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Abstract
We obtain various sharp bounds for inclusion-exclusion-like sums involving the ceil-
ing and the nearest integer functions, which supplement some of the previous results
on sums defined by Jacobsthal and Tverberg.

1. Introduction

Let a,b € Z and m € Z". In 1957, Jacobsthal [6] introduced sums of the form

K
Sa-,b;m(K) = Z fa,b;m(k)a
k=0

f“f”‘m(k):{a+b+kJ_v+kJ_V+kJ+VJ' )

m m m m

where

In the above equation and throughout this article, unless stated otherwise, |z
is the largest integer less than or equal to x, k is an integer, and K is a nonnegative
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integer. So we can consider f = f;4.m and S = Sy 4., as functions of £ and K
defined on Z and on NU{0}, respectively. Both f and S were also studied by Carlitz
[2, 3] and Grimson [5], and were extended in 2012 by Tverberg [13] to the following
form.

Definition 1. Let m and ¢ be positive integers, [1,¢] = {1,2,3,...,¢}, and C a
multiset of ¢ integers a1, as, ..., ar, that is, a; = a; is allowed for some ¢ # j. Define
f:Z—Rand S:NU{0} - R by

fCmi) = Y (- | B

m
TC[1,4]

K
S(C,m,K)=>_ f(C,m,k).
k=0

We sometimes write f({a1,as,...,a¢},m, k) and S({a1,az,...,ar}, m, K) instead
of f(C,m,k) and S(C,m,k), respectively. As usual, the empty sum is defined to
be zero.

For example, if C' = {a, b}, then f(C,m,k) = f({a,b}, m, k) is the same as that
given in (1), and if C = {a1, az,as}, then f(C,m,k) is

m

3 {ag—kag—i—kJ . \‘al—i—k‘J N {ag—FkJ
m m m

SR

Jacobsthal [6] showed that for any K € NU {0}, we have

m m

f({al,az,ag,}’m’k):\‘a1+a2+a3+ J_Lal-ﬁ-ag—i- J_{al—i—ag)-} J

0<S{a,b},m,K)<|m/2], (2)

which is a sharp inequality, that is, the lower bound 0 is actually the minimum value
and the upper bound |m/2] is the maximum value of S({a,b}, m, K). Tverberg
[13] proved (2) in a different way and also gave the extreme values of

S({a1,a9,a3},m, K)

without proof. Onphaeng and Pongsriiam [8] then extended Tverberg’s result and
obtained the maximum and minimum values of f in all cases ¢ > 2. In fact, the
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extreme values of f are connected with Jacobsthal numbers J,, and Jacobsthal-
Lucas numbers j, defined, respectively, by the recurrence relations

Jo=0, Ji=1, J,=Jn1+2J,_o forn>2,

and
Jo=2, j1=1, Jn=/jn-1+2n2 forn>2.

The sequences (J,)n>0 and (jn)n>0 are, respectively, A001045 and A014551 in the
On-Line Encyclopedia of Integer Sequences (OEIS) [12]. Onphaeng and Pongsriiam
[8] also obtained the minimum value of S(¢) when £ is odd and the maximum value
of S(¢) when ¢ is even, where S(¢) =: S({a1,aq9,...,a¢},m,K). We remark that
they [8] also gave an upper bound of S(¢) when £ is odd, and a lower bound of S(¥)
when ¢ is even, but those bounds were far from being sharp, and so it seemed a
totally new method was required to obtained sharp bounds for the missing cases.
Using a computer and their intuition, Thanatipanonda and Wong [11] predicted
the maximum and minimum values of S(¢) in the remaining cases with a proof
for the maximum of S(¢) when ¢ = 3. In addition, Onphaeng and Pongsriiam (8]
introduced a new function ¢ and obtained the maximum and minimum values of
g = g, in all cases n > 2. For the reader’s convenience, we recall the definition of
g.

Definition 2. Let g : R®™ — Z be given by

g(x1, T2, T3, .., Ty) = Z lzi] — Z |z, + 24, |

1<i<n 1<i1<iz<n

+ D m A, -

1<i1 <i2<iz<n

+ (=D My +xyF a4+ x,].

In other words, we define

g(x1, 22,23, ..., Tpn) = Z (—l)lTlf1 \‘Z%J .

P£TC[1,n) i€T

In this article, we extend the results on the functions g, f, and S defined by
Tverberg [13] and Onphaeng and Pongsriiam [8] to the case of some equally useful
and popular functions, namely, the ceiling and the nearest integer functions »~ and
rT. These functions are closely related to the floor function and appear in many
number-theoretic contexts. For example, if D,, is the number of permutations of
n distinct letters that have no fixed points (also called derangement of n distinct
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objects), then

D,, =nl! Zn:(—l)k/k! =r"(n!/e) =rT(n!/e) for every n € N.
k=0

Similarly, the nth Fibonacci number is given by

Fn:M:
a—f

where a = (1 ++/5)/2 and 3 = (1 — 1/5)/2, respectively.

Let us now recall the precise definition of the ceiling and the nearest integer
functions. For each x € R, the ceiling of x, denoted by [x], is defined as the
smallest integer larger than or equal to x, the number r*(z) is the nearest integer
to = with tie breaking towards positive infinity, and r~(z) is the nearest integer

r~(a"/V5) =rt(a"/V5) forall n €N,

to « with tie breaking towards negative infinity. Therefore, r¥(z) = [& + 3] and
r(z)=[z—3].

In general, suppose V is a subset of Z or V' is a finite dimensional vector space over
R and F : V — R, where the choice of V' is chosen so that the following extension of
g, f, S makes sense. We define the functions g(*) : V" = R, fF)(C,m, k) : V — R,
and S) : V — R by

g(F)(ml,xz, ey Tp) = Z (—1)|T|71F (Z a:z> ,

0#TC[1,n] ieT

F0Com k) = 5 (fanoa, . cardmad) = Y (1) (AR,
TC[LY m
K
S (Cym,K) = ST ({ay,ag,...,as},m, K) = Zf(F)(C',m,k:),
k=0

where n,¢ € Z*, C is a multiset of £ integers or £ vectors ay,az,...,as, [1,n] =
{1,2,3,...,n}, [1,£] ={1,2,3,...,£}, m is a positive real number, K is a nonnega-
tive integer, and k, x1,xa,...,x, are variables in V. For example, if F' is the floor
function, V = R, Z, or NU{0}, then fU), S and g(*) are the same as f, S, and
g in Definitions 1 and 2. In this article, we will study ), S and ¢g*) when F
is the ceiling and the nearest integer functions.

Definition 3. Let g, = g(¢ciling) g = g(r+), and g4 = ¢ ) be functions defined
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on R" into Z given by

92(1, T2, T3, . .., Tp) = Z (_l)lTlﬂ ZII—‘ ’
0#TC[1,n] €T
1
93(1'1,1‘2,.’173,.-.,.’1577,) = Z (_1)|T|_1 (Zl’l> +2J ,
P#TC[1,n] L \ieT
[ 1
g4(x1,:v2,x3,...7xn) = Z (—1)|T|_1 (le> _2—‘ .
P#TC[1,n] €T

Similarly, we define fo = fE€line), fy = o) f = f07) gy = gleciling) g, —
S0 and Sy = ST, We sometimes write f; = f = foor) g = g = g(floor) apq
Sy = § = §floor) 40,

We therefore replace the study on f, S, g in Definitions 1 and 2 by f;, S;, and
g; for j =2,3,4 in Definition 3. For example, we have

k4> ierai B 1}

m 2

faCom k)= (1)4T{

TC[1,4]
K

Su(Cym, K) =" fa(C,m, k).
k=0

We may need to change the starting point of the sum in So and S4 from 0 to 1,
so we define similar functions as follows.

Definition 4. With the same meaning of C, m, K, f5, and f; in Definitions 1 and
3, let

M=

TQ(CvmaK):SQ(Cava)ifQ(Cvmvo): fQ(Oamak)7
k=
Kl
Ty(C,m, K) = S4(Cym, K) — f4(C,m,0) =Y fu(C,m, k).
k=1

Combining the old results by Onphaeng and Pongsriiam [8] and our new results
in this article, we obtain sharp bounds for g; and f; for every j = 1,2,3,4, and
for all n,¢ > 2. We also obtain some sharp bounds for 75, Ss, and Ty, but only
for certain values of . In fact, these new results are analogs of those given by
Tverberg [13], Onphaeng and Pongsriiam [8], and Thanatipanonda and Wong [11]
on the bounds for ¢y, f1, and S;.

Although the basic idea is the same, the new results do not follow directly from
the old ones; we still need some modifications and calculations. For example, if z €
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Z, then [z] = |z] and the results concerning the floor function can be immediately
transferred to those on the ceiling function. However, we have n real variables
Z1,%2,...,%Ty in the definition of f, g, S, T and there are 2" cases to consider
depending on the integrality or nonintegrality of each x;. Furthermore, even though
we assume &1, Ta,...,%T, ¢ Z, we still do not know whether or not particular sums
such as z;, +x;, +- -+ +x;; are integral. Hence, the new results cannot be obtained
directly from the application of the old ones.

The generalizations to other functions may be of interest too. In this paper, we
are interested in the ceiling and the nearest integer functions. In previous articles,
Munteanu [7] and Phunphayap et al. [9] considered the norm of four vectors and
the absolute value of n real numbers with n < 6, respectively. In the future, we or
other researchers may consider sums or products such as

fa) + f(b) + f(e) = f(ab) — f(ac) — f(be) + f(abe),

or more generally

n
S fa) = 30 flaiag) 4ot (C)" flarae - an),
i=1 1<i<j<n
where f is a multiplicative function such as the divisor function 7, the sum of
positive divisors function o, or Euler’s totient function ¢. We do not claim that
these problems are important or challenging; we merely hope that our article might
interest some readers and give them new ideas for some possible research problems.
We need to apply basic properties of the floor and ceiling functions throughout
this article, and we refer the reader to the books by Pongsriiam [10, Chapter 3] and
Graham, Knuth, and Patashnik [4, Chapter 3] for more information.

2. Lemmas

In this section, we recall Onphaeng and Pongsriiam’s results [8], and then provide
analogous lemmas that will be used in the proof of our main theorems. We begin
with the periodicity and basic relations between functions f; and g;.

Lemma 1. For each j =1,2,3,4, let g; be the functions given in Definition 3, and
let n > 2. Then the following statements hold.

(i) gs(z1,22,...,20) = g1(x1,2T2,. .., Tp) — g1 (@1, 22, ..., 20, 1/2).
(11> 94(1‘1)1‘27"'?1"1’7/) :.92(3717372’-“73771) — 92 (1‘173?2,.. 7377”_1/2)

(ili) For each j € {1,2,3,4}, the function g; has period 1 in each variable, that is,
for1<j<4,1<i<mn, andq € Z, we have

gj(xlazQa"'axi+q7"'7:17n) :gj(thQa"'axn)- (3)
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Proof. The fact that g1 has period 1 was proved by Onphaeng and Pongsriiam [8,
Lemma 7]. Since [q + z] = ¢+ [z] for every ¢ € Z and = € R, the proof of (iii) for
g2 is similar: we have ga(x1,2,...,2; +q,...,2,) is equal to

(wirm)— ("7t X mrad

1<iy <iz<n

n—1
+ ( 92 >q+ Z |—xi1 + iy +$7;3.|

1<iy <ia<iz<n

(=) <<"_1)q+[x1+x2+~-+mn1>

n—1
n—1
SRR D S G (4)
0<k<n-—1
Tt is well known that the sum in (4) is zero, and so the total sum is g (21, 22, . . ., Tp)-

Therefore, (iii) is proved when j € {1,2}.
Before proving (iii) when j € {3,4}, we first prove (i) and (ii). Let z,+1 = 1/2.
Then we obtain

gl(‘rthv e 71.?1) — g1 (x17x27 vy Ty 1/2)
SP NI ) oI B o EHEE  oRt
0ATC[1,n] €T 0£TC[1,n+1] €T
- 3 ey [Ta),
TC[1,n+1] ieT
n+1eT

In the above sum, we can write T'= {n + 1} U Ty where Ty C [1,n], and the sum
can be rewritten as

()

Tog[1,n i€Ty

gl
ToC[1,n] i€To

(3l
0£ToC[1,n] i€Th

= gS(xlvaa ce ,xn)a
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which proves (i). Letting 2,11 = —1/2 and calculating

92(1'17552, L] 7xn) - 92(1.17:1;27 LY 7xn7xn+1)
in a similar way, we obtain (ii). By (i) and the fact that ¢g; has period 1, we see
that the left-hand side of (3) when j = 3 is equal to
91($1,$2,-~~,$i +q,,l’n) — g1 ($1,$2,...7$i +q77mna1/2)

=g1(T1, @2,y Ty ooy Tn) — g1 (T1, T2y ooy Ty o vy Ty 1/2)

= gg(.l?l,l‘Q, PN ,Z‘n).
Similarly, we obtain (iii) for j = 4 from (ii) and the fact that go has period 1. This
completes the proof. O
Lemma 2. Let £ > 2. Then the following statements hold for every j =1,2,3,4.

(1) fj ({a17a27 .o 7a€}7m70> = (_1)6_1gj (%5 %a ERE %)7

(ll) fj ({a17a27' .. 7a€}7m7k) = (_l)zg] (%’ %7' ) %a %)

R )

m’ m’ ‘m

Proof. Since the proof for each j is similar, we give a complete proof only for f; and
g2 and leave the other cases to the interested reader. When j = 2, the left-hand
side of (i) is equal to

o e S

TC[1,0) ieT 0ATC[1,€) i€T
= (Dt Y (I {Zﬂ
AT C[1,] ier "
(g (%2,
( ) g2 m7 m7 ) m

This proves (i) when j = 2.
Next, let agyr1 = k. Then the right-hand side of (ii) when j = 2 is equal to

(ol gl

O£TC[1,0+1] ieT OATC[1,] ieT

=(-1" > (=pnt {Zﬂ

TC[1,64+1] i€T
L+1eT

_Cay ¥y [E* S

m
TC[1,4]
= fo ({ar,az2,...,as},m, k).
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The proof of (i) and (ii) for j = 1,3, 4 is similar. O

Lemma 3. For each j = 1,2,3,4, the function f; has period m in each variable
a1,a2,...,ag,k, that is, for 1 <i </, 1< j <4, and q € Z, we have
fi{ai,az,...;a; +qm,...,ac},m, k) = f; {ar,a9,...,a0}, m, k)
= fj ({a1,a2,...,ae},m, k +qm).

Proof. By Lemmas 1 and 2, we see that the left most term in the left-hand side of
the above equation is

ai a a; ap k ai a a; a
(—1)‘gj( e >+(—1)“gj(1,2,...,’+q. . l)

m’ m m m’ m

m m m m
k
= (71)4.9] <alvaz7"'7a£7> + (71)4*19‘74 (ﬂa %aa%>
m m m m m m m

= fj ({ala az, ..., af}a m, k) .
The other equality is similar. O

We will apply the bounds for f; obtained by Onphaeng and Pongsriiam [8] to
prove our main results, so we recall them for the reader’s convenience.

Lemma 4 ([8], Theorem 8). For each £ > 2, aj,as,...,ap,k € Z, and m € ZT, we
have

_2€_2 S fl({aly ag,y ..., a@}7m7 k) S 2é_2~
The lower and upper bounds are best possible in the sense that there are ay, aso, ...,
ag, m, k for which equality is achieved. More precisely, the following statements
hold.
(i) If £ is odd, m is even, and a; = m/2 for everyi=1,2,...,¢, then
fl({ala az, ..., a€}7 m, 0) = _22_2 and fl ({ah az, ... 7a€}7m7m/2) = 2€_2'
(ii) If ¢ is even, m is even, and a; = m/2 for every i =1,2,... ¢, then

fifai,ag,...,ae},m,0) = 20=2 and fi{ai,as,...,a0},m,m/2) = —2t=2

Lemma 5 ([8], Theorem 4). For each n > 2, the function g1 has mazimum value

22 — 1 and minimum value —2""2. Furthermore, when xj; = % for all k =
1,2,...,n, this minimum occurs, and when Ty = % — n—lz forallk=1,2,...,n, the

MaTimum occurs.
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To prove Lemma 7, it is useful to extend the well known Hermite identity to the
case of the ceiling function. Recall that for each € R and n € N, we have

og;fl P " SJ = [na]. (5)

For the proof of (5) and various generalizations, we refer the reader to Aursuka-
ree, Khemaratchatakumthorn, and Pongsriiam [1]. Hermite’s identity, generaliza-
tions, and applications are also collected in Pongsriiam’s book [10, Section 3.2].
Extending it for the ceiling function, we obtain the next lemma.

Lemma 6 (An analog of Hermite’s identity for the ceiling function). For each
z € R and n € N, we have

> [Hﬂ = [nz] +n.

1<k<n

Proof. For 1 < k < n, we have 0 < % < 1, and so {%] = 1. Therefore, if x € Z,

then
> ’Vx-l-:-‘: > (z+1)=nz+n=[nz]+n.

1<k<n 1<k<n

So assume that © ¢ Z. We write z = |x] 4+ {z}, where {z} is the fractional part of
z. Then

k k k
> [ﬁnw =y {ij—k{x}—kn-‘ =nlz]+ Y [{x}jun] (6)
1<k<n 1<k<n 1<k<n
Since 0 < {x} < 1, there exists j € {1,2,...,n} such that

J | (7)

3 I~

Therefore,
k
O<{z}+—-<1 forl<k<n-—j
n

and &
l<{z}+—-<2 forn—j+1<k<n.
n

So (6) and (7) imply that

3 {x—l—z-‘:ntxj—&— 3 [@Hﬂ

1<k<n 1<k<n
k k
=n|z] + Z [{x}—kn—‘—k Z [{x}-ﬁ-n—‘
1<k<n—j n—j+1<k<n

— nlx| + (n— ) +2j = nle] +n+ .
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So it remains to show that n|z]| + j = [nx]. By (7), we see that j — 1 < n{z} < j,
and so [nz] = [n|z] + n{z}] = nlz| + [n{z}] = n|z] + j, as required. O

Lemma 7. Let K, m, { be integers, K >0, m>1, (> 2, [1,¢] = {1,2,3,...,¢},
and C' a multiset of £ integers ay,as,...,ap. Then the following statements hold.

(i) S;(C,m,m —1) =0 for each j =1,2,3,4.
(i) T; (C,m,m) =0 for each j = 2,4.

(i) For each j = 1,2,3,4, the function S; has period m in the variables a1, as,
., ap, K, that is, for 1 <j<4,1<i</{, and q € Z, we have

Sj (C,m,K+qm) :Sj (C,m,K) :Sj ({al,ag,...,ai+qm,...,a4}7m7K).

(iv) For each j = 2,4, the function T} has period m in the variables a1, az, ...,
ag, K, that is, for j =2,4, 1 <i< /¥, and q € Z, we have

T; (C,m, K +qm) =T; (C,m,K) =Tj ({a1,a2,...,a;, + qm,...,ar},m, K) .

Proof. The periodicity of S; in the variables a1, asg, ..., a¢ follows from that of f;,
which is proved in Lemma 3. So it remains to prove (i), (ii), and the periodicity
of S; and T} in the variable K. Since the proof for each j is similar, we give a
complete proof only for S1, So, and T». By (5), we see that the left-hand side of (i)
when j =1 is equal to

mi:fl(C,m,k)zmz_: > (=i V‘”’%E;ET“ZJ
k=0

k=0 TC[1,/]
m—1
E+> . ra;
_ —_1)¢-1T| ieT — —_1)¢-IT] .
- 3 e (5 [ ) - 5 o |3
TC[1,] k=0 TC[1,] ieT
= 2 (Z“Z’): > Y1,
0£TC[1,0] €T 0ATC[1,0] i€T
14 14
=> ) (1) Ma; =" > (1) (®)
i=1TC[1,4] i=1  TC[L,(]
€T €T

Next, we will show that the inner sum of the last term in (8) is equal to zero.
If we fix i,n € [1,£], then the number of sets T such that T" C [1,4], ¢ € T, and
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IT|=nis (71;71) Therefore,

S (-1l = Z S (= EE: (fL:D(_l)e—n

TC[1,0] n=1 TC[1,0 n=1
i€T i€T, \T\—n

_22(4—1> i 5122 <5—1)207 ©)

where the last equality is a well known identity. Thus, (8) is zero and (i) is proved
when j = 1. The proof of (i) when j = 3 is similar.
Next, we prove (i) when j = 2. By Lemma 3, we have

£2(C,m, 0) = fo(Cym,m).

Then by (8), (9), and Lemma 6, we see that the left-hand side of (i) when j = 2 is
equal to

Zhka wamm:i (UFTVH&gﬂ
=1 k=1TC[L,() m
- “ D ieT i
= (1)1 ( {*MD
Tg[;é] ; m
Z (1)1 ({Zal-‘ +m>
TC[1,4] ie€T
= Z Z(_ Y Tla, +m Z 1)¢-17!
0#TC[1,6] i€T TC[1,4]
=m Y (-1 (10)
TC[1,4]

Next, we will show that the last sum in (10) is equal to zero. For 0 < i < ¢, the
number of sets 7" such that T C [1,/] and |T| =i is (f) Therefore,

4 4

> 0o =3 (v = ot (§) o o

TC[1,0] =0 i=0
So the last sum in (10) is zero, and (i) is proved when j = 2. The proof of (i) when
jJ =4 is similar.
Next, we prove (ii) when j = 2. By (i) and Lemma 3, we see that the left-hand
side of (ii) when j = 2 is equal to
SQ (Cvm7m) - f2 (07m70) = S2 (O’mvm) - f2 (Oamvm)
= S2 (C’,m,mf 1) =0.
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This proves (ii) when j = 2 and the proof of (ii) when j = 4 is similar.
Next, by (i) and Lemma 3, we see that the left-hand side of (iii) when j = 2 is
equal to

K+qm —1 (i4+1)m—1 K+qm

i+1
Z fo(Cym, k) = Z f(Com,§)+ Y fa(Com, k)

k=gqm

2

s
Il
~ o

3

—1 K
f2(Cym, j +im) + Z f2(Cym, k + gm)
k=0

>Q

I
(]
[

(=)

Il
= O
<

S
3
Ju

K
f2(Com, §) + ) f2(Com, k). (11)
k=0
The inner sum of the first term in (11) is So (C, m, m — 1), which is zero by (i). The
second sum in (11) is S5 (C,m, K), which proves (iii) when j = 2. The proof of (iii)
when j = 1,3,4 is similar. By (iii) and Lemma 3, we see that the left-hand side of
(iv) when j = 2 is equal to

SQ (C7maK+qm)_f2 (C7m50) :SQ (C7m7K)_.f2 (Camao) :TQ(O,m,K)-

11—

Q.
|

&
Il
<

<
I

I
z 1

The proof of (iv) when j =4 is also similar. So the proof is complete. O

Lemma 8. For each ¢ € Z and m € N, we have

2] |2 - 252]

m 2 m 2 m

Proof. This is clear when m is even. So assume that m is odd. By the division
algorithm, there are g1,r € Z such that 2¢ + m = 2mq; + r where 0 < r < 2m. If
r = 0, then 2 | m contradicting the assumption that m is odd. So 1 <r < 2m — 1.
Therefore,

O<r/2m<1, 0<(r—1)/2m<1, and 0< (r+1)/2m < 1.

Thus,
q Il |2g+m| T
{m 2] | 2m J_{ql+2mJ_q1’
+(m—1)/2 2g+m —1 r—1
{ m/2) | _ |a+( )/Jﬂq J:{‘h* J=q1,
L m 2m 2m
q 1___2q—|-m B LA
{m+2 | om W[Qﬁzquﬁrl’
and
+ |m/2 +(m+1)/2 2g+m+1 r+1
{q HW:F ( )/1:“ W:[qﬁ W:qlﬂ
m m 2m 2m

This completes the proof. O



INTEGERS: 25 (2025) 14

3. Main Results

We begin with the results for gs, g3, g4, and then prove the inequality for fa, fs,
and fy, respectively.

Theorem 1. For each n > 2, the function g given in Definition 8 has mazimum
value 272 and minimum value —2" "2 + 1. Furthermore, when xj, = % + % for all
k=1,2,...,n, this minimum occurs, and when xj = % forallk =1,2,...,n, the
MaTIMUM OCCUTS.

Proof. If n = 2, then the result is the well known inequality
0<fa]+ [yl —fe+y]l <1, (12)

which holds for all z,y € R. The inequality (12) is sharp: if z = y = 3/4, then
the left inequality in (12) becomes equality, and if 2 = y = 1/2, then the right
inequality in (12) becomes equality. The result when n > 3 is obtained from the
case n = 2 and a careful selection of pairs.

For illustration purposes, we first give a proof for the case n = 3 and n = 4.
Recall that

g2(x1, w2, 3) = [ |+ [w2] 4+ [23] = [21 + 22| = [21 + 23] — [w2+ 23]+ [21 + 22+ 23].

We obtain by (12) that

=1 < o1 + 22 + 23] — [21 + 22] — [23] <0, (13)
0< —[wo+a3] + [22] + [23] <1, (14)
0<—Jz1+az3]+[z1]+ [z3] <L (15)

Summing (13), (14), and (15), the middle term is ga(z1, 2, z3). So
—1 < ga(z1, 22, 23) < 2.
Next, we obtain by (12) the following inequalities:
0< —[x1+x2+ a3+ 24|+ |21 F 22+ 23] + [24] <1, (16)

—1 <[z 4+ a2+ 24] — [21 +22] — [24] <0,
—1<[zi4+x3+xa| — [21 + 23] — [24] <O,

[ (17)
[ (18)
—1 < [zg+ a3+ 24] — [22 + 23] — [24] <O, (19)
0< =[xy +as] + [z1] + [24] <1, (20)

[ (21)

0< —Jza+ 4] + [22] + [24] <1,
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0< —[x3+ x4+ [z3] + [24] < 1. (22)

Summing (16) to (22), we see that —3 < g3(z1, 22, x3,24) < 4.
Next, we prove the general case n > 5. The expression of the form

[@iy + iy + -+ i,

will be called a k-bracket. So for each 1 < k < n, there are (Z) k-brackets appearing
in the sum defining go(z1,22,...,2,). We first pair up the n-bracket with an
(n — 1)-bracket and a 1-bracket as follows:

s1= (=) Haydaot x|+ (=1)" 2 [z1+ao+ - FTn_1 |+ (=1)""2[z,]. (23)

We notice that the sign of [z,] in (23) may or may not be the same as that
appearing in the sum defining go(21,xa,...,2,) but it is the same as the sign of
[x1 + 22+ -+ x,_1] so that we can apply (12) to obtain the bound for s;. Next,
we pair up the remaining (n — 1)-brackets with (n — 2)-brackets and 1-brackets as
follows:

(=1)"2[@i, + @iy 4+ @i, |+ (D" @, + i, w1+ (1), ],

(24)
where 1 < iy <o < -+ < i,_1 <n. We note again that the sign of
|_xi1 T Xy e xinfl—l and Rril T Xy e xin72~|
in (24) are the same as those appearing in the sum defining go (21, 22, . . ., Z,) while

the sign of [x;,_,] in (24) may or may not be the same, but we can apply (12) to
obtain the bound of (24). Since [z + 22 + -+ + 2,—1] appears in (23), the term
x;,_, appearing in the (n — 1)-brackets in (24) is always x,. So in fact (24) is

-1

o T e e G R E T P e L G D E

(25)
Then we sum (25) over all possible 1 < i1 < iy < -+ < ip—o < n, and call it so.
That is

n—2
S2 = (_1) E |—xi1 T T, + T, , T+ l‘n-|
1<i1<12< - <ip_2<n

DT 3T e an ]
1<i1<ig<-<ip_2<n

+(~1)n3 <” N 1) (2]

n—2

We continue doing this process as follows. For each 0 < ¢ < n — 1, let ¢, be
the sum of all [x;, + a5 + -+ @, _,| with 1 < iy < ids < -+ < ip_p < m, ag
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the sum of all such terms with i,,_, = n, and b, the sum of all such terms with
in_¢ < n. Therefore, ¢, = ay + by. Since by is the empty sum, we have by = 0. The
number of (n — £)-brackets appearing in the sum defining ¢, is (n’i 2)7 the number
of (n — £)-brackets appearing in the sum defining a, is (,",",), and the number of
(n — £)-brackets appearing in the sum defining by is (271) In addition, we have

92(21, @2, .., Tn) = Cpe1 — Cp—a + Cuz — -+ (=1)" "o
_ Z (71)7171720[’
0<<n—1

s1=(=1)""ag + (=1)" by + (=1)"*[z,],
n—1
s9 = (=1)"2ay + (=1)" by + (=1)"? (n B 2) (2]
In general, for each 1 < /¢ <n—1, we let

se=(=1)" ‘a1 + (=1)" o+ (-1 (Z _ 2) [Z5].

Then
Z Sp = (71)7171@0 + Z (71 n ag 1+ Z n L 1bg +b,—1
1<6<n—1 2<i<n—1 1<0<n—2
n—1
EAND DI C e G (26)
1<0<n—1

Recall the well known identity Zoggn(—l)e(?) = 0 for all n > 1. Then the last
sum on the right-hand side of (26) is

LR )

1<0<n—1 1<0<n—1
—1
-- ¥ (—1)5(”6 >+1:1.
0<t<n—1

Therefore, the last term in (26) is [z,]. Replacing ¢ by £ + 1 in the first sum on
the right-hand side of (26), we see that

Z sp = ( n 1a0+ Z 7L€1ae+be)+bn1+h"ﬂ
1<0<n—1 1<0<n—2
= (1" + Z )" e + by + [
1<t<n—2
= (=1)""teo + Z ) Fen (27)
1<t<n—2

= Z (—1)n_[_1c€ :.92(‘1‘17:1;2""7'7:“)7

0<t<n—1
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where (27) can be obtained from the definition of ¢,,_1, b,—1, and a,—1. By (12)
and (23) we obtain —1 < s; < 0 if n is odd, and 0 < s; < 1 if n is even. Similarly,
the sum (25) lies in [0, 1] if n is odd, and lies in [—1, 0] if n is even. Therefore,

0<82<<n 2) if n is odd

and

n —

-1
(n 2) <59 <0 if niseven.
In general, for each 1 < ¢ <n — 1, we have

n—1

0<s < (n B E) if n and ¢ have different parity

and

-1
— (n 6) < s, <0 ifn and ¢ have the same parity.
n—

Since ga(x1, %2, ..., Tn) = Y <p<n_q S¢; We obtain, for odd n,

S <Z:2><gz(x1,x2,...,xn)< > (Z:;)

1<t<n-—1
¢ is odd £ is even

and for even n,
n— 1> n—1
— Z ng(il?l,l‘g,...,l‘n)g Z ( >

1<<n—1 (n —¢ 1<t<n—1 N7 ¢

£ is even ¢ is odd
Recall the well known identity

n _ n _ on—1

> (-2 (1)-> )
0<k<n

k is even kis odd

Therefore, if n is odd, then

> o=z ()=

1<6<n—1 1<0<n—1
¢ is odd £ is even
and
> ()= x ()= x ()=
n—~ Y4 Y4
1<0<n—1 1<0<n—1 0<t<n—1

¢ is even ¢ is odd ¢ is odd
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Similarly, if n is even, then

n—1 9 n—1 9
Z (nﬁ) =2" and Z (n ):2" —1.
1<t<n—1

1<t<n—1

£ is odd £ is even
Hence, —2""2 + 1 < go(x1, 72, ..., Ty) < 2772, as required.

Next, we show that the lower bound —2"~2 + 1 and the upper bound 2”2 are

actually the minimum and the maximum of gs(z1, z2,

...,&y), respectively. Let
xp = 1/2 for every k =1,2,...,n. Then
k-1 | E] (n
92(551’-T27~-~7-Tn) Z (_1) 2 k (29)
1<k<n
k(n k+1/n
_ k-1 k-1
- Y o) Xt ()
1<k<n 1<k<n
k is even k is odd
1 _ n 1 _ n 1 _ n
=5 > (D 1k(k> +5 >, (D 1k(k> +5 >, (D 1(k)
1<k<n 1<k<n 1<k<n
k is even k is odd k is odd
1 _ n 1 n
=5 S (-t 1k<k>+2 > <k> (30)
1<k<n 1<k<n
k is odd
Recall the well known identity
Z(—1)k—1k<z> =0, which holds for all n > 2. (31)
k=1
Then (28), (30), and (31) imply that
1
92(21, @2, ..., Xy) = 5 (2”_1) =on—2 (32)

k k n

_ k—1

gg(xl,xg,...,xn)— Z (—1) ’724‘712-‘ (k) (33)
1<k<n

Recall that n > 2. 1

f1<k<nandk is even, then {g—l—%] :%—i—l. If1<k<n
and k is odd, then [£ + &) = 2L Therefore, the left-hand side of (33) is equal

18
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to
k n k+1(n
1<k<n 2 k 1<k<n 2 k
k is even k is odd
1 n 1 n
_ R - 1)k
3 2 o () X (1) g 2
1<k<n 1<k<n 1<k<n
k is even k is even k is odd
1 n
5 (1)
1<k<n
k is odd
1 n n 1 n
== —1)F 1k — = : 34
1<k<n 1<k<n 1<k<n
k is even k is odd

Then (28), (31), and (34) imply that

n 1 n
92(21, 22, ..., Tn) = — Z (lc)+2 Z (k)
1<k<n 1<k<n
k is even k is odd
— (271—1 _ 1) + 271—2 —_ _2n—2 + 1
This completes the proof. O

The proof of the next theorem follows the same idea as that of Theorem 1, but
we still need to adjust some calculations.

Theorem 2. For each n > 2, the function g3 given in Definition 8 has mazimum

value 22 and minimum value —2""2. Furthermore, when xj = % — # for all

k=1,2,...,n, this minimum occurs, and when xj, = % forall k=1,2,...,n, the
MaTIMUM 0CCUTS.

Proof. By Lemma 1, we can assume that 0 < xj < 1 for every 1 < k < n. First, we
give a proof for the case n = 2. Recall the well known inequality that

1< |z|+|y] - [z +y] <0,

which holds for all z,y € R. Therefore,

-1< {x+;J + ly] — K:wr;)ﬂ/J <0.

Since 0 < y < 1, we obtain

—1<{x+J—{x+y+J<0 (35)
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and )
0< Ly—FZJ <1. (36)

Summing (35) and (36), the middle term is g3(x,y), and so
—1<gs3(z,y) < 1. (37)

The inequality (37) is sharp: if 2 = y = 1/4, then the left inequality in (37)
becomes equality, and if z = y = 1/2, then the right inequality in (37) becomes
equality. The result when n > 3 is based on a careful selection of pairs and the case
n=2.

For illustration purposes, we first give a proof for the case n = 3 and n = 4. By
a similar idea as in the proof of Theorem 1, we have

1 1

0<{xl—i—xg—i—xg—&-QJ—{xl—i—xg—&—QJ<1, (38)

1 1
1§{12+$3+2J+LI2+2J§07 (39)

1 1
—1<—{x1+x3+2J+{$1+2J<07 (40)

1

0< {xgﬁ-QJ <1 (41)

Summing (38), (39), (40), and (41) gives —2 < gz(x1,z2,23) < 2. Similarly, we
have

1 1
—1<—{x1+x2+x3+$4+2J+{$1+$2+$3+2J<07 (42)
1 1
0< $1+$2+9€4+§ - $1+$2+§ <1, (43)
1 1
0< $1+1‘3+1‘4+§ — 1’1+1'3+§ <1, (44)
1 1
0< Tytaztaatg| - (T3t <1, (45)
1 1
RS EE e e R E R (46)
1 1
-1 < — a:2—|—a:4+§ + $2+§ <0, (47)
1 1
7157 SU3+(E4+§ + (E3+§ SO, (48)
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0< {u + ;J <1 (49)

Summing (42) to (49), we see that —4 < g3(z1, 22, x3,24) < 4.

In general, we let n > 5, call the expression of the form inl +zi,+F T, + %J
an {-bracket, and follow closely the method used in the proof of Theorem 1. For
each 1 </ < n, let ¢; be the sum of all £-brackets with 1 <i; < iy < --- < iy < mn,
ay the sum of all such terms with iy = n, and by the sum of all such terms with
i¢ < n. Therefore, ¢, = ay + by, the number of summands of ¢, is (?), the number
of summands of ay is (2:11), and the number of summands of by is (”Zl). As usual,
the empty sum is defined to be zero, so b, = 0. Let

Sp = (—1)"4%—“1 + (_1)71—2—1bn_€
foreach 1 </ <n—1, and let s,, = a;. Then for 1 < /¢ <n — 1, we have

n—1

0< <
_SE_(TLE

) if n — £ is even

and

-1
<n )§55§0 if n — ¢ is odd.
n—1/{

In addition, we have

dose=D"tan+ > ()" an_in

1<¢<n 2<¢<n—1

Therefore,

- Y (M) e s ¥ (00,)

1<t<n 1<4<n
n — £ is odd n — £ is even

Replacing ¢ by ¢ + 1, we see that
n—1 n—1
= =22
Z (n — €) Z <n -1- E)
1<t<n 0</<n—1
n — £ is even n — £ is odd
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Similarly, we have

1<t<n
n — ¢ is odd

Hence,
—2"7% < g3(w1, @, ) <2773 (50)

as required.

Next we show that the lower and upper bounds in (50) are the minimum and the
maximum of gs(x1,xa,...,x,). Let , = 1/2 for every k =1,2,...,n. By Lemmas
1 and 5, we obtain

93(551,1'2;"'3*%71) :gl(xlax%"'axn) 791(1'1,1'23"'3-%7171/2)
— _27172 _ (_27171) _ 27172.

This shows that 2"~2 is the maximum value of g3. Next let z;, = 1 — # for every

2
k=1,2,...,n. Then
4 Ek+1 k n
g3($1,l‘2,...,$n): Z (—1)k ! \‘2_7”L2J (k‘) (51)
1<k<n

If 1 <k <nandk is even, then L%— kQJ =3z = ng If 1 <k <nandkis odd,
then |EH — & | = k=1 — | E] Writing | £ + {£}, we see that (51) is

k

2

k

o 2
1 k 1 k 1 [k n
93(35175027---,%)—5 E k() 2 50\ s

V—S

1<k<n
1 b1 1 n
ziz(_l)kk_ﬁz k)’
1<k<n 1<k<n
k is odd

where the last equality is obtained from the fact that {g} = 0 if k is even and
{%} = 3 if k is odd. By (28) and (31), we obtain gs(z1,z2,...,%,) = —2""2. This

completes the proof. O
Theorem 3. For each n > 2, the function g4 given in Definition 8 has mazimum
value 22 and minimum value —2"~2. Furthermore, when xj = % for all k =
1,2,...,n, this minimum occurs, and when xy = % —+ # forallk=1,2,...,n, the

Maxrimum occurs.

Proof. Since the proof of this theorem is similar to those of Theorems 1 and 2, we
give less details. By Lemma 1, we can assume that 0 < zp < 1 for every 1 < k < n.
For n = 2, we let x1 = x, x2 = y, and recall that

ga(z,y) = {x—ﬂ - [y—ﬂ = {x—i—y—ﬂ.
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By (12) and the inequality 0 < y < 1, we obtain

1
o< v-3| <1 (53)

Summing (52) and (53), the middle term is g4(x,y). Therefore,
The inequality (54) is sharp: if x = y = 1/2, then the left inequality in (54) becomes
equality, and if x = y = 3/4, then the right inequality in (54) becomes equality.

The result when n > 3 is based on a careful selection of pairs and the case n = 2.
The illustration for the case n = 3 and n = 4 is left to the reader.

Let n > 5, call the expression of the form [z;, 4+ @, + -+ + x;, — 3| an {-bracket,
and follow closely the method used in the proof of Theorem 2. For each 1 < ¢ < mn,

let ¢y be the sum of all ¢-brackets with 1 < iy < iy < --- < iy < n, ay the sum of all
such terms with i, = n, b, the sum of all such terms with i, < n, and let

S¢ = (_l)niean—é—i-l + (_l)nieilbn—é
for1</<n-1and s, =a;. Then

-1
0§8€§<n ) if n — /¢ is even,
n—~

n —

-1
_(n £>§55§0 if n — £ is odd,

and

Z SZ :g4(x17x27'-'?$n)'

1<t<n
Therefore,

S DI () I E D (|

1<t<n 1<e<n
n — £ is odd n — £ is even

This implies
—2"72 < gy(x1, 20, . .., 2p) <2772,
as required. If xp = 1/2 for every k = 1,2,...,n, then we apply Lemma 1 and
Theorem 1 to obtain
ga(T1, T2, ..., xn) = ga(T1, T2, ..., ) — g2(T1, T2, . .., Ty, —1/2)

= go(x1,@2,...,2n) — g2(x1, T2, ..., Ty, 1/2)
— 27172 o 277,71 — 7277,72.
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Next, let x = % + % for every Kk =1,2,...,n. Then

PACTRCIN N i S G D L V;HM (Z) (55)

1<k<n

If1 <k <nandkis even, then [552 + B] =% = [E] If1 <k < nand k is odd,

then [£51 + £ = &L = [E]. Therefore, (55) becomes

04(21, 32,y m) = 3 (—1)F m (Z)

1<k<n
By (29) and (32), we obtain g4(z1, 2, ...,2,) = 2"~2. This completes the proof.
O]

Collecting Theorems 1 to 3 and that by Onphaeng and Pongsriiam [8, Theorem
4], we obtain the following corollary.

Corollary 1. Let g1, g2, g3, g4 be the functions defined in Definitions 2 and 3, and
n > 2. Then the following inequalities hold:

_ 277,—2 g gl é 277,—2 _ ]-7

2" 4 1< gy <27

and
—2"72 < g3,94 <2772

In addition, if xy, = 1/2 for every k < n, then
g1 =—-2""2=g4 and gy = 2""2 = gs;

# for every k < n, then

=

if v =
g =2""7—1=—gs—1;

if v = % + # for every k < n, then
gp=—-2""241=—g,+1.

Next, we give a sharp inequality for fs, f3, and f4, respectively. The proof for
fa closely follows those of Theorems 1 to 3 while the proofs for f3 and f; are much
shorter.

Theorem 4. For each £ > 2, ayi,as,...,a0,k €Z, and m € Z+, we have
—272 < fo{ar,aa,...,ac}, m k) < 20-2,

Moreover, the upper and lower bounds are best possible in the sense that there are
a1,as,...,a¢, m, k for which equality is achieved. More precisely, the following
statements hold.
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(i) If £ is odd, m is even, and a; = m/2 for everyi=1,2,...,¢, then
fo({a1,as9,...,as},m,0) = 202 and fy ({a1,a9,...,a},m,m/2) = —2f=2,
(ii) If ¢ is even, m is even, and a; = m/2 for every i =1,2,...,¢, then
fo{ay, az, ... ar},m,0) = =22 and fo ({a1,az,...,a;}, m,m/2) =272
Proof. By Lemma 3, we can assume that 0 < a; < m for every 1 <4 < £. It is not

difficult to see that for x,y € R, if 0 <y < 1, then 0 < [z +y]| — [z] < 1. So if
{ =2, then

Og{a1+a2+k—‘_{a1+k—‘§1 (56)
m m
and
1< [“2 Hﬂ + Fﬂ <. (57)
m m

Summing (56) and (57), we obtain —1 < fy({a1,a2},m,k) < 1. The result when
£ > 3 is based on a careful selection of pairs and the case £ = 2. Let £ > 3, call
the expression of the form [M an r-bracket, and follow closely the
method used in the proof of Theorems 1, 2, and 3. For each 1 < r < £, let ¢, be the
sum of all r-brackets with 1 < iy < iy < --- < i, < ¥, a, the sum of all such terms

with i, = ¢, b, the sum of all such terms with i, < ¢, and
sr= (=1 ap_ri1 + (=1)"be—, for r < €, and sy = (=1)**ta; + (-1)* [£].

Then, for 1 < r </, we have ¢, = a, + b, by = 0,

0§5T3<§ ) if r is odd

—r

and

{—1
—< )SS,«SO if r is even.
{—r
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In addition, we obtain

Z sp = ag+ Z 1) ag_p1 + Z )"be—p + (—1) by + s

1<r<t 2<r<i—1 1<r<£—2
k

_ _1\¢—1 _1\¢+1 1V

=ay+ Z G,g T+b€ 7‘)+( 1) b1+( 1) a1+( 1) lrm“

1<r<e—-2
k
11 1Y
et Y (At (D e+ (-1 2]
1<r<e-2
k
= D (Ve + (-1 {w
m

0<r<f—1

= fZ({ah agz, ..., a[}vmv k)
Therefore,
(-1 -1
- Z (f—’l") §f2({a17a27"~7al}7m7k)§ Z <€—T)
1<r<¢ 1<r<e
r is even r is odd
This implies
_2272 S f2({a1,a2,...,&g},m,k) S 2£72a (58)

as required. If £ is odd, m is even, and a; = m/2 for every 1 < i < ¢, we obtain by
Lemma 2 and Theorem 1 that

11 1 B
f2{ar,az,...,agy,m,0) = g2 (2’2,-..’2> — ol=2

and

fo{ar, an. ..., agh,m,m/2) = (~1)’g, (; ;;) b (—1)* g, (;;;)
_ _2Z72.
If ¢ is even, m is even, and a; = m/2 for every 1 < i < ¢, we obtain similarly that
fo({ar, az, ... a},m,0) = =22 and fo({a1,as,...,a;}, m,m/2) =272
So 272 and —2°~2 in (58) cannot be improved. This completes the proof. O
Theorem 5. For each £ > 2, ai,as,...,a0,k € Z, and m € Z+, we have
—2f=2 < fs({ar,as,...,a¢},m k) < 20=2,

Moreover, the lower and upper bounds are best possible in the sense that there are
a1,as,...,a¢, m, k for which equality is achieved. More precisely, the following
statements hold.
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i 1s odd, m is even, and a; = m/2 for every i = en
(i) If £ is odd, m i , and /2 f yi=1,2,...,¢, th
fa({ar,az, ... ac},m,0) =22 and f3({a1,az,...,a;},m,m/2) = =272
(ii) If ¢ is even, m is even, and a; = m/2 for every i =1,2,...,¢, then
fa({ay, az, ... ar},m,0) = =22 and f3({a1,az,...,a;}, m,m/2) =22

Proof. By the definition of f; and f3, we have

fs({a1,ae,...,as},m, k) = Z (_1)4*|T|

TC[1,0]

_ Z (—1)-1] {m+2k+ZiET2aiJ

2m

V D ier @i n 1J

m 2

TC[1,0]
= fl({2a1, 2a2, cey 2&@}, 27’)’1, 2k + m)

From this and Lemma 4, we obtain the desired lower and upper bounds for f3. For
(i), we obtain by Lemma 2 and Theorem 2 that

fs({a1,as,...,a;},m,0) = 22 and fs{a1,ag,...,as},m,m/2) = —f=2,
For (ii), we obtain similarly that
fs({a1,as,...,a¢},m,0) = —2=2 and fs({a1,as,...,a¢},m,m/2) = 26=2,
So 2672 and —2¢~2 are best possible. This completes the proof. O
Theorem 6. For each £ > 2, ai,as,...,a0,k € Z, and m € Z+, we have
—272 < fu{a1, az, ..., ar},m k) < 2072

Moreover, the bounds are best possible in the sense that there are a1, as,...,ar, m,
k for which equality is achieved. More precisely, the following statements hold.

(i) If ¢ is odd, m is even, and a; = m/2 for every i =1,2,... ¢, then
fal{ai,ag,...,ae},m,0) = —272 and f, ({a1,a2,...,a0},m,m/2) = 2t-2,
(ii) If £ is even, m is even, and a; = m/2 for every i =1,2,... £, then

fa{ar,as,...,a;},m,0) = 202 and f4 ({a1,a9,...,a¢},m,m/2) = —ot=2
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Proof. By Lemma 3 and the definition of fo and f4, we have
f4({a’17 az, ... 7(15}777’17 k) = f4({a’17 az, ... 7a£}7m7 k + m)

Z (—1)tI7! [k+m+2m a; 1-‘

TCLe) mn 2
= Y (- [2k+m+21eﬂﬂ
TC[1,4] 2m

= f2({2a1,2as,...,2as},2m, 2k + m).

By Theorem 4, we obtain the desired lower and upper bounds for f;.
For (i), we obtain by Lemma 2 and Theorem 3 that

f4<{a17a27 R af}a m, 0) = _26_2 and f4({a/17 az, ... 7af}7m7m/2) = 2€_2'

For (ii), we obtain similarly that f4({a1,as,...,as},m,0) is equal to 22 and
fal{ar,as, ..., ag},m,m/2) is =272, So 22 and —2¢~2 are best possible. This
completes the proof. O

Recall that T»(C,m, K) = Zkl,(zl f2(C,m, k). In the next two theorems, we give
sharp bounds for T; for £ = 2, and then for ¢ > 3, respectively.

Theorem 7. For each a,b € Z, and m, K € N, we have
0< TQ({avb}7m7K) < I_m/QJ :

The inequality is sharp in the sense that there are a, b, m, K for which equality is
achieved. More precisely, if m is even and a = b=m/2, then

T>({a,b},m,m) =0 and Tz ({a,b},m,m/2) =|m/2].

Proof. Since the permutation of a, b does not change the value of T3, we can assume
that a < b. In addition, by Lemma 7, we can assume that 0 < a,b < m and
1< K <m. Let

A =To({a, b}, m, K), Xlzi{“*i“ﬂ, ngi{“;ﬂ,
k=1 k=1
P gl

k=1

Then A = X7 —X5— X3+ X4. Since K < m, we have [k/m] =1fork=1,2,...
and so Xy = K. If a + K < m, then {uw =1fork=1,2,...,K, and so

K

) )
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Similarly, if b4+ K < m, then X3 = K. For convenience, we record this as follows.
ifa+ K <m, then Xo = K; if b+ K < m, then X5 = K. (59)
Since a < m, we see that K < m < 2m — a. Therefore, if a + K > m, then

a+k| )1, for1<k<m-—a;
m | |2, foom—-a<k<K,

and thus
K
k
ngZFH_ -‘:(m—a)+2(K—|—a—m):2K+a—m. (60)
=M
Similarly,
if b+ K > m, then X3 =2K +b—m. (61)

To obtain the value of X7, we separate the calculation into several cases.

Case 1: a+b < m. Since a < b, we have a < m/2. Therefore,
a<|m/2]. (62)

If a+b+ K < m, then similar to (59), we obtain X; = X3 = X3 = K, which implies
A = 0 and we are done. So we assume that a +b+ K > m. Since a +b < m and
K < m, we see that K <2m —a — b. Then

a+b+k] 1, for1<k<m-—a-—b
m 12, form—a—-b<k<K.

Therefore, we obtain
Xi=(m—a—-b)+2(K-—m+a+bd) =2K—-m+a+b. (63)

If b+ K < m, then (59), (62), and (63) imply that Xo = X3 = K, A =a+b+ K —m,
and 0 < A <a<|[m/2]. Ifa+K <m < b+K, then (59), (61), (62), and (63) imply
that Xo = K, Xg =2K+b—m, A=a,andso 0 < A < |m/2|. If m < a+ K, then
(60), (61), (62), and (63) imply that A = m — K, and therefore 0 < A < a < |m/2].
In any case, we obtain 0 < A < |m/2].

Case 2: a+b>m. Since a < b, we have b > [m/2], and therefore
m—>b<|m/2]. (64)

We separate the calculation into two subcases, namely, a+b+ K < 2m and a+b+
K > 2m.
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Case 2.1: a+b+ K <2m. Then (Lfr’j‘k] =2fork=1,2,...,K, and so
X, =2K. (65)

If b+ K < m, then we obtain by (59), (64), and (65) that A = K < m—b < |m/2]. If
a+K < m < b+K, then by (59), (61), (64), and (65), we obtain A = m—b < |m/2].
If m < a+ K, then (60), (61), (64), and (65) give

A=m—(a+K)+m—-b<m—>b<|m/2]
and A =2m — (a+ b+ K) > 0 by the assumption of this case.
Case 2.2: a+ b+ K > 2m. Then we obtain

{a+b+k—‘ {2, for 1 <k<2m-—a-—b;

m 3, for2m—a—-b<k<K.

Then
Xi1=22m—-a—-0b)+3(a+b+ K —2m)=3K —2m+a+b. (66)

Since m < a4+ K < b+ K, we obtain from (60), (61), and (66) that A = 0.
Thus, in any case, we have

0 <Ty({a,b},m,K) <|m/2].

If m>4and a =b =K =1, then Tx({a,b},m,K) = 0. If m is even and
a=b=K =m/2, we obtain
m/2 m/2 m/2
k 1k k
TQ({CL,b},TTL,K)—kZl ’71+m—‘ _2; ’72+m—‘ +; lrm—‘ .

Since {1+%} =2, %—Fﬁw =1, and (%w =1fork=1,2,...,m/2, we have

m

Ty({a, b}, m, K) = 2(m/2) = 2(m/2) + (m/2) = [m/2].

This completes the proof. O

Theorem 8. For each £ > 2, ay,as,...,ap € Z, and m, K € N, we have
—2721m/2) < Th({a1, az,...,ar},m K) <272 |m/2] . (67)

The inequality is sharp in the sense that there are ai,as,...,as, m, k for which

equality is achieved. More precisely, the following statements hold.
(i) If £ is odd, m is even, and a; = m/2 for everyi=1,2,...,¢, then

T2({a1;a2; < 'aaf}ama K) = 72472 Lm/QJ .
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(ii) If £ is even, m is even, and a; = m/2 for every i =1,2,... £, then

Ty({ar,az,...,ar},m, K) =272 [m/2] .

Proof. If £ = 2, then the result follows immediately from Theorem 7. For easy
reference, we state it again here as follows:

0 < Tu({a,b},m, K) < |m/2]. (68)

The result when ¢ > 3 is based on the case £ = 2 and a careful selection of pairs,
and we first illustrate the idea by giving the proof for the case £ = 3. Recall that

m m m

_ [a2+a3+k‘—‘ n ’Va1+k—‘ n [az—kk“
m m m

“[=]-[5]

ay +as+az+k a1 +as + k ar +as +k
fQ({al,ag,agg}’m’k):’V 1742 7T 43 —‘_[ 1+ ag —‘_[ 1+ a3 —‘

We have
fo({ar + a2, a3}, m, k) = [cm-cmmww - [Wﬂ
[ 5] ®
~h({an,as}m k) = — [al +:13+ﬂ n [alr:ﬂ n [agnjﬂ 3 “ﬂ (0
o, ashm. k) = — PQJF:@BJFﬂ N {azntlﬂ N {agrzﬂ B Lﬂ o

Summing (69), (70), and (71), we see that

fa({a1, az,a3},m, k) = fa({ar + az, a3}, m, k) — fo({a1, a3}, m, k)
— fg({ag,ag},m,k). (72)
Summing (72) over k = 1,2,..., K and applying (68), we obtain that

Tg({al,ag,ag},m,K) = TQ({al + ag,ag},m, K) — Tg({al,ag},m,K)
- Tx({az, a3}, m, K)
> _2|m/2) .

Similarly, we have

Tr({ar, az, a3}, m, K) < [m/2] <2|m/2].
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@iy +ai,+tai,. +k

—‘anr—
m

In general, we let £ > 4, call the expression of the form {
bracket, and follow closely the method used in the proof of Theorems 1, 2, 3, and 4.
The well known identities previously recalled will be applied without reference. For
each 1 < r < ¢, let ¢.(k) be the sum of all r-brackets with 1 < iy < ig < -+ < i, <4,
ar(k) the sum of all such terms with 4, = ¢, and b,.(k) the sum of all such terms

with i, < ¢, and for 1 <r </ —1, let

50 (k) = (=1 ag_pg1 () + (—1)7 by (k) + (—1)" (ﬁ - 1)a1<k)

{—r
([

For convenience, we write ¢, a,, b., s, instead of ¢,.(k), a.(k), b.(k), s.(k), re-
spectively. Then by, = 0 and ¢; = ay. In addition, for 1 < r < ¢ — 1, we have
Cr = Gy + bra

Sr = (_1)T+1 Z f2({a’i1 + iy e+ ai{,_r?af}vmvk)?

1<ty <ig < <ip_r <l

and

N

Sp = (—1)T+1 Z Tg({ail +ai2 + --~+aiz_r,a5},m7K).

k=1 1<i1 <io<<ip_ <l

So by (68), we see that

= -1
OSZSTS(gr> |m/2] if ris odd

k=1

and

(-1 K -
“\y lm/2] SZST <0 ifriseven.
—r

k=1
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In addition, we obtain

Yo ose=art > (D) Maat+ Y (<) b+ (1)
1<r<—1 2<r<f—1 1<r<f—2
k
_q)ett 1)
(1) a4 (1 2
=act D (1) (e + b r>+<1>’“bl+<1>”1a1+(1>£{
1<r<e-2
=c+ Z ) err 4+ (1) er + (-1)° Fﬁ—‘
m
1<r<f—2
k
_ 1\ 1V
- Z (=1)"co—y + (—1) M
0<r<e—1

= fa({ar,a2,...,a},m, k).

Therefore,

(-1 K
o Z (g_r> I.m/2J < ;fQ({Gl,GQ,...,ag},m, k)

1<r<é—-1
r is even

< > (42

1<r<é—
ris

1
d
This implies
_2672 Lm/QJ < TQ({alv az, ... ,(Zg},m, K) < 2£72 |_m/2j )

as required.

33

Next, we prove (i) and (ii). Let C = {aq1,as,...,as}. If £ is odd, m is even, and
a; = m/2 for every 1 <14 < ¢, we obtain by Lemma 2 and Theorem 1 that

f2(Cym,m)2) = (—1)'gs (1,1,... 1) +(=1)"1gy (1,1,... 1) = 2672,

|

2°2 2 2°2 2
Let 1 < k <m/2. By the definition of fo(C,m, k), we see that

4

B(Cmik) = 3 (=) {m gl} Z(—l)“(f) m N

TC[LY r=0

r

2 =

k r r r+1
M*J‘z* —[ 2 W

Since 1 < k < m/2, we have § < %

+1. So if r is even, then

—_

r

2
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k r r+1 r+1
AT = .
m 2 2 2

sl =[Pl

This implies that fo(C,m, k) = f2(C,m,m/2) for every k =1,2,...,m/2. Then

and if r is odd, then

In any case, we obtain

m/2

Ty (Com,m/2) = Y fo(Cym k) = (m/2) f2(C,m,m/2) = =272 |m/2].
k=1

So —2°=2 |m/2] in (67) cannot be improved when ¢ is odd. If £ is even, m is even,
and a; = m/2 for every 1 < i < ¢, we obtain similarly that

f2(Cym, k) = fo(Cym,m/2) = 2672

for every k = 1,2,...,m/2. Then Ty (C,m,m/2) = 2°=2|m/2]. So 2¢=% |m/2] in
(67) cannot be improved when £ is even. This completes the proof. O

Next, we give upper and lower bounds for S5({a, b}, m, K) and Ty({a, b}, m, K).
Theorem 9. For each a,b € Z, m € N, and K € NU {0}, we have
—[m/2] < S3({a,b},m, K) < [m/2].

Moreover, the lower bound — [m/2] is best possible in the sense that there are a, b,
m, K such that S3({a,b},m,K) =—|m/2].

Proof. If m = 1, then S3({a,b},m, K) = 0 and the result follows immediately. So
assume that m > 2. Recall that

fs({a, b}, m, k) = {M+1J - La+k+1J — {M+1J + V+1J.

m 2 m 2 m 2 m 2

By Lemma 8, we obtain that f5({a, b}, m,k) is equal to

La+b+k+ Lm/QJJ B VJFkJer/?JJ B VMJFW/%J N {k+ Lm/QJJ

= f1 ({a,b},m,k+ |m/2]).
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In addition, we have

Ss({a,b},m, K) = Y fs({a,b},m, k)

0<k<K

Z fl ({a7b}>m7k+ Lm/QJ)

0<k<K

= Z fl ({a7b}7ma k)

[m/2]<k<K+|m/2]
= Z fl ({a/ab}am)k) - Z fl ({aab}amak)
0<k<K+|m/2| 0<k<|m/2]

=51 ({a,0}, m, K + [m/2]) = 51 ({a, b}, m, [m/2] = 1) (73)

By (2), we obtain
—m/2] < S5({a,b},m, K) < [m/2]. (74)

Next, we show that the lower bound in (74) cannot be improved. Let m be even,
K =(m/2) — 1, and a = b = m/2. Then, for 0 < k < K, we have

1k k
A ({abhm k) =1 -2 {2+mJ N M .
By Lemma 7 and (73), we have

S ({avb}ava) =5 ({avb}vmvm - 1) -5 ({avb}vmv (m/2) - 1)
— 0= (m/2) = — |m/2] .

This completes the proof. O
Theorem 10. For each a,b € Z and m, K € N, we have
— m/2) < Tu({a, b}, m, K) < [m/2].

The lower bound — |m/2| is best possible in the sense that there are a, b, m, K
such that Ty({a,b},m, K) = — |m/2].

Proof. Recall that
Fa({a,bhm, k) = {Hb“ﬁ _ 1} _ VM _ 1} _ P“ﬂ _ 1} N V _ 1} ,

m 2 m 2 m 2 m 2

By Lemmas 3 and 8, we obtain f4({a,b},m, k) = fs({a, b}, m, k+m), which is equal
to

"a+b+k+ [m/2w B {aJrkJr[m/?T‘ B [b+k+[m/2w N [k+ [m/ﬂ

= fo ({a,b},m,k + [m/2]).
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In addition, we have

T4({a’b}7m’K): Z f4({a7b}7m>k)

1<k<K
= Z f2 ({a7b}7m7k+ [m/21)
1<k<K
= Z fo ({a,b},m, k)
14+[m /2] <k<K+[m/2]
= Z fo ({a,b},m, k) — Z f2 ({a, b}, m, k)
1<k<K+[m/2] 1<k<[m/2]
= T2 ({a7 b}7 m, K+ |—m/2-‘) - T2 ({av b}v m, |—m/2-|) : (75)

By Theorem 7, we obtain
—m/2] <Tu({a, b}, m, K) < [m/2]. (76)
Next, we show that the lower bound in (76) cannot be improved. Let m be even
and K =a=0b=m/2. Then, for 1 <k < K, we have

2 m m

1k k
fo({a,b},mk)y=2-2 [ + -‘ + [-‘ =1
By Lemma 7, Theorem 7, and (75), we have
Ty ({a,b},m, K) =Ty ({a,b},m,m) — Tz ({a,b},m, K) = — |m/2] .
This completes the proof. O

Unlike f; and g; for 1 < j < 4, we currently do not have a complete result for
S; and T;. We hope we will obtain a better result for S; and T} in the future, and
we encourage readers to try to find better results or expand the scope of the topic.

Acknowledgements. Tammatada Khemaratchatakumthorn is grateful to the Fac-
ulty of Science Silpakorn University for giving her a financial support, grant number
SRIF-JRG-2566-04. This work was started when Prapanpong Pongsriiam was in
Japan and finished when he came back to Thailand. He would like to thank Pro-
fessor Kohji Matsumoto for agreeing to be his host professor and finding a very
convenient accommodation and an office for him during his visit at Nagoya Univer-
sity in 2022-2023.

References

[1] S. Aursukaree, T. Khemaratchatakumthorn, and P. Pongsriiam, Generalizations of Hermite’s
identity and applications, Fibonacci Quart. 57 (2019), 126-133.



INTEGERS: 25 (2025) 37

2]

(3]

(4]

(5]

[6]

[7]

(8]

(9]

L. Carlitz, An arithmetic sum connected with the greatest integer function, Norske Vid. Selsk.
Forh. Trondheim 32 (1959), 24-30.

L. Carlitz, Some arithmetic sums connected with the greatest integer function, Math Scand.
8 (1960), 59-64.

R. L. Graham, D. E. Knuth, and O. Patashnik, Concrete Mathematics: A Foundation for
Computer Science, Second Edition, Addison-Wesley, 1994.

R. C. Grimson, The evaluation of a sum of Jacobsthal, Norske Vid. Selsk. Skr. Trondheim 4
(1974), 6 pp.

E. Jacobsthal, Uber eine zahlentheoretische Summe, Norske Vid. Selsk. Forh. Trondheim 30
(1957), 35-41.

M. Munteanu, Extensions of Hlawka’s inequality for four vectors, J. Math. Inequal. 13 (2019),
891-901.

K. Onphaeng and P. Pongsriiam, Jacobsthal and Jacobsthal-Lucas numbers and sums intro-
duced by Jacobsthal and Tverberg, J. Integer Seq. 20 (2017), Article 17.3.6.

P. Napp Phunphayap, T. Khemaratchatakumthorn, N. Sothanaphan, K. Onphaeng, W.
Wongcharoenbhorn, P. Sumritnorrapong, and P. Pongsriiam, Combinatorial inequalities aris-
ing from the inclusion-exclusion principle, J. Math. Inequal. 16 (2022), 1455-1475.

[10] P. Pongsriiam, Analytic Number Theory for Beginners, Student Mathematical Library Vol.

103, Second Edition, American Mathematical Society, 2023.

[11] T. Thanatipanonda and E. Wong, Curious bounds for floor function sums, J. Integer Seq. 21

(2018), Article 18.1.8.

[12] The On-Line Encyclopedia of Integer Sequences, https://oeis.org

[13] H. Tverberg, On some number-theoretic sums introduced by Jacobsthal, Acta Arith. 155

(2012), 349-351.



