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Abstract
We consider a parameterized family of Thue equations,

(= Gi(n)y) (v — Ga(n)y) —y* = £1,

which was first considered by Thomas and shown to have an explicit set of solutions
for n greater than some computable constant. When the parameter functions are
polynomials belonging to an explicitly described family, this is known to be true. We
consider other parameter functions, namely linear recurrence sequences, for which
it is not clear whether a similar result holds, and confirm that it does hold for an
explicitly described family of linear recurrence sequences.

1. Introduction

Thue equations, i.e., integer equations of the form f(z,y) = m for an irreducible
homogeneous polynomial f of degree at least three, are an interesting object of study.
Thue [17] used his improvement of Liouville’s original result on the approximatability
of algebraic numbers to prove that such equations can have at most finitely many
integer solutions. As a result, a large class of Diophantine equations was proved
to be decidable (in contrast to Hilbert’s 10th problem, whose solution famously
showed that the class of all Diophantine equations is undecidable). To the best
of the author’s knowledge, it is currently unknown whether even the class of all
bivariate Diophantine equations is decidable.

However, for Thue equations, we can do even better. Baker [1] used his celebrated
work on lower bounds for linear forms in logarithms to prove Thue’s original result
in an effective way—thus providing an algorithm that gives all solutions to any
given Thue equation (by computing an upper bound on the absolute values of all
solutions); let us call this property effectively solvable.
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Baker’s work has inspired many authors to consider various generalizations of
effectively solvable equations, such as dropping the homogeneity condition for certain
families [4] or considering inequalities [14]. One of the first to successfully approach
parameterized Thue equations (with positive discriminant)—where the coefficients
of the Thue equation are themselves polynomials in one or more variables—was
Thomas [16]. Since then, various authors have considered many parameterized Thue
equations (for a survey, see [11]).

For monic polynomials pa(t), ..., pq(t) € Z[t], Thomas considered the parameter-
ized family

w(z—pa(n)y) - (x —pan)y) +uy’ =1,  w==%l, (1)

which he called a split family of Thue equations with factors ps,...,ps. This family
always has the trivial solutions

€{(1,0),(0,u), (p2(n)u,u),. .., (pa(n)u,u)},
where € = 1 for odd d and ¢ = +1 for even d. He conjectured that if
0 < degps < --- < degpyg,

then the split family of Thue equations with factors po, ..., pg is effectively solvable
and has only the solutions listed above. The condition is necessary because there
are known examples of split families that do not satisfy this condition, which have
additional solutions not covered by Thomas’ set. In the case of cubic split families,
Thomas proved the conjecture under some additional technical conditions, which
restrict the polynomials to a subclass he called regular.

Halter-Koch et al. [7] considered a special case of Thomas’ conjecture where
P2, ..,Pd—1 are distinct integers and pg is an integral parameter. They proved that
in this case, Thomas’ conjecture (for py larger than some computable constant)
follows from the Lang—Waldschmidt conjecture.

Heuberger and Tichy [9] considered a multivariate version of Equation (1), where
now p; € Z[t1,...,t.] and they allowed for a non-zero first polynomial p;. For LH(p),
which they called the homogeneous part of maximal degree in p, they gave the
following conditions:

1. The degrees satisfy degp; < -+ < degpg—2 < degpg—1 = deg pq.

2. The homogeneous parts of maximal degree of py_1 and pg are the same, i.e.,
LH(pa—1) = LH(pg), while still pg—1 # pa.

3. For any p € {p1,...,pd, pa — Pa—1} there exist constants t,, ¢, such that when-
ever tq,...,t, > t, it holds that

degp
LG )] 2 ¢ (_min {00))
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They proved the effective solvability for all parameters tq,...,t, that satisfy the
following condition, where ¢y and 7 are computable constants:

to < ke?f,i,l.l.,r} (e} ke%?{(,d} {te} < <k€?11,i.1.1.,r} {tk}) ’
Heuberger [10] later improved the result through highly technical but explicit
conditions on terms involving the degrees of the polynomials. In the cubic case, his
conditions are weaker than in Thomas’ original result.

The “polynomial case” has been solved to the extent described above. One way
to extend these investigations is to consider classes of parameter functions other
than polynomials. An explicit cubic split family, parameterized by the Fibonacci
and Lucas sequences, was considered in [12]. The family was proved to be effectively
solvable, and an analog of the conjecture was confirmed. Using a combination of
reduction methods, the bounds on the size of the parameters were reduced sufficiently
for the remaining equations to be checked, fully solving the equation

x(x — F,y)(x — Lyy) — Y3 = +1.

With the exception of n = 1 and n = 3, only the trivial solutions were found.

In [13], the ideas developed for the polynomial case and adapted to tackle the
exponential case were used to solve the cubic case in general, in a matter analogous to
Thomas’ original work. The conditions on the linear recurrence sequences A(n) and
B(n) (which both have a dominant root) are very mild and become restrictive only if
the dominant roots have the same absolute value. This is possible because the growth
of the solutions can be described by 2 x 2 matrices and their determinants, which
allow for very few term cancellations. If we consider families of higher degree, there
is much greater potential for term cancellations, necessitating stricter conditions on
the class of parameter functions.

In light of Heuberger and Tichy’s result [9], our main result is as follows.

Theorem 1. Let (G1(n))nen, - - -, (Ga(n))nen be d simple linearly recurrent integer
sequences satisfying the following conditions:

1. The sequences G1,...,Gq satisfy a dominant root condition, with dominant
T00tS Y1,...,Yq and 0 < v < -+ < vg—2 < Vd—1 = Vd-

2. The constant terms gq—1 and gq corresponding to the dominant roots v4—1 and
g in the closed formula for Gq_1 and Gy satisfy gq—1 = gq.

8. Both G4—1 and G4 have second dominant roots 64_1 and dg with corresponding
constant terms hqg—1 and hq satisfying [04-1| < |04| < Ya—2 and 73_2 <44

For each n € N, define the homogeneous polynomial

fa(@,y) = (x = Gi(n)y) - (x — Ga(n) y) — y*,
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and let x,y,n be integers satisfying ly| > 2 and f,(x,y) = £1. Then there exists a
computable constant r, depending on the coefficients of G1,...,Gq, such that

max {log |z[,log |y|,n} < k.

If we consider the properties of the solutions to the equation f,(z,y) = £1 where
ly| <1 (see the beginning of Section 3), then the above theorem immediately implies
the following corollary.

Corollary 1. Let Gy, ...,Gq satisfy the conditions in Theorem 1. Then there exists
a computable constant ng such that, for n > ng, the parameterized Thue equation

(= Gi(n)y) - (x = Ga(n)y) —y* = 1
has only the solutions
{(:l:]-7 0)7 i(Gl(n)v 1)7 ) i(Gd(n)a ]-)} :

If we compare the conditions in Theorem 1 or those in the result of Heuberger
and Tichy with Thomas’ original conjecture, we notice that the condition requiring
sufficiently different growth of the parameter functions (whether by strictly increasing
degrees or dominant roots) has been modified. Even the cubic case of linear recurrence
sequences suggests that, in some sense, it should be easier if all the dominant roots
are different. However, while Heuberger [10] was able to impose fewer restrictions
and come closer to the original conjecture in the polynomial case, a key part of his
proof is that the variables controlling the growth of the parameter functions—namely,
the degrees of the polynomials—are integers. This contrasts with the situation in
Theorem 1, where the controlling terms are the dominant roots (or their logarithms).
Forcing them to be integers in order to apply similar ideas from [10] would impose
even stricter conditions than those currently in place.

For simplicity, we assume that all dominant roots are positive real numbers.
This is not a restriction—we can apply the theorem to alternating sequences by
considering the positive and negative subsequences separately.

We use the standard O notation to describe asymptotic behavior in terms of
n — oo and write f(n) = O (g(n)) if, for some positive constants ¢ and ng, we have
[f(n)| < cg(n) for all n > ng. Similarly, we write f(n) = Q(g(n)) for the other
inequality, and f(n) = © (¢g(n)) if both f(n) = O (g(n)) and f(n) = Q(g(n)) hold.
If f(n) does not influence the asymptotic behavior of g(n) and we do not need to
quantify the specifics, we succinctly write f(n) = o(g(n)). For example, we write
r+2~t = z+o0/(x) if we do not care that the second addend is precisely 1. We use
this to prevent some error terms from becoming unnecessarily complicated without
adding conceptual or technical relevance.
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Using this notation, we immediately obtain the following asymptotic bounds
based on the requirements in Theorem 1:

Q(loal") if {i,j} ={d—1,d}

2
Q (max {v;,7;}")  otherwise. @

Gi(n) =),  [Gi(n) = Gj(n) ={
Other, more involved statements about the behavior of the recurrence sequences
and the roots of the polynomial f,, will be discussed in a separate section before
proceeding to the proof of Theorem 1 in the next section.

2. Auxiliary Results

We will refer to the dominant roots 41 and 74 as 7, and the corresponding
constant terms gg—1 and g4 as g, since they are equal by the conditions in the
theorem. Let () = oM (n),..., al® = a(@(n) be the roots of the polynomial f,,.
Since f,(z) = fa(z,1) = (x — G1(n))--- (x — G4(n)) — 1, we expect a!) to be close
to G1(n), a® to be close to Go(n), and so on. We quantify this in the next lemma,
ensuring that we also have an explicit term for the expressions a?) — G, (n); the
subsequent errors are of little interest and are relevant only to the proof of the

lemma.
Lemma 1. The roots oY, ..., a'? are all real, and fori=1,...,d and
e = i) = {wd_z [Htaowa® ig{d—1d)
Y4264 otherwise,
we have

)+ 1+0(v.™) .
n‘ég(Gi(n) — Gi(n))

Proof. For u = +1, we plug our approximation for the root o¥ into f,, replacing
the O-term with vy ™. The sign of u determines the sign of the expression, and
the statement then follows from the Intermediate Value Theorem.

Let i € {1,...,d}. We then consider the expression f(¢() 4 1 for

Ltuy"

foemy [T (Giln) = Gi(m)

The form of our function is f(€@) +1 = (€& — Gi(n))--- (€©) — G4(n)), and we
split the product into the factor (¢() — G;(n)), which is

14+uy"
H%;%@i(n) — Gi(n))’
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and everything else. Note that, by the definition of 7.(7) and Equation (2), we have

d
[[(Gin) - Grin) = (0).

k=1
ki
The remaining product is
d d
(€9 = Gy(n)) = Gi(n) = Gi(n) + ‘ ;
,}1 E [Ti=1(Gi(n) = Gi(n)
ki ki k#i

and we view each factor as made up of two addends. The first is (G;(n) — Gi(n)),
while the second is O (7. ™). If we expand the product, the highest-order term is the
product of all d — 1 factors (G;(n) — Gx(n)), followed by the sum of terms where
(Gi(n) — Gx(n)) appears d — 2 times and O (7. ") appears once, and so on.

We explicitly write the two highest-order terms (in the sense described above)
and hide the rest in an error term o (- ™). Doing this gives

d . . d HZkZ%Z(Gi(n) — Gi(n))
H( i(n) — Gi(n)) + 2 1, (Galn) — Gu(n))

k=1 =1
ki % kA

(I4+uy. ™) +o(v "),

and canceling the fraction gives

d _ d I+uy" —n
HlGm-cn+ 3 Em=amicm=am 0
ki g (K1}, kAL

d
1 —n
Glm=Ge s 2 G = Gmem—am) 0 @

N b

ke
Sl

S

7

v~
Il

Multiplying by the factor (£() — G;(n)), the first product is then 1 4+ uy_™, while
the product with the sum is again o (y.") with the same argument. Putting this
together, we obtain

FEN +1=1+u " +o(r").

Setting u = 1 and u = —1, we get f(¢@) > 0 and f(¢™) < 0 if n is sufficiently
large, so that the error term can no longer compensate for £v_". From this, the
statement follows by the Intermediate Value Theorem. O

By combining the previous lemma with Equation (2), we immediately obtain the
following result.



INTEGERS: 25 (2025) 7

Lemma 2. Let oY and a'9) be two roots of f,,. Then we have

a0 =2 (), [a® —a \{ () if 17,5} = 1d—1.d)

(max {v;,7;}")  otherwise.

The same result holds if we replace o'9) with G(n).

Next, we examine the number field K, = Q (a(l)) generated by f,. To do this,
we define _
nj(-z) =al - Gj(n) forj=1,...,d,

for each : = 1,...,d. This definition immediately gives
i ony) = fla) +1=1 4)

for each i =1,...,d. If i = j, then by Lemma 1 and Equation (2) the asymptotic

771@‘ =0 ((72 e "Yd7272)7n) holds for any 4, since the 7, defined in the
lemma only swaps some of the factors of ¥y - - - y4_2y? for larger ones. If instead
Uﬂ = Q(dy) or 775'1)) = Q (max {y;,7;}"),
which we summarize in the following equation:

1 # j, then by Lemma 2 we have either

, O ((72 o vd_wQ)_") ifi=j
"71@’ =1 Q07) if {i,j}={d—1,d} (5)
Q (max {;, ’Yj}n) otherwise.

We want to make statements about matrices containing logarithms of these 77§i).

To do this, we use the following theorem of Gershgorin [6], sometimes referred to as
Gershgorin’s Circle Theorem,

Theorem 2 ([6]). Let A = (aq;) be an n X n matriz with complex entries and define,
for each rowi=1,...,n, the radius

n
Ri = Z \aij| N
Jj=
J#i
Then every eigenvalue A of A lies in at least one of the disks
{z ¢ |z — aii] < R;}, i=1,...,n.
Lemma 3. Let k € {1,...,d — 1} and let

log‘nf)’ log‘nél)‘ log‘m(f)‘

(k) ’ (k) ’ (k) ’

log ‘77 log ‘77 log ‘nk

then we have det B, = © (nk)
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Proof. Tt follows immediately from Lemma 1 that log ‘n](.i)‘ = © (n), which implies

that det B, = O (n*). We need to prove the other direction: det By, = Q (n*).
Let X\ be the smallest eigenvalue of By. According to Theorem 2, for at least one
i€{1,...,k} it must be that

k .
5" o
j=1

J#i

2’/\—log

" H :
From this inequality, it follows that

)

|Al > ‘log

k
|| =3 og [}
j=1

J#i

and we can ignore the outer absolute value in the sum since, for each j # i, we have
log ’n]@ > 0. If we replace log ’ngz)’ with — Z?zl log ’n]@’
i

this implies

using Equation (4), then

d
A= > log ‘n]@’ :
j=k+1
We can bound the sum from below by log ‘775)‘7 which is Q (n) by Lemma 2. If the

smallest eigenvalue X is Q) (n), then the determinant det By must be Q (nk), proving
the lemma. O

Next, we examine the order O = Z[a(l)] of K,, and its regulator Rp. We use the
following estimate by Pohst [15], whose proof, as noted by Heuberger (8], also works
verbatim for non-maximal orders.

Theorem 3 ([15]). Let K be a totally real algebraic number field of degree at least
4, and let ® be an order of K with discriminant do. Let Ro be the requlator of ©.
Then there exists an explicit constant ¢, depending only on the degree of K, such that

Ro > clog (do).
For our order O, Theorem 3 and Lemma 2 immediately give the following corollary.

Corollary 2. We have that
Ro=Q(n).
If we form the subgroup of O* generated by —1 and ngi), ey 7]((;_)1, we obtain the
following lemma.
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Lemma 4. Consider the subgroup G = (—1,77@, e ,7721)1) of 0% = Z[aM]* with
requlator Rg and index I. Then we have

Ra=06 (ndil) , I=0 (ndfz) .

Proof. The estimate for the regulator follows from Lemma 3 with k =d — 1. The
estimate for the index follows from the relation I = Rg/Reo and Corollary 2. [

3. Proof of Main Theorem

Proof of Theorem 1. Let x,y, and n be integers satisfying f,(x,y) = £1. Note that
for y = 0 this implies ¢ = +1, which leads to the solution (z,y,n) = (£1,0,n) for
every n € N. If instead y = +1, then f,(x,y) = +1 implies either

(x—=Gi(n)y) - (z — Ga(n)y) =0,
from which we get the solutions (£G;(n),1,n) for every n € Nand i = 1,...,d, or
(x = Gi(n)y) - (x — Ga(n)y) = £2.

Since the d factors on the left are all distinct integers, there are no solutions if d > 4.
These are all solutions for which |y| < 1, and from now on, we can (and must)
assume that |y| > 2.

We will refer to the terms z — aPy as ) and call (z,y) a solution of type j if

| ... .
which, by the triangle inequality for i # j, implies that

9 ’ 3

> ‘5@) _ 5@)‘ — ’y (am _ a(i))‘ , (6)
Analogous to Lemma 1 and/or in view of Lemma 2, we define the “correct” error

term as 7.(j), where

= J IS et it ¢ {d-1d}
‘ 47264 otherwise.

Moreover, the factor v appears at least twice in any case. Combining this with
/6(1) e B(d) — fn(x’ y) = 41 gives

d
. 2 1
(@) =
& ‘311_11_|y||a<j>—au>| o (o) "

1#]
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Furthermore, if we add and then subtract G;(n)y from B for i # j, we get

log ’ Q)

— log ’*a(i)y + 89 4 amy’
)

= log|-n"y + 89 + 5

Together with Equations (7) and (5), this gives a representation for log | 5(i)|:

log ‘ﬁ(i)

—toglyl +og o[ +0 () il dNG) )

A second representation is obtained via the group G = (—1, n%i), e ,nc(li_)1>. Since
B € Z[aM]* there exist integers by,...,bs 1, such that, for the index I =

[Z[aMW]* : G], the relation

bd; og|[ni, | ie LAY ©)

holds. By comparing both representations, we want to derive a lower bound for
log |y].

, b ;
log 89| = = 1og [5”

3.1. Double-Exponential Lower Bound

We solve Equation (9) using Cramer’s rule and get

bk nd—2
R— =uglogly +vk+0(.> 10)
I ol [yl ye(5)m (

for 1 <k <d-—1, where

ug = det (IOg ’ngl)’ ,. -, log ‘77](21 ,1,1log ‘77,(3_1 ,...,log ’nc(lz_)l‘)#j ,
v = det (log ’ngl)’ ,...,log ‘77,(21 ,log ‘ny) ,log ’771(@21’ ,...,log ‘77((1121‘)#], .
If we consider, for some Ag, A\1,...,Aq_1, the linear combinations
d—1 d—1 d—1
b= /\0[+Z>\kbk, u:ZAkukv VZ)\QR+Z/\kUk,
k=1 k=1 k=1

then this preserves Identity (10) in the sense that
b nd=2
R:ulogy—l—v—&—O(,). 11)
I v [yl ve ()" (

We now distinguish between different cases for the type j and show that, for a
suitable u, log |y| grows exponentially in n.
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Case 1: 7 <d—2. If j <d-—2, then the column (log ‘77](2)‘) ” appears twice in
]

vk, s0 v = 0 for all k # j. If we choose A\g = -+ = A\g_2 =0 and A\y_1 = 1, then

Equation (11) is

R

Pt _ o loglyl 4 e +0 | 12)
[T e MRy

and since d — 1 # j, we have vg_1 = 0.

In ugq_1, we subtract the penultimate row, i = d — 1, from the last row, i = d.
(@)

Writing lz(,Z ) for log ’771" and 1;; for the corresponding column vector (excluding by

context the last two rows), we have

1 e 1y o 1
ugy =| 1Y 140 1.
T N
The entries in the last row are very small for all : = 2,...,d —2: We use Lemma 1,

factor out the dominant term g4™, and write log|l+z| = 2z 4+ O (xQ), since the

remaining terms surely have absolute value less than 1 for sufficiently large n. This

gives

al — Gi(n)

g | ——F—F—5—~
ald=1) — G;(n)

g’y"(l—i—%(%)n—%@—FO(
_ ha <5d>n _ Gi(n)  haa <5d_1>n n Gi(n)

g Y Y gy
dd

gy g
n 2n
max {|dq|,v;
‘o ( ) ‘o {l ;L %
Y Y
and the same holds true for ¢ = 1 if we set v; = 0. By Condition (3) in Theorem 1,
we have ’yflﬁg =0(y"d}), i.e., the O-term is absorbed by the o-term. Succinctly put,
dq

(@ _ - _ (5d> +o ( ) : (13)
9 \v 2l

We expand uy—1 along the last row and separate the explicit term, which we can
(d—1)

then factor, from o (|04/7|") in lgd) — ;"7 shifting the latter into the error term.

The minors, other than the last one, which has coefficient 0 in the expansion, are all
of order O (n~?) by Equation (5), and thus

19— =)

Sa
-

)
)

= log

da—1

we can say that

n| hi e lgeg 1 n
ha (6 5
ud1:d<d) a0 D 1+0(nd_3d )
g \v R
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We then subtract the last row from the penultimate row lgdil) times. Using
the same arguments as above, except that now the d;_; terms cancel, we have for
1=2,...,d— 2 that

a1 — G;(n)
d=1)

_ G <%>n+o<max{5d—1|a%}n>7 (14)

g\ "

S R

and for ¢ = 1 the entry is 0. We expand along the penultimate row. All minors

in which the factor is lEd_l) — lgd_l) can be shifted into an error term. Explicitly

writing only the last minor (with factor 1) gives
9d

B ol ()4

We then multiply the last row by the constant l@—!—lﬁdil) = log |oz(d) |—|—1og ’a(d_l) |,
which is of order © (n). For each i = 2,...,d — 2, going from lgd) to lgd) introduces

an error of
-of(%2) -o((2))

ald)
Similarly, we can go from . Taken together, this means that

-o(}) o (2))

If we now add all the other rows to the last one, the entries sum to —l;j ) according

to Equation (4). This means that
1 N
@b ol ()
n ¥
After suitably swapping rows, the determinant is exactly the one from Lemma 3

for kK = d — 2, and is thus of order © (ndfz). We can absorb the error term and get
that

| PP
1 ... 1

Gi(n)
ald — Gi(n) 1=

log NE)

‘:—log

11 o (D)

L o 1y
B+ 0 Y

L o 1o
1 ... 1

11. . 1d—42
lg]) . lgj)

L - 1o
1 ... 1

L - 1go d—
1 ... 1 |=%9© (n7%),
and thus
a1 = © (nd—S dq ) +O(nd—3 da ) _o (nd—S dq )
Y Y Y
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Returning to Equation (12) and plugging in our asymptotic expression for ug_1
gives
dd n)l | |+O< nd—2 >
vl )Y ylve()m )
Since 7. (j) contains the factor v at least twice, the error term cannot asymptotically
cancel the O-term, i.e.,

R|bd;1| e (nd—?)

d

(5 n
—= >log|y~
¥

In particular, the left-hand side, and thus |bs—1], is nonzero. Since by_1 is an integer,
we have |bg—1| > 1. Furthermore, we have R/I = () (n) by Lemma 4. Going back to
the above equation, this gives
n
) . (15)

Case 2: j=d—1lorj=4d. Forj=d—1and k < d— 1, we again have the

R\bd;ﬂ PN (nd—3

v

logly| = Q <n(d4)
da

column log néi) ’ ” = 1; twice in vg, and thus vy = 0. This is not the case for j = d,
i#]

where instead we take v = vy_o — vq_3. After swapping the antepenultimate and
penultimate columns in vg_3, we can join the determinants, and adding every other
column to the antepenultimate one gives us, by Equation (4),

vV = |11 1d—4 1d—3 ld ld_1’ — ‘11 1d—4 ld 1d—2 ld—l
— | 1d—3 ld ld—l’ + ‘ ld_Q ld ld—l’
= | (ld_3+1d—2) 1, ld—l’ = ’ 0 14 ld_l‘ =0.

In both cases, setting v = vg_s—v4_3 gives us v = 0. We calculate the corresponding
u = ug_s — uq_3, which, with the analogue of the above calculation, gives us

u

1y 1 154
(lam1—1a) 1 1g-q].

Lo Loy (lams+1g—2) 1 Igg

The matrix has rows ¢ € {1,...,d — 2,d — 1,d}\ {j}, so the penultimate row is
1 = d — 2, while the last row is either ¢ = d or i = d — 1, depending on whether
j=d—1or j=d. Computing the last entry in the antepenultimate column gives
us by Lemma 2 either

ald=t — Gy q(n)
ald=1) — G4(n)

) — Gy 1(n)
ald) — Gy(n)

log =—-0(n) or log =0 (n).
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Thus, up to sign, the entry is © (n). The entries in all other rows i < d — 2 are
oD —Gy_1(n)|

mns ead

analogous to Equation (13). Expanding the determinant u along the antepenultimate

daq

v

0

o

Y

log

column and shifting all but the last minor into the error term, we obtain

The matrix now consists only of the rows i € {1,...,d — 2}. We add the penul-

timate column to the last column —lﬁll_)

1=2,...,d— 2, this yields

g | e[ =~ ((2)).

analogous to Equation (14). Expanding along this column, the last entry i = d — 2

iu:@(n)’h RN PRV | 1d—1’+0<nd_36d

, times. For ¢ = 1, the entry is 0, and for

dominates and we get

n
Lo lag 1 1= @<<W—2) >|11 N P |
Y
vy

We multiply the last column by —l(d %) l((id 13) l(d73) = O (—n). Using the
same argument as in Equation (13), we can go from l(d 3 [ l((id 13), resp. l((id_?’)}
to l((;zz [Z;z 1, Tesp. léli)} while making an error of order wd_g/fyd_g\ [ va—s/7]"]-

Taken together, this means that

|11 1d—4 ’:—(—)( ) |11 1d—4 (—ld_z—ld_l_ld)’

+ 0 (nd4 ) .

If we subtract all other columns from the last one, the result sums to 15_3
according to Equation (4). Thus, by Lemma 3, the determinant is © (nd_3). Put
together, this means that

Yd—3
Yd—2

L oo 1ga 1| =-0 (nd74) +0 <nd4
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If we go back one equation further and plug this in, we have

L - lig 1 lga|=-0 (nd4 <7d2> ) +o0 <nd4 (%12) >
v Y
o (e (%))
Y

So for u, in conjunction with |dg4| < y4—2 from Condition (3), we get that
dq

weo(o () o) o)

We plug this along with v = 0 into Equation (11) and get

n nd—2
> togfyl +0 <|y|v (J)") '

Again, v.(j) contains the factor v at least twice, making the error term asymptotically
negligible. So the right-hand side, and hence b, is nonzero. We derive |b| > 1, which,
together with R/I = Q (n), implies

log |y = <n<d4> <7d”_2>n> . (16)

If we compare the two bounds from Equations (15) and (16), the worse one,
Equation (16), holds regardless of the type j of the solution.

Yd—2
Yd

R@ =0 (ndg

Yd—2

3.2. Exponential-Polynomial Upper Bound

Returning to our notation z — oMy = &) for i € {1,...,d}, we can take any three
indices 71, 12, %3 and eliminate both x and y from these equations, giving the relation

(a(ia) _ a(iZ)) 8l 4 (aul) _ a(i3>) 8li2) 4 (auz) _ a(n)) 8lis)

often called Siegel’s equation. A standard application of Baker’s method (e.g., [5])
is to rewrite Siegel’s identity as an S-unit equation and apply lower bounds to
the associated linear form in logarithms. The same approach can also be used for
parameterized Thue equations (e.g., [16], for a survey, also see [11]) to attempt to
derive asymptotic bounds on the size of the solutions. Alternatively, one can use
Bugeaud and Gyéry’s explicit bounds [3] directly to obtain the same asymptotic
bounds, often with worse numerics due to their greater generality.

Since it is not too much work, we derive an asymptotic polynomial upper bound
for log |y| ourselves, and set (i1,42,i3) = (J, k,1) in Siegel’s identity for the type j
and some k,l. If j € {d —1,d}, it is advantageous to choose k,l & {d — 1,d}, e.g.,
k=1,1 =2, whereas if j < d — 2, it is advantageous to choose k = d,l =d — 1.
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Dividing by the second addend and subtracting the third (flipping the sign of
ak) — a(j)) gives the S-unit equation

a® — ok 3U) ali) — o g0

2l — ol g 1T G0 = al g (17)

From Equations (7) and (6), we obtain

s 5 1
s [y* 7 ()" [0 —a®| |

Our choice of k,! ensures optimal conditions in Corollary (2) in the sense that

a® —a® _ o (max{ldal 02}"
(@0 —a) (@) —a®) ~ 7" |

and thus, from Equation (17), we obtain

0 _ oK) g(U) n
0 —a® g9 (masd18ad )
al) — o) pk) [y ve(5)y2n

where the factor v appears at least four times in the denominator, and the factor
in the numerator more than cancels out with another factor in v.(j)™. Returning to
Equation (17), we now have for the right-hand side that its logarithm is

5(” =0 (max{5d| 772}774) ) (18)

o) — o®

tlog| 55—

log

Q)

We want to apply the following lower bound for linear forms in logarithms by
Baker and Wiistholz [2].

ly|® e (j)mry2r

Theorem 4 ([2]). Let a1, ..., ay be real algebraic numbers greater than 1, and let
b1,...,by, be integers. Let K be the number field generated by oy, ..., o, over the
rationals Q, and let d be its degree. Put, for the standard logarithmic Weil height h,

B (a) = émax{h(a), lloga|,1}.
If A=bjlogay +---+byloga, # 0, then
log |A] > —c(n, d)W () - - I (o) h/ (b),
where b= (by : -+ : by,).

The coefficients of our linear form are both 1, so we can disregard their contribu-
tions to the lower bound. To bound the second term in Equation (18), we use the
properties

h(a+ B) < h(a) +h(B) +1log2, h(a-p) < h(a) + h(B)
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of the logarithmic Weil height (for an overview of this notion of height and its various
properties, see, for example, Chapter 3 of [18]).
Since a9, a®) o) are conjugates and therefore of equal height, this gives

(1) — k)
e A () )
h (am _au)) =0 (™).
Using the connection to the Mahler measure of the minimal polynomial f, combined
with Lemma 1, we can easily conclude that

h(a9) =0 (n).
For the height of %) and %), we use Equation (9) and get
R(BE) < h(b)h () + -+ + h(ba—1)h({).
By plugging in the definition of ngk), we get
(M) < h(a®) + h(Gi(n)) +log 2,
and since the height of G;(n) is also O (n), we get

W) =0 ().

For the heights h(b;) = max {log |b;| , 0}, we look again at the system of equations (9),
denote it by 8 =1n- %b, and consider its inverse problem =13 = %b. We can do this:
for 7 = d, the matrix 7 is the matrix from Lemma 3 with £ = d — 1 and therefore
has a nonzero determinant. For j # d, we add all the other rows i # j to the row
i = d and obtain the negative of the row ¢ = j by Equation (4). This changes at
most the sign of the determinant and not the invertibility of 5. Considering the
system of equations =183 = %b, we then take the (column-wise) maximum norm
which gives

oo

1
7ol = [In~ 8l < lln~*lc - 18llc -

We have I = O (n*~?) by Lemma 4, detn = © (n*"!) by Lemma 3, log ’ﬂ(i)| =
0 (log [y + log )n]()‘ — O(n) by definition and
Lemma 1. Taken together, this gives us

) by Equation (8) and log’nji)

h(b;) = max {log|b;|,0} = O (max {loglog|y| ,logn,0}),

and we can assume h(b;) = O (loglogly|), as otherwise we would already have
log |y| = O (n). Combining the bounds for h(b;) and h(ngk)) gives us

h(B™) = 0 (nloglog lyl),
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and the same bound holds for h(3(1).
If we plug everything into Theorem 4 (the asymptotic bounds do not change for
the modified height h'), we get
O]

B(k)
Comparing this with the upper bound of Equation (18) gives

NORNG!

log |log + log

2
2 —al ’ = - (n’loglogly|) .

nlogly| = O (n*loglog|yl) .
which implies log |y| = O (nlogn): If the implied constant is ¢, i.e.,
log |y| < enloglog|yl,

then the assertion is true if, for example, the relation log |y| < 2¢nlogn holds. If
instead log |y| > 2cnlogn, then we have

2c¢nlogn < log |y < enloglog |y,

which gives logn < 1 loglog |y| and therefore n < y/log|y|. But going back to the
original inequality, we have

log |y| < cy/log |y|loglog |y],

and therefore log |y| = O (1), which is even stronger than the assertion.
In summary, we have the asymptotically almost linear upper bound

log ly| = O (nlogn),

and by comparing this with the asymptotically exponential lower bound from
Equation (16) we get » = O (1), which in turn implies log|y| = O(1). This
concludes our proof of Theorem 1. O
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