sum

n—1
SnEZCSCll7 ne N\ {1}, (1)
n
=1

which often occurs in mathematics, physics, and in a variety of related disciplines.
Watson obtained the complete asymptotic expansion of this sum, which allows one
to calculate it quickly and accurately for large n (see Remark 1 hereafter). Watson,
of course, was not the first person who dealt with this sum; however, for convenience,
throughout the paper we refer to this sum as Watson’s trigonometric sum. The sum
Sy, also appeared in many other works, including very recent ones; see, for example,
[19, Section 1.1, p. 3] for a nonexhaustive list of references. Furthermore, this sum
has been found to be so remarkable, that Chen devoted a whole chapter of his
book [22, Chapter 7] to it and to some of its properties. Besides, as noted in [80,
Section 1], there exist closed-form expressions for much more complicated sums such
as, for example, Z;:ll csc®(wl/n), p € N, or Z?;ll cos24(0l) csc? (wl/n), q,p € N;
see [22, Chapter 14], [80, Section 1], [74, Volume 1, Section 4.4.6], [75], but still
little is known about S,,. In the above-cited paper [19], we partially addressed this
issue by examining it in detail and by studying its properties, and also investigated
its generalization

n—1
chc(cp+a;l), <p+a77rl7é7rk, ke, (2)
I=1

where ¢ and a are some parameters, the initial phase and the scaling factor, re-
spectively. The study of this sum enabled us to obtain, inter alia, three advanced
summation formulas for the digamma function. It was also discovered that for large
n this sum may have qualitatively different behavior, depending on how the initial
phase and the scaling factor are chosen. It was established that (2) has four quali-
tatively different leading terms, which, as ¢ and a start to vary, appear or dissapear
depending on the relationship between ¢ and a. As a result, as n increases, the
sum Y csc (<p + awl/n) may become sporadically large [19, Section 2.4.3]. There

1By a closed-form expression for a finite sum we mean a compact summation formula with a
limited number of terms, which does not depend on the length of the sum.
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also are other generalizations and extensions of \S;,, which have been treated in the
mathematical literature. For instance, in 1922 Hargreaves [56] extended Watson’s
investigations to the sum of cubes

n—1
l

E CSCSL, ne N\ {1},
n

=1

and obtained its dominant term when n becomes large:

n w3 6

n—1
chc3 w2 {ngé(3) +3n¢(2) <lnn+’y - lng - 1)} +....2 (3)
I=1

In 1923, Watson [83] considered more general sums

n—1
ml

S = CSCTF ) n,r € N\ {1}, (4)
=1

extended the result of Hargreaves by finding the complete asymptotics of Sy(lg) for
large n, proved that

E CSCTLZNM, n,r e N\ {1}, n— oo, (5)
n
=1

and noted that for an even r the above sum should also have a closed-form (note
also the the latter formula is not applicable in the case r = 1, which once again
indicates that the sum S,sl) = S, represents quite a special case).® Interestingly,
the existence of the closed-form expressions for such sums was noted by Euler over
170 years before Watson. In particular, the formula

n—1
l

E csc2<90+7r>_nzcsc2ngo, neN, ¢#a(k—1n),
n

1=0

where [ =0,1,...,n— 1 and k € Z, may be credited to Euler; see [19, Section 1.1,
pp. 5-6]. Making ¢ — 0, we immediately get

n2—1
3 )

n—1
l
g csc? = lim {n?csc? np — esc? p} = neN, (6)
@—0

n
=1

2Hargreaves did not study the behavior of the remaining terms, but numerical simulations
suggest that the rest in Hargreaves’ formula (3) should be o(1).
3Note that there are two misprints on p. 580 of [83] in the unnumbered formulas defining

ST(LQT-H) and sﬁf”: both sums should start with m = 1 instead of m = 0.
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which naturally agrees with Watson’s asymptotics (5).* For higher even powers
r Euler did not explicitly gave closed-form expressions, but indicated a way for
obtaining them.? It may be also noted that Watson’s results on ST(LT) were indepen-
dently rediscovered several times, including rediscoveries of particular cases of (5).
For instance, 40 years later Gardner, Fisher and Carlitz obtained Watson’s result
(5), but only for even r [49, 46, 23, 24]. Generalizations similar to (4) also appeared
in works of Berndt, Alzer, Williams, Apostol, Chu, Marini and of some others; see,
for example, [23], [78, p. 267, [48], and the references given therein. A wide class
of sums generalizing S,,,

U 2mu ml
Zcos -ese?t — | v=0,1,...,n—1, qg€eN, (7)
— n n

was considered and used in some applications by Dowker [37], [38, p. 772, Equation
14], who, among other things, found a closed-form expression for it in terms of
the Bernoulli polynomials of higher order B (x) [39, Equations 4-7], and later, in
terms of the generalized Bernoulli polynomials [40, Equations 1-2]; see Section 1.2
hereafter. Sum (7) is also sometimes reffered to as Dowker’s sum [29, Equation
1.1], [58, Equation 1.5], [48, Equation 4.47]. Somewhat similar generalizations were
also considered by Chu and by some other authors; see, for example, [23] and the
references therein. There exist, of course, many other generalizations of Watson’s
trigonometric sum, but it is worth noting that sums and series with secants and
cosecants are often very difficult to study, even asymptotically. For instance, Chu
[23, p. 137], studying sums similar to (7), remarks that “However, the resulting
expressions will not be reproduced due to their complexity”. Furthermore, one
can recall that we still do not know wherever the Flint Hills series Y172 csc?l
converges or not [72, pp. 57-59 and 265-268], [2], [85].

The aim of this paper is to investigate another generalization of Watson’s sum
(1), namely the trigonometric sum

2mvl ml
Co(v) = Cesc = =0,1,2,....,n—1, 8
(v) Zcos - ese— v n (8)

and its particular case
n—1
ml
Cp = (=) ese — (9)
n
1=1
which may be obtained from C,,(v) by setting v = %n when n is even. If n is odd,
then by symmetry C,, = 0. Note that the particular case v = 0 is uninteresting for

4As far as we know, formula (6) has not been given by Euler explicitly in his works, albeit it is
a particular case of his results, so that sometimes it may be attributed to other mathematicians;
see, for example, footnote 9 in [19], or Remark 2 in [3] and the references therein.

5The reader interested in such kinds of expressions may find them, for example, in [22, Chap-
ter 14], [74, Volume 1, Section 4.4.6], [75], [48].
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us, because C(n,0) = S, the latter sum being already mentioned here and being
extensively studied in a series of previous papers. Thus, everywhere below, except
if stated otherwise, we suppose that v is not congruent to 0 modulo n. We also
remark that a similar sum

. 2wl wl
Zsm -csc — veu,
n n

equals 0 by virtue of symmetry. It is also worth noting that formally the sum C,,(v)
is Dowker’s sum (7) of order ¢ = % Besides, it may also be interesting to notice
that formally, the sum C,,(v) is also, up to one term and normalizing coefficients,
the discrete cosine transform of the sequence of cosecants

{ T 27l 3ml (n—1)ml }

cSsC —, CSC ——, CSC ——, ..., CSC
n n n n

and can, therefore, be regarded as the principal value of this transform.® Furthe-
more, since the similar sum of sines vanishes identically, C,,(v) also gives, up to
a coefficient, the principal value of the discrete Fourier transform and that of the
discrete Hartley transform. The sums C,,(v) and C,, are not only interesting from
a theoretical viewpoint, but also occur in applications. For example, the former
appears in an important number-theoretic problem related to the trigonometric
Pélya—Vinogradov sum f(n, k) whose properties still remain little studied.” In fact,
summing the geometric progression and then using the Fourier series expansion for
|sinz|, we see at once that

m+k—1 o0
2milr ‘sm wlk/n)| 28, 4 Cn(rk)
Z exp( )‘ Z sin (7l /n) 7_?; 4r2 — 17

r=—m

n—1

f(n,k)zz

=1

where n € N\ {1}, m € N, and k is a discrete parameter running through a complete
residue system modulo n.

In the present paper, we provide several series and integral representations for
Crn(v) and C,,, establish their basic properties, obtain their asymptotic expansions
(of two different kinds), and derive very accurate upper and lower bounds for them.
We also obtain two relatively simple approximate formulas containing only a few
terms, which are both quite accurate and can be particularly useful in applications.
Much as in our previous research [19], we find that these sums are closely connected
with the digamma function and the square of the Bernoulli numbers, which is quite
unusual. Finally, we show that there exist summation relations between C,,(v), the

6The principal value of a sum is defined according to [19, Section 1.2].
"For further reading on the trigonometric sum of Pélya and Vinogradov, see [81, pp. 56 and
173-174], [7, pp. 173-174], [25], [71], [60], [26], [5], [73].



INTEGERS: 25 (2025) 6

cosecant and its logarithm, as well as the gamma and digamma functions, namely

\Il(%) CSC%V = —(y+1In2n)S ZC lncsc?
v=1
n—1

\II(%) csc% = —(y+1In2mn)S, — 2ZIHF( ) (v), (10)
v=1
n—1 n—1 v
;W(;) Co(v) = (v+nln2)S, — nlnE(csct;) " (11)

These relations complete the advanced summation formulas for the digamma func-
tion, which we obtained earlier in [17, Appendix B, Equations (B.6)—(B.11)] and
in [19, Equations (12)—(15)]. The two latter formulas are particularly beautiful.
Equation (10) relates the values of the digamma function, evaluated at points uni-
formly distributed over the unit interval, to those of the logarithm of the gamma
function evaluated at the same rational points. Formula (11) computes the product
of a sequence of the form a;", where each a; equals the cosecant of a rational part
of m.

1.2. Notation and Conventions

By definition, the set of natural numbers N does not include zero. The symbol
= means “is defined as” and should not be confused with the conguence symbol
from modular arithmetic. Different special numbers are denoted as follows: v =
lim,, 00 (Hn—ln n) = 0.5772156649. .. is the Euler constant, H,, = 1+1/2+...4+1/n
stands for the nth harmonic number, and B,, denotes the nth Bernoulli number. In
particular By = +1, By = —1/2, By = +1/6, B3 = 0, By = —1/30, Bs = 0, Bg = +1/42,
B7 = O, Bg = _1/30, B9 = O7 BIO = +5/667 Bll = O, B12 = _691/2730,....8 The
Bernoulli numbers are the particular values of the Bernoulli polynomials, which
are denoted by B, (z). These polynomials are defined either implicitly via their
generating function

8For further values and definitions, see [68, Chapter 2, Section 1], [61, Chapter 1, Section 1.1],
[1, Section 23], Note also that there exist slightly different definitions for the Bernoulli numbers;
see, for example, [53, p. 91], [63, pp. 32, 71], [83, 86], or [8, pp. 3-6].
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Both definitions imply that B,, = B,(0). Furthermore, the B,,(x) are themselves the
particular case of the Bernoulli polynomials of higher order B (x), namely By, (z) =
BT(LI)(I‘); see [61, Chapter 1, Section 1.2], [68, Chapters 2 and 6], [65, pp. 127-135],
[21, p. 323, Equation (1.4)], [67], [69], [1, Section 23], [9, Volume III, Section 19.7],
[31, Equation (4)], [18, p. 16, Equation (52)]. We also make use of numerous abbre-
viations for the functions and series. In particular, | z] denotes the integer part of z
and 0y ; is the Kronecker delta of discrete variables k and [. Furthermore, tg z, ctg z,
ch z, and sh z stand for the tangent of z, the cotangent of z, the hyperbolic cosine
of z, and the hyperbolic sine of z, respectively. We also denote by I'(s), ¥(s), ¥,,(s)
and ((s) the gamma (T") function, the digamma (or ¥) function, the polygamma
function of order n and the Euler-Riemann zeta ({) function of argument s, re-
spectively. In order to be consistent with the previous notation of Watson [83, 84]
and of some other authors, we denote by S,, Watson’s trigonometric sum (1), and
by C,(v) and C,, the sums (8) and (9), respectively. Occasionally, we make use of
divergent series; summability, summations methods and their regularity are defined
according to Hardy’s monograph [55]. It is also supposed that the reader possesses,
up to a certain point, a working knowledge of the theory of asymptotic expansions
[27, 36, 43, 44, 45, 70]. The order symbols O, o and the asymptotic equivalence sym-
bol ~ are defined according to Evgrafov’s and Erdélyi’s books [45, Chapter 1, Sec-
tion 4], [43, Chapter 1]. By the error between the quantity A and its approximated
value B, we mean A — B. Finally, all the figures in the paper were exported from
CAS Maple. The data used to trace the graphs were calculated with 50-digit “preci-
sion”, enabled with the help of the command Digits:=50. Some graphs and results
were also verified independently with the help of MATLAB and CAS Mathematica.”

2. Basic Properties

First of all, we note that albeit v can take only discrete values, if v was a continuous
complex variable, then C,,(v) would be analytic in the whole complex plane, except
for the case n — co. Furthermore, C,,(v), defined in (8) only for v =0,1,2,...,n—
1, can easily be extended to any integer v by means of the formula

Sn, vr=20, meZ,
Cp(v+mn) = (12)
Cn(v), v=12,....n—1, meZ,

91t should be noted that such a “precision” (50 digits) is not guaranteed at all by Maple.
For instance, by computing the approximation error for the graph in Figure 4 with 8-digit preci-
sion (which should, in principle, be largely sufficient to corectly trace a graph), we first obtained
completely erroneous values. Writing in Maple 12 evalf (e(300,34),8), where €(n,v) is the ap-
proximation error, returned the value -0.3136e-4, while the correct value is close to -5e-011. In
other words, in some situations, Maple 12 fails to compute correctly even the order of magnitude
when using 8-digit precision.
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In addition, Cy,(v) also has the following basic properties:

Cn<l/) = Cn(n—u), C¥2’I’L71:0)
_02n<02n(1/)7 Cn(V)<Sn7 0<C2n<S2n7
2 1
Calv +1) = Cu(v) — 2ctg ZZEDT
2n
- Qu+20-1)7
Cn(v+ k) = Ch(v) ; ctg o ) k€N,
B - (264+20—1)7
Cn(v+ k) = Ch(k) 2;ctg o ) k€N,
o Qu+20-1)7
= -2
Cu(2v) = Cp(v) ; t o :
7 - (20 —1)x
Cn(v) — Cp(k) = 722 ctg o™ , v> K,
l=k+1
n—1 n—1 2
_ 2 _ n(n 1) 2
ZOH(V) - Sn? ch(y) 3 Sn’
v=1 v=1
— 2mvk mk i 2nvk
;Cn(y)cos = ncscT—Sn, ;Cn(u)sm =
— v — n.S
n tg — =0, n = - = )
;C(V)an 0 ’;VC(I/) 5
— v iy Tr
; Cn(v) 1nsm; = (y+In2n)S, + ; \I/<ﬁ) esc——,
n_lc wr(Y) - (y+In27wn)S, 1n_1\11(u) v
; n(v)In (ﬁ) T 2 Eyzl n ¢ n’

n—1
;Cn(u)\ll(;;) = (y+nln2)s, — nZCSC%V~1nCSC%V,

v=1

0,
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k=1,2,...,n—1, which can be obtained without much difficulty from the definition
of C,(v). For instance, the recurrence relationship (15) is obtained as follows:

n—1
2nvl 27l ml
Colv+1) = E —_ 4 — —
v ) COS( n n )CSC n

=1

i 2mvl ml oml 2 . 2wl ml 27l
= Z cos - €SC — - COS — — sin —— - csc — - sin —
=1 " =1
s 2mvl T 2l ml 2l
= (1—28in2) S - CsC — — n — - 8in —
n n
1=1 =1
s 2mvl ml [t ml
= 1—2sin% — - esC — —
( sin )c - cs 22 n
1=1 =1
n—1
. Qv+ 1wl v+ )7
= Cn -2 = Cn — 2ct ) 26
) - 23 sin = (v) — 2etg L (26)
where at the final step we accounted for the well-known result
n—1 r
l ctg —, r=13,5,...
sin 70— 8 27)
=1 n 0, r=2,4,6,....

Repeatedly using (15) for C,,(v+2), C,,(v+ 3) and so on, we obtain (16). Since the
sum is commutative, we also have (17). The duplication formula (18) is obtained
from (16) by setting x = v. Identities (20)—(25) follow from various summation and
orthogonality properties of the cosine. For instance, the second of properties (20)
is obtained by the orthogonality formula

n—1

2nvk 2l n
Z cos . COs —— = 5{51@,1 + (Sk,n—l}a
v=0

n n

where both discrete variables k£ and [ run from 1 to n — 1, as well as with the help
of (6). The summation formulas involving the gamma and the digamma functions
are obtained as follows. Gauss’ digamma theorem states that

l I~ 2md
\Q():—y—ann—gctgtL—i—;cos 7:/ -1nsin%, (28)
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4200 ~

-100 T T T T
0 50 100 150 200 250 300
n

Figure 1: The sum C,(v) as a function of n, where n € [2,300], for two different
values of argument: v = 16 (solid line) and v = 73 (dash-dotted line).

where | =1,2,...,n—1,n=2,3,4,...; see [17, Equations (B.4b)] or [9, Volume I,
Section 1.7.3, Equation (29)]. Therefore,

n—1 n—1 n—1
. TV ml 27vl %
E Cn(v)Insin — = E cs¢c — E cos — - Insin —
n n n n

v=1 =1 v=1

n—1
l l l
= E {W() +’y+1112n+7Tctg7T}(‘,507r
— n 2 n n

— /1 T ml ml
:(7+ln2n)Sn+Z\Il<>csc+ cos — csc? — .
— n n 2 — n n
Remarking that the last sum equals 0 by virtue of symmetry, we arrive at (23).
Formula (24) is derived analogously by using Malmsten’s variant of Gauss’ digamma
theorem [17, Equations (B.4c)] instead of (28). Finally, identity (25) follows from
(22) and Gauss’ digamma theorem (28). Note, by the way, that many properties
are related to Watson’s trigonometric sum.

We conclude this section with two graphs of Cy,(v), depicted in Figures 1 and 2.
The former figure displays the graph of C,(v) as a function of n for two values
of .10 Tt is quite remarkable to observe, see Figure 1, that when n < v, as n
approaches the values having common divisors with v, the sums C,,(v) reach a local
maximum. It can also be clearly observed, see Figure 2, that C,,(v) reaches the

1

minimum when v = 5n = 150, see property (14) and remark that —Cspg ~ —132,

and the maximum at the endpoints, at which C309(v) becomes equal to S3g9 &~ 1113

10We deliberately take values of v, which lie outside the interval defined earlier, in order to
observe the overall behavior of Cy, (v).
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(we do not show them on the graph, since they are too high). The explanation of
these interesting phenomena is given in Section 4 and follows from Theorem 2. We
also clearly observe that C,,(v) verifies the first property from (13) and can take
both positive and negative values. Furthermore, it can be seen that the minimum
of |Cyy(v)| occurs at v = 50 = ¢n and v = 250 = 2n (empirical studies show that at
these points C,,(v) is always very small in absolute value, never equal to zero, but
tends to zero as n — 0o, n being a multiple of 6; see also Corollary 4 in Section 6).

3. Integral Representation

Below, we derive an important integral representation for the sum C,(v), which is
useful to establish some further properties.

Theorem 1 (Integral Representations for Cy,(v)). The sum C,(v), as defined in
(8), can be represented via the following integral, containing the discrete Poisson
kernel:

1

—1 n 2mv n—1
S 2mvl ml 2n (1+2")cos -, vt dz
g cos .
1=1

-c8C — = — -
5 2Ty
x? —2xcos — +1
n

n n T 1+a2m

0

This integral can also be written in several alternative forms, for example,

n—1 chlz(=—-1
2mvl ml 2mv n [
E cos ~Csc—:(n—2u)ctg——— 2 dx .
n n n T n 2wy
=1 ch — [ cha — cos —
Y 2 n

Proof. Let x and ¢ be real variables such that ze?? # 1. On summing the geometric
progression
n—1

n—1 n ,ien i
: N\ et — xe'¥
E zle! = E (xe“") = n=223,4,...
=1 =1 wvetv =1

and then on separating the real and the imaginary parts, we obtain

fxl cospl = "1 cos <,0(TL —21) — 2™ cosn + x cosp — 22 (29)
=1 x?2 —2xcosp+1
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—+800

—+600

+400

Cn(v)

4200

-200 = T T T T T T
50 100 150 200 250 300
v
Figure 2: The sum C300(v) as a function of v, where v € [0, 300].
and

n—1

L zn+1
E ' sinpl =
1=1

sinp(n —1) — 2" sinpn + xsin g

22 —2xcosp+ 1 ’
respectively. Now consider the following well-known result due to Euler!!

(30)
=

dx = mceseprm,

0<Rep<1,
0
and let p = I/n, where n € N\ {1} and 0 < ! < n. Multiplying both sides by
we have, by virtue of (29),

cos pl , where ¢ = 2nv/n = 0, and then summing the result from !l =1tol=n—-1,

1

n—1 0
7l
g cosfl - csc— =
n
=1

0

n—1
1 )
——— > avcosbld
ﬂ/x(l—i—x) l:1x cosorar

L o1 1
1 rnTicosd —x+xncosl —x
™
0

dx
2 1
xn —2xn cosh + 1

Cz(1+2)
B n/ y"cosf —y" " 4+ cosf —y
o

0

(1 + y") (y2 — 2y cosf + 1)

2
n

Y
_2n
T

(1 + y”) cos —y" L —y

(1+y™)(y? — 2ycosf + 1)

Y., (31)
1See, for example, [52, no. 3.222-2], [41, no. 856.02], [66, p. 170, no. 5.3.4.15, and p. 172,
no. 5.3.4.20-1], [82, p. 125, no. 878].

12
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where we made a change of variable y = 27 and then split the interval of integration
into two parts [0,1] and [1,00), the integral over [1,00) being equal to that over
[0,1]. We, thus, have arrived at the first result of the theorem.

Making once again a change of variable y = e~*

get

in the last integral in (31), we

1
Co(v) 2n/ 1+y cos@—y"‘l—y i
n\V) = ——
T 1+y y f2ycoso9+1) Y
0

/ch 5tn - cos@—ch[( n—l)} @t
cht — cos 9) ch itn '

The final step, of accounting for the elementary integral'?
—
7 dt . SO’ 0<¢<2rm, @#ﬂ-v
/ - sin ¢
ht—
) ¢ cos . P

evaluated at ¢ = 6, yields the second result of the theorem. Note that both results
of the theorem hold for integer v only, although the above method can be extended
to the continuous values of v as well, in which case the resulting expression is more
complicated.'? O

4. Series Representations

In this section, we obtain several series representations for C),(v). We begin with
four alternative finite series representations.

Theorem 2 (Finite Series Representations for Cy,(v)). The finite sum Cy,(v) and
Watson’s trigonometric sum S, are directly related to each other by means of these
four non-exhaustive formulas:

n—1 v

2nvl wl 20-1)=w
— =5,-2 tg ————,
Zcos ose — Zc &

n—1 n—1
2l 7l Rz 7l
E cos - €sc — :Sn*QE sin® — - csc —,
n n n
1=1
n—1 n—1
2mvl ml o TVl ml
g cos - csc — =—Sn+2§ cos® — - ¢sc —
n n n

12Gee, for example, [52, no. 2.444-2] or [41, no. 859.163].
13The assumption of discrete v enables us to simplify our calculations in the second line of (31).
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n—1

2mvl l 2v+1
Zcos ™ ese 2 :Sn—ctgl—l—ctgiw(y—’_ )
n 2n 2n

mly ml(v+1)
-2 E tg — . sin —— - sin ———Z
c g - sin sin -

Proof. The first formula is deduced from property (16). Setting v = 0, using (12)
and then writing v instead of x, yields this formula. The second and third equalities
follow from the elementary trigonometric identity cos 2a = 2 cos? a—1 = 1—2sin® .
Finally, the fourth equality is obtained from the first one as follows. In view of (27),
the cotangent sum can be written in the form

v 21—1 i okl wk
thg ~ Y% sin (_n)

k=11=1

B n—l{[ COS(ZﬂkV +T;Tk)

1 7k wk
Wk + —ctg — | X cos —
2sin % n n

2
sin (27 4 7)) k
_|Z=\n "~ n/_ = in — 2
l 2 sin & 5| X sin , (32)

ing

n

by virtue of (29) and (30) evaluated at x = 1 and ¢ = 27k/n. Then, employing
twice (27), we obtain

n—1

n—1
. 7k ™ 21/—|—1) Qv+
meTZC‘cg% and an :cth

Inserting latter formulas into (32) yields, after some algebra, the fourth formula of
the theorem. O

The last three formulas obtained in the preceding theorem are, in some sense,
1%
similar. As to the first formula C,(v) = S, — 2> ctg %, it is clearly of

different type and deserves to be briefly discussedl. 1First of all, it immediately
implies that C,(v) cannot be greater than S, and lesser than —C,,, properties
that we already gave in Section 2 They follow from the fact that > ctg M
increases while v remains below 2 57, decreases when v > %n (when [ > én the
Ith term sums with the (n — l)th term, which has the same magnitude and the
opposite sign, leading thus to the overall decrease of }_ ctg 2171)”), and vanishes
as v reaches n; see, for example, Figure 2. It also explains why as long as n < v,
the sum C),(v) reaches local maxima as n approaches common divisors with v (see
Figure 1). This is due to the sum of cotangents, which not only vanishes at n = v,
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but as long as n < v, is also relatively small whenever ged(n,v) > 1. Furthermore,
as noted before, S,, is very well investigated; the study of C,(v) can, therefore,
be reduced to that of 3 ctg (2l 1)
cotangent sums often faces conmderable difficulties.'* Furthermore, some of such
sums even appear to be directly associated to the study of the Riemann hypothesis
[10, 15, 16, 20, 28, 30, 33, 34, 35, 42, 47, 50, 62, 64, 76, 78].

We now obtain an infinite series representation for the function C,,(v), which is
useful for the derivation of the asymptotic expansion of C,,(v) at large n. In order
to derive it, we first need to prove the following Lemma.

. Note, however, that the investigation of the

Lemma 1. If Re(a+b— ) > 0, then the following improper integral converges
and can be evaluated via a combination of four digamma functions:

Oofazchﬂx 1 3 a+p 1 a-p
/e chbxdxélb{qj<4+ 1 >\I’<4+ 4b)
0

3 a-—-p 1 a+p
+\I’<4+ 1 )“I’<4+ 1 >}

o0
/ L ch ﬂx
ch bx
0

Multiplying the numerator and the denominator of the integrand by 2sh bz yields

Proof. Consider the integral

76_(” Chﬁxd _ 9 ooe_w sh bz ch Sz .
chbx B 2ch bz shbx
0 0

—ax Sh[!E(b + ﬂ)} + Sh[iC(b - B)]
sh 2bx

dr .

Il
SN
*

Using the well-known formula!®

oo
oy Shpux 1 1 a+p 1 a—p
ax SIMT 4 2 g —of:
/e shmxdm 2m{ (2+ 2m) (2+ 2m ’
0

twice, which holds for Re(aw+m — p) > 0 with m = 2b and p = b+ 3, respectively,
we immediately arrive at the required result. O

14Despite the fact that they have been regularly studied at least since Euler’s time; see, for
example, [19, Sections 1.1 and 4].
15See [52, no. 3.541-2], [9, Volume I, Section 1.7.2, Equations (14)—(15)].
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Theorem 3 (Infinite Series Representations for C,,(v))

. The finite sum Cy(v),
defined by (8), admits the series representation
n—1

2 2 2 2 1 2 2
Zcos vl -cscﬁ = lln(?sinﬂ) - — {W() — W()} — —csc v
— n n T n T n n s
. {\p(l‘l)_\p(l“)_q/<l‘1)+xp<‘“>}sin2””l, -

P 2n 2n n n n

where the last infinite series converges at the same rate as Y1~ 2sin(27vi/n).

Proof. Consider the second formula of Theorem 1 and let § denote 27v/n for the
purpose of brevity. Expanding (chz —cosf)~! into the uniformly convergent series
1

chx — cos 6

2 w— .
= — E e *'sinfl, Rezxz >0,
smﬁl:1

and using Lemma 1, we see that

m o= . T o chfz(dn—1
Cr(v) = (n—2v)ctgd — " lz;smW/e p e [o(5 — )] dx
= 0

1
Ch§

= (n721/) ctgf —

2n

1 . 1—1 I+1
g eala(ie 50 o)

1 1+1 1 1-1
”(ﬁgn)‘l’(z*%)}
1 11 1
(n—2yyng0—w{2m24—w<2—+>-—m(>

n n
1

— . 2n I—1
pcT ;smﬂl{l_l —|—\I/(> -

2n

1 I+1 1 -1
W(z * gn) B W(z * zn>} (34)
Using two well-known Fourier series in order to evaluate

o0

sin 61 . sin 6l . >, cos 6l
;lfl COSQ; ] —l—sm&lzzl ;

cosf — sinf - ln<2sin 2) , (35)

T —
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and employing thrice the duplication formula for the digamma function

\I,(l+1)_\p<1):2\1/(2>—2\I/(1>—21n2,

2 n n n n

() e ) Cow( ) Cow () fome,
2n 2 2n 2n n

N\ E_A'_H_il - Hil = —2U Hil + 20 Hil _211127
2 2n 2n 2n n
the last expression in (34) immediately reduces to (33).

Finally, in order to study the behavior of the general term of series (33) at large
index [, we use the Stirling formula

N-1

1 1 Ba, A Ban
)\ =1 - - = — 0
(z) ne 2z 2 &~ rx2r 2N 2N’ >0
where, as usual, 0 < A <1 and N = 2,3,4,..., N < co. For a sufficiently large [,

we, therefore, have:

1-1 I+1 1—1 I+1 n
() -0 (=) - — )+ —— ) ~ =
() (5 () (5) -+

Thus, series (33) converges slightly better than Euler’s series Y172 O

5. Preliminary Asymptotic Studies for Large n

In this part we study the asymptotic behavior of C,,(v) at large n. The results are
mostly based on the series representations obtained earlier in Theorem 3.

Theorem 4 (Almost Asymptotic Expansion of Cy,(v)). For anyn =2,3,4,... and
N =2,3,4,..., N < oo, the sum Cy,(v) admits the expansion

n—1 N-1 _ _
27vl wl 2n . TV (1= 2172772 =1 By, A1 (v/n)
lE_l cos - .CSCT = —71n(2 sin ?) —&—2;1 @) n2 1

(1 _ 2172N)W2N7132N %Nfl(l’/n)

22
+ N2V ’

(36)
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0 < A <1, where we denoted for the sake of brevity

d2r71

v
%r—l(ﬁ) = dp2 1 ctg o

(37)
here the B,.(x) are the Bernoulli polynomials and all H#4._1(v/n) are negative.

We remark that the above theorem provides the expansion of C,(v) via the
derivatives of the cotangent. In fact, not only does the tail contain such derivatives,
but also the dominant term which is, up to some coeffcients, the antiderivative of
the cotangent (the only term which does not contain the derivatives of the cotangent
is fznﬂﬂ) The above theorem also leads to several important corollaries and has
useful applications. In particular, under some conditions, one can readily deduce

from it several asymptotic formulas for C,,(v) and C,, at large n.

Corollary 1 (Asymptotic Representation of C,(v) at Large n). At large n the
following asymptotic representation holds for the sum Cy(v):

n—1

2mvl ml 2n . TV
ZCOS - CSC— ~ ——ln(Qsm—),
— n ™ n

n

where v # %n and v # %n.

Corollary 2 (Complete Asymptotics of C, at Large n). Let N = 2,3,4,...

N < oco. Then, forn=2,4,6,..., the sum C,,, admits the following expansion:
= w22 N (—nrr (et - 1) (22 — )X 1B,
Sy T 22,3 s
— n ™ o r(2r)n2r—

+O(n'=2N),

which, as n — oo, becomes its complete (or full) asymptotics. Writing down the
first few terms, we have
=, g 7wl 2ml2 773 3170 215977
Z(—l) csc — = + - + -
n T 12n 1440n3  30240n5  4838400n7

=1

If n is odd, then
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Remark 1. The above asymptotic expansion can be compared to that of

n—1 N-1  q\yr+1(92r—1 _ 2r R2
ml 2n<1 2n ) 2 Z (—1) (2 1)” B3, +O(n172N),

=+
n r\r ) r(2r)In2r—1

=1 r=1

which is probably due to Watson, see [19, Theorems 6a,b]|, and which also contains
the square of the Bernoulli numbers. It is also interesting that unlike Y csc(wl/n)
the asymptotic expansion of >_(—1)"*! csc(nl/n) does not contain Euler’s constant.

Proof. Consider (29) and (30) at « = 1:

n—1 . 1

sin (ny — 5 1
Zcosgolz—( ?12@) - —,
= 2S1n§<p 2
n—1 1

cos (ny — 5 1

Zsingpl = _M + *Ctgf
= 2sin 5 2 2

As n tends to infinity, both series diverge, but if ¢ is not congruent to 0 (mod 27),
then they still remain Cesaro summable:

Zcos pl = — % (C,1), Zsin ol = %Ctgg (C, 1), (38
=1 =1
since
N N
Z sin (ng — 3¢) = O(1) and Z cos (np — 3p) = 0(1),
n=1 n=1

as N — oo, and hence

lim { — i sin(ne—5¢) | _
Nooo | N 2sin L N

and similarly for the cosine, respectively. Moreover, formulas (38) can also be
obtained by employing other regular summation methods, such as, for example,
Euler summations (€) and (E, 1), Abel summation (A), Borel summation methods
(B) and (B’), etc.'¢

Let us now examine the series expansion for the digamma function given in [9,
Volume I, Section 1.17, Equation (5)]. This series possesses the property that the

16Readers interested in a deeper study of the divergent series are kindly invited to refer to
monograph [55]. Note that the use of divergent series for the derivation of asymptotic series is a
frequent practice [27, 36, 43, 44, 70].
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error, due to stopping at any term, is numerically less than the first term neglected.
This means that the same series can also be written in the form

M—1
W(r) =~y 30 )G m) AN, (39)

where 0 < A <1, M =3,4,5,..., and which has the advantage of holding for any
x > 0, while [9, Volume I, Section 1.17, Equation (5)] holds in the unit disc only.
Using this expansion, as well as (38) and their formal derivatives with respect to ¢,
the second line of (33) becomes:

> -1 1 -1 1
Se(a) -o(ar) o) e ) pme
2n 2n n n

=2
sin 61 N2

=Y oy -y ()12

L 2Cna(0) 277

pm—1 + RN(Av n, 0) ) (40)
where again for brevity we put 6 = 27v/n, where
0, m=2r—1, relN,
% 71(9) = m__q (41)
m -1 (m-1)
i(ctg£) , m=2r, relN,
2 2 =0

and where Ry (A,n,0) stands for the remainder. Proceeding with the first sum
similarly to (35), one can easily show that

% = [4 — ln(? sin g)] sinf . (42)
=2
Furthermore,
(2r-1) 1 d? et o 1(Y/n
(ctgf) = . 8y = 22/ 1/ ) (43)
2 =0 22r—1 d802r—1 Lp:%G 227’—1

Now, employing again (39), we see that a part of the last sum in (40) reduces to

2N -2

Z (71)m(1 o 217m)<-(m)n17m2m71

m=2
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2N-—-2
= 3 DT ) mnt

w(2) cw( L) - 7A@ o 1)e@n - 1n N, (44)
<n> <n> 2

0 < A < 1. Substituting (43) into (41) and (42) into (40), as well as accounting for
(44), formula (33) from Theorem 3 becomes

N—-1 / 1\r—=1(1 _ 9l—2r r
Cul) = -2 (2 §) + jzl Gy gn)jl JC) )

(_1)N71 (1 _ 2172N)<(2N)

+2X T@nyEN T Hon-1(v/n), (45)
where again 0 < A < 1. Finally, using the famous result
-1 r+1 2 2TB -
((QT):( )™ (2n)" B, reN,

2 (2r)! ’

established by Euler in the first half of the XVIIIth century, we immediately arrive
at the expansion of Theorem 4. The second representation of J%,._1(v/n) in (37),
that via two polygamma functions, is obtained by differentiating the reflection for-
mula of the digamma function wectgy = U(1 — ¢/m) — ¥(p/m) with respect to ¢
(2r — 1) times, and then by setting ¢ = 6/2 = wv/n. The third representation
of 4,1 (v/n) directly follows from the relationship between the derivatives of the
cotangent at rational multiples of 7 and the Bernoulli polynomials; see, for example,
[31, p. 218].

Now, retaining only the dominant term in the asymptotic expansion from The-
orem 4, we obtain the formula given in Corollary 1. Note that it is valid neither
for v = én, nor for v = %m because at these points the argument of the logarithm
equals 1 independently of n. However, the definition of the asymptotic equivalence
does not imply the possibility of dividing by a quantity, which is identically equal
to 0.

Finally, setting v = %n, n is even, in the asymptotic expansion from Theorem 4
and remarking that

d2r—1 22'r71 22r -1 B .
qoz1 cteel = (1) ( )Be -, EN,
' o=1n r
as well as bearing in mind that C,, = 0 for odd n, we arrive at Corollary 2. O

17See, for example, [31, Corollary 1].
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6. Bounds, Inequalities, Approximate Equalities, and Asymptotic Ex-
pansion

We already have bounds (14) obtained earlier; however, they are very rough and
for many problems may be too inaccurate. In Theorems 5-6 and in Corollary 3,
we provide both upper and lower bounds for C,(v) and C,, respectively, which
are much more accurate. It may also be useful in some cases to have a suitable
approximation for C,, (v). In Theorem 7, we give a simple approximation for C,,(v),
which can be useful for applications. Besides, it is well known that one and the same
function may have asymptotic expansions involving different asymptotic sequences
[43, Chapter 1]; see also [27, 36, 44, 45, 70]. Theorems 8 and 9 give, in this sense,
alternative asymptotic expansions for C, (), which in some situations, may be more
desirable than the expansion obtained in Theorem 4, and which may be used as a
very good approximation for C,(v) as well. Since Theorems 7-9 are closely related
to each other, their proofs are given together.

Theorem 5 (Bounds and Inequalities for Cy,(v)). Forn =2,3,4... and1 <v <mn,
the sums C,,(v) are bounded from below and from above as follows:

2n l 2n
——ln(2sm —)—i—A n,v) Zcos sc— < ——1n<251n —)—l—B(n v),
71' n ™ n
where A(n,v) = — 172Tn csc? Wn and
B(n,v) = — T s 4 77773 {1 + 2COSQB}CSC4E
0T 12n n 1440 n? n n

Theorem 6 (Bounds and Inequalities for Cy,). For n = 2,4,6,..., the values of
the alternating finite sum Y (—1)"" csc (wl/n) always lie in the interval

n—1

2n1n 2 T T3 ml 2nln2 T
_ _1 I+1 e .
" T2n T 144093 <;( Sl < — T o,
Forn =3,5,7,..., this finite sum vanishes.

Corollary 3 (Simple Bounds and Inequalities for C,). The finite trigonometric
sum Y (—1)"esc (wl/n) obeys the following bounds:
n—1
2n1n 2 .252 l 2n1In 2 .262
ek 025 <Z(—1)l+lcsc7r—< L 026
T n n

., n=4,68,...,
™ n
=1

which are slightly less accurate that those provided by Theorem 6.



INTEGERS: 25 (2025) 23

Proof. Differentiating m — 1 times [9, Volume I, Section 1.9, Equation (10)] with
respect to z, we get

U, (2) = (—1)™*! mlzm = (=)™ mI¢(m+1,2), m e N.
1=0

Hence, Wy._1(x) > 0 for & > 0. Therefore Uo,_1(z) + ¥o,_1(1 —x) > 0 for
0 < z < 1. Considering now the definition of %, _;(v/n) given in Theorem 4, we
see at once that

Hor_1 (%) <0,

whence

(2r)In2r—1 n

Sgn[ (1—21=2) 72 —1B,, o (u)l _ 1y

Thus, the series on the right-hand side of (36) possesses the usual property con-
cerning the magnitude and sign of the remainder. Setting N = 2 and N = 3 into
(36) and accounting for the sign yields both inequalities stated in Theorem 5. By
a similar line of reasoning, we deduce the result announced in Theorem 6. Finally,
simpler bounds given in Corollary 3 are obtained as follows. We can replace the
lower bound from Theorem 6 by a/n, with a = O(1), if for some no,

a < s e
n 12n 1440 n3 ’

n>ng.

Solving this quadratic inequality for ng = 4, we obtain

T T3
- I _ — 0.2523. ..
©= 79 7 3000 0B

that gives the lower bound. Accounting for the numerical value of /12, we obtain
the upper bound. Note, lastly, that bounds obtained in Theorem 6 and in Corollary
3 are quite “sharp” in the sense that in both cases as n — oo lower and upper bounds
tend to the same value. O

Theorem 7 (A Simple Approximation for C,(v)). A simple and relatively good
approximation for the sum C,(v) is given by the following expression:

— 2ml wl 2n . Y ™ % ™
Zcos -csc—zf—ln(Qsm—)——csc—+7.
n n T n 12n n 4807t

The abve approximation is quite accurate, the right-hand side is asymptotically
equivalent to Cy,(v) at large n, but one should bear in mind that the approximation
error does not tend to zero as n — oo.
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Theorem 8 (An Asymptotic Expansion and Accurate Approximation for Cy, (v)).
The sum Cp(v), 1 < v <mn, admits the asymptotic expansion

n—1

2mvl l 2
Zcos 7 ese 2 = ——nln<251nﬂ) — csc? 2 + nf(v)
— n n T n 12n n
73 _3
_— —
516000 T ") nee

where ) )
fwv)= - {4H2,,—2H,, —2Iny —4In2 — 2y — 121/2} .

The expansion provided by this theorem may also be used as a very accurate
approximation for C,,(v), whose error rapidly tends to zero as n — oco.

Theorem 9 (A Cosecant-Free Asymptotic Expansion of Cy,(v)). The sum Cyp(v),
1 < v < n, admits the following cosecant-free asymptotic expansion

n—1
2mvl 7l 2n . T T
ZCOS -csc— = ——ln(QSm —) + ng(v) — ——
— n n T n 36n
(12002 — 7) w* 3
~~are00m T o) e
where

1
g(v) = ——{4H2V —2H, —21n1/—41n2—2'y}.
T

Similarly to the previous case, this expansion may also be used as an approxi-
mation for C),(v), whose error tends to zero as n — co.

5

¢n, then as n — oo the

Corollary 4. Let n be a multiple of 6. If v = %n orv =
sum Cyp(v) tends to zero:

n—1
. 7l 7l
lim E cos—-csc— = 0.
n—o00 — 3 n

Proof. From the inequalities established in the previous theorem, it follows that

2
Cp(v) = f—: ln(QSin %) - 172rn CSCQ%V
s 9TV 4TV
a0y L1 T 200" feset (46)

where 0 < A < 1. Expanding the last term into the power series in n, n — co, we
have

T3 % % ™ T3
1 9 ‘27} AT O(n=3
1440n3{ + 208" = peset S = e+ oreoons T O
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4, %1070
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Approximation’s error

2. x10° 64

4. x10°64
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Figure 3: The difference between C,(v) and its approximation, provided by The-
orem 7, as a function of n for v = 7 (dashed line), v = 10 (solid line) and v = 16
(dash-dotted line).

where the expression on the left is clearly positive. Substituting this result into
(46), we obtain

2
Cn(v) = —gln(Qsin%) - 172rn CSCQ%V + nf(v),

where f (v) is a bounded function

7

0<f(v)< T80

Proceeding analogously with the term corresponding to r = 3 in (36), whose asymp-

totics is
31

~ T 40327006

we see that at sufficiently large n and fixed v, the function f(v) obeys the inequalities

n— oo,

T BT
48074 4032716 48074

Numerically, such a correction from below (due to the term with r = 3) is almost
negligible (for example, for v > 8 it is less than 1%). Hence, f(v) is practically
equal to its upper bound, whence we get the approximation stated in Theorem 7.
Obviously, we can also take into account the contribution of higher terms in the
asymptotic expansion from Theorem 4. Remarking that for a sufficiently large n
2r—1 2r (9, _ 1)1
#ctgw = —Lwl)'—&-K,A—O(n_Q% reN,  (47)

v (mv)
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8, %1077
6,x 1077
4,% 1077

2. x 10-7a

oaf
-2, %1077 H——

Figure 4: The approximation error for Cso0(v) as a function of v, where v €
[10,270] (the approximation is given by Theorem 7). For the sake of comparison:
0300(10) ~ +299, 0300(20) = 0300(280) ~ +168, 0300(50) = 6300(250) ~ —3 X
1073, C300(100) = C300(200) ~ —105, C300(150) ~ —132 (see Figure 2 for the
graph of C3p(v)).

Approximation’s error

———
50 100 150 200 250

nu

where K, is a constant term, depending neither on n nor on v, we obtain

N-1 1 _ 9l-2r Ba,
flv) = _%Z M+
r=2

r V2T

Recalling the Stirling formula for the harmonic numbers

N-1

1 1 BQT €BQN
H, =1 —_— = — — 0 1
" nn oty 2n 2 ~ rn2r 2Nn2N ’ <e<d

we see that (48) is the asymptotic expansion of the difference of two harmonic
numbers with some additional terms, namely

1 N71BT N-1 By,
o =T B oy be

r=2 r=2 r

1 1 7
= —— {4H,, —2H, — 2lny — 4In2 — 2y — ~ .
7r{ 2 prmamETa 121/2} 4807 1*

Note that since M# is just an approximation for f(v), the overall approximation
error, given by Theorem 7, linearly grows with n, but with a very small slope, which
roughly is inversely proportional to 5. In contrast, the approximation error of the
alternative asymptotic expansion given by Theorem 8 does tend to 0 as n — oco. In
fact, the latter asymptotic expansion does not contain terms O(1), nor O(n~!) nor
even O(n™2). As to the order n™3, this term is obtained from the constant term
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“]—9,

Approximation’s error

10—10,
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n

Figure 5: The difference between C,(v) and its approximation, provided by the
asymptotics from Theorem 8, as a function of n for v = 7 (dashed line), v = 10
(solid line), and v = 16 (dash-dotted line).

in (47) K3 = —2/15, and from the corresponding contribution of the sum on the
right-hand side of (36). Note that this term does not depend on v at all, and thus,
may be regarded as a small bias if we study C,,(v) at large fixed n. Furthermore,
it can be reasonably expected that by virtue of (47), the remaining terms in the
asymptotics of C),(v) should be O(n*‘r’), which can readily be verified empirically.

Finally, in some cases, the presence of the square of the cosecant in the asymptotic
expansion of Cy,(v) may be undesirable. In such a situation, we may get rid of it
by expanding the cosecant term into power series

o TV n? 1 73?2 2rtt 6
+0(n"),

s — = 5=+ +-—75+

— — 00.
n w22 3 15n2 189 n4 oo

Inserting this expansion into Theorem 8 yields the cosecant-free expansion stated
in Theorem 9. O

We conclude this Section with several graphs, showing how well the approximate
formula, as well as the alternative asymptotics, represent the sum C,,(v). The dif-
ference between C,,(v) and its approximation, provided by Theorem 7, is shown in
Figures 3 and 4. Figure 3 displays the approximation error as a function of n for
three different values of the argument v. Note that the greater the argument v, the
better the approximation (since the approximation error is proportional roughly
to v7%). One should also bear in mind that Ci00(7) = 53, C199(10) =~ 31 and
C100(16) = 2, so that in all these cases the approximation is rather accurate (and
it remains such at least for moderate values of n'®). Thus, we see that the approx-
imation error is very small, and hence this approximation can be used for many

18For example, for n = 10000 and v = 7 the approximation error is about —2 x 10~%, while
C10000(7) ~ 34541.
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Figure 6: The absolute difference between C,(v) and its approximation, offered
by the cosecant-free asymptotics from Theorem 9, as a function of n for v = 7
(dashed line), v = 10 (solid line), and v = 16 (dash-dotted line).

versatile purposes and applications. At the same time, as expected, we observe
that it does not tend to zero as n increases; however, even in the worst case, that of
C(7), the approximation error is still very small even for large values of n (note that
V5 = 75 = 117649). Figure 4 shows the approximation error as a function of v at
fixed n. Figure 5 displays the error between C,,(v) and its alternative asymptotics,
offered by Theorem 8 under the same conditions as in Figure 3, i.e., for the same
three arguments v and in the same interval of n. We see that the error is extremely
small and quickly tends to zero as n increases (compare this graph to Figure 3). In
other words, the asymptotics from Theorem 8 may also be used as a very accurate
approximation for C,,(v), but the other side of the coin is the complexity of calcu-
lations, which may considerably grow in size or even become prohibitive. Lastly, as
to the less complex approximation for Cy,(v), provided by the cosecant-free asymp-
totics from Theorem 9, we see, Figure 6, that it is less accurate than that provided
by Theorem 8, but the error still tends, though not very quickly, to zero as n — oc.
At the same time, it remains more accurate than the approximation provided by
Theorem 7.

Finally, as to the result given in Corollary 4, it is a simple consequence of Theo-
rem 8. Setting v = %n or v = g
provided in Theorem 8, identically vanishes. The remaining terms are o(1), whence
we obtain the stated result. These two cases are the only ones in which the sum
Cn(v) converges as n — oo (in our case, it converges trivially to zero, since there
are no constant terms in the asymptotic expansion of Cy,(v)).

n, we see that the leading term in the asymptotics,
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