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Abstract
We obtain explicit estimates for the incomplete exponential sum

B
Sp(£.B) = e,(f(x)),

where e, (u) = e?™u/P | (1) is a polynomial over Z/(p), and 1 < B < p, such as the
following. For any f of degree at least 2,

|Sp(f, B)| < min{% logp + 3.29 + %, 4 logp+ % +.35} @,

where ® = maxo<y<p—1| > oy ep(f(z) + ya:)‘ For any quadratic polynomial f

and B with \/p < B < p/2, we have |S,(f, B)| < \/%plog(16.6B2/p). For any

monic cubic polynomial, and B with 4p3 < B < Vp/12, we have |S,(f,B)| <
(Bp)ivlogp.

1. Introduction

Let p be a prime, Z, = {0,1,2,...,p— 1} denote the finite field Z/(p), and e,(-) :=
e2™/P For any polynomial f(x) over Z or Z,, and positive integer B with 1 < B <
p, let Sp(f, B) denote the incomplete exponential sum

Sp(f,B) = ey(f(x)),

x=1
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and put S,(f) := Sp(f,p) for the complete sum. Let d, = d,(f) denote the degree
of f viewed as a polynomial over Z,. Define

O(f,p) := max x) + yx) (1.1)

0<y<p—-1

A standard estimate for S,(f, B), dating back to the work of Davenport and
Heilbronn [5, 6], is the bound

15p(f, B)| < @ log p. (1.2)

Thus by the Weil bound [28], ® < (d), — 1),/p, we have |S,(f, B)| < d,/plogp for
d, > 2. The first objective of this paper is to make (1.2) explicit.

Theorem 1.1. For any prime p, polynomial f over Z or Z, with d,(f) > 2, and
integer B with 1 < B < p, we have

1S, (f, B)| < min{ % logp+3.29+ L, Llogp+ & + .35} . (1.3)

77\'2

The second expression in (1.3) is less than the first for p < 1.99 - 10°, and implies
the following clean bound, first established by Vinogradov [27] for p > 60.

Corollary 1.1. For any prime p > 5, polynomial f over Z or Z, with d,(f) > 2,
and integer B with 1 < B < p, we have

|Sp(f, B)| < @ logp. (1.4)

The estimate in Theorem 1.1 is trivial for B < %(dp —1)/plogp if we employ
the Weil bound for ®. The second objective of this paper is to obtain an explicit
nontrivial bound on S,(f, B) for B in this range using the method of Weyl. We
restrict our attention here to second and third degree polynomials.

1.1. Quadratic Polynomials

Korolev [14], improving on earlier works of Hardy and Littlewood [8], Fielder, Jurkat
and Koéner [7], and Oskolkov [21], established that for p { a, and 1 < B < p, one has
|Sp(az?, B)| < 3.5254 \/p + 1. For a general quadratic f(z) = az? + bz with p 1 a,
by completing the square and expressing S,(f(z), B) as a sum or difference of two
monomial quadratic sums, one deduces from the Korolev bound that

S, (az? + bx, B)| < 7.0508 \/p + 2, (1.5)

for 1 < B < p. The bound is nontrivial for B > 7.06 \/p, and yields the bound
|Sp(az? 4+ bz, B)| < B/2 for B > 14.11 \/p. Lehmer [16] studied in detail the case
where a = 1, obtaining for 1 < B < p,

|sp(x2,B)|§{*/ﬁ+O<1)’ ifp=3 (mod 4) (w0
10625461 5+ O(1), ifp=1 (mod 4).



Moreover, the constants on the /p in (1.6) are sharp. We prove the following.

Theorem 1.2. For any quadratic polynomial f(z) = ax® + bx + ¢ with p { a, and
positive integer B with \/p < B < p/2, we have

1S,(£. B)| < 1/ 2plog(16.632 /p). (1.7)

This improves on Theorem 1.1 for all p, and improves on (1.5) for all p, B with
B < 2.22-10' /p. The bound in (1.7) is nontrivial for B > 1.53,/p. We derive
from (1.7), for instance, that if B > 3.73,/p, then |S,(f, B)| < B/2. Such a bound
is not possible for B slightly smaller than ,/p; see Example 6.1. For B > p/2, see
Corollary 6.1.

1.2. Cubic Polynomials
We are not aware of any explicit Weyl type estimates for cubic polynomials, but
see [9] for related work. Here we establish the following. Put
_ 1.0661

P loglogp’
Theorem 1.3. For any cubic polynomial f(x) = az® + bx? + cx with p { a, and
positive integer B, we have
1.1Bip%+% log%p7 for 1 < B < \/p/2;
1.38(1 + %)i B%p%p logi p, for\/p/2< B <p.

5
The estimate is nontrivial for B > 1.14 p%+Tp log% p and improves on Theorem 1.1
for B <. pi—=.
For monic cubics we can eliminate the term p®/4 for small B.

Theorem 1.4. For any cubic polynomial f(x) = x3 +bx? + cx and positive integer
B with 4p% < B < +/p/12, we have

1S,(f, B)| < (Bp)* log? (B®/p) log* (Bp).

In particular, |S,(f, B)| < (Bp)i log%p for B < /p/12. The theorem yields a
nontrivial bound for |S,(f, B)| for p > 5-10%, B > p? (log% p) loglog p, and improves
on Theorem 1.1 whenever it applies. The theorem also yields bounds of the following
type for sufficiently large p: For B > 2p3 (log% p) log log p, we have |S,(f, B)| < B/2.

2. Proof of Theorem 1.1, Part 1

To obtain the second bound in (1.3) we use the method of completing a sum, a
method dates back at least to the 1918 work of Polya [23], Vinogradov [26], Landau



[15] and Schur [24], who used it for estimating the multiplicative character sum
Zle x(z), yielding the well known Polya-Vinogradov inequality. For the sum at
hand, the first appearance we know of is the 1936 work of Davenport and Heilbronn
[5, 6], who treated the case of monomials, followed by Hua [10] who treated general
f(z). Let T,,(B) denote the trigonometric sum

154
T,(B) ==Y

ot

sin(rBy/p) ‘
sin(my/p) |

Lemma 2.1. For any prime p, polynomial f(x) over Z or Z,, and positive integer
B with 1 < B < p, we have

P
Zep ) +0T,(B max ‘Zep x) + yx) (2.1)
r=1

for some 0 with 0] < 1,

Proof. Let I ={1,2,...,B} C Z,, and 1; be the characteristic function of I with

Fourier expansion
1

Li(z) = > a(y)ep(yz),
y=0

where a(0) = B/p, and for 1 <y <p—1,

Z@p ) 7€p(—B -1 y) sin(ﬂBy/p).

2 sin(my/p)
Then
B p—1 —1p—1
doe(f@) = Li@e,(f ZZ y)ep(ya)ep (f (@)
r=1 x=0 r= Oy 0
p—1 p—1
=a(0) ) ey( +Z ) ep(f(x) + yx),
=0 =0
and so
B B p—1
> 752 <<I>'Z|a )| = @'T,(B),
=1 =0
where @ 1= maxi<y,<p_1 ‘ Zw —oep(f(x) + ya:)‘ O

It is elementary to show T,(B) < logp; see, e.g., [11, Theorem 7.3]. Improve-
ments were made by Vinogradov [27], Lidl and Neiderreiter [17], Cochrane [3],



Kongting [13], Peral [22], and Cochrane and Peral [4]. Presently, the best bound is
that of Bourgain, Cochrane, Paulhus and Pinner [2, Lemma 11.1], a slight improve-
ment on [3, Theorem 1]: For any prime p > 5 and 1 < B < p,

T,(B) < 25 logp + .35. (2.2)

The constant 4/72 on the logp term is best possible.
Let ® = ®(f,p) be as defined in (1.1).

Lemma 2.2. For any prime p, and polynomial f over Z, we have

o(f,p) > /D

Proof. This is immediate from the identity

St @) )| = 303 i) — F0) Y eyl —v) = p*
y=0 z=0 u=0v=0 y=0

Proof of Theorem 1.1, Part I. From (2.2) and (2.1) we get for p > 5,
1Sp(f: B)| < Z@ +|T,(B)|@ < Z® + (5 logp + .35)@,

yielding the second bound in (1.3). For p = 2,3, we note that using |S,(f, B)| < B
and the bound ® > ,/p from Lemma 2.2, it suffices to show that

B < (s logp+ 2 +.35)/p,

that is,
B(1- 75) < (Fzlogp +.35) /p.

Computation confirms this for p = 2,3, and B < p. O

To prove the first bound in (1.3), we need a number of lemmas on trigonometric
sums.

3. Lemmas on Trigonometric Sums

Lemma 3.1. (/3, Lemma 2.2]). For 0 < x < 1, we have

1 1/1 2z
—— < — (= + :
sintx w7 \x 1—22




Lemma 3.2. Ifp is a prime, 1 < B < p/2, and p{ a, we have

1 1\  pB(B+1)
— log B — ——
}; |sin(7rah/p)| ( 085+ QB) 7(p? — B?)

Proof. We first show that the maximum value of the sum occurs when a = 1. Since
B < p/2, we have 0 < sin(r/p) < sin(27/p) < --- < sin(Bw/p). If there is a value
of a where the sum exceeds Zle W’ then there must exist an integer b and
distinct values h, h’ with 1 < h, k' < B, such that ah = b mod p and ah’ = +b
mod p. Then either ah = ah’ mod p, or ah = —ah’ mod p. In the first case we have
h = k', a contradiction. In the second case, pla(h+h'). Since 2 < h+h' < 2B < p,
we again have a contradiction. Thus, the maximum value is attained when a = :I:l.

By Lemma 3.1 and the Euler-Maclaurin estimate El<n<x — <logx+~+

2z’

> i le( h2>

Lemma 3.3. If p is a prime and /p/7 < B < p/2, then for any a with p{ a, we
have

B
) 9 B(B+1
Zlmln{B, m} (log(wB /p)+1+% )Jr%

Proof. As in the preceding proof, we may assume that ¢« = 1. By Lemma 3.1, the
estimate Zu<h§1}% < log(v/u) + % for real u,v with v > u > 1, and noting that
p/(mB) < B by assumption, we have

imin{B,M}g S B+ Y i(}lerpz?_hm)

1<h<p/(wB) p/(mB)<h<B

B
D, p 1 2p
4= 4+ —= __N"p
+7r Z h+ﬂ'(p2—82)};1

p/(rB)<h<B

IN
3

IA
SRS

P (log(ﬂ'BQ/p) 7rB> pB(B+1)

p n(p? — B?)’



Lemma 3.4. (/3, Lemma 2.1]). For any positive integer K and real number &,
K .
Z% < %(log(K-i- 1) —i—’y—l—logZ) + ﬁ
=1
In particular, since log(K + 1) < log K + %,
K .
Z%<%logl€+%(7+log2)+%. (3.1)

y=1

Lemma 3.5. For any positive integers q, K, B, with K < q, we have

| sin(wBk/q)| % 5
L2l < Zqlog K + 24(y +1log2) + £ 5% + 3%
k=1

Proof. By Lemma 3.1, and then (3.1),

K
q Z |S1n(7ka/Q)| 4+ 4 Z M
s
1 k=1

k=
<L (2logK + 2(y+1og2) + %) + L%

| sin(wBk/q)|

[sin(wk/q)|
k=1

A

4. Proof of Theorem 1.1, Part II

We make use of the Beurling—Selberg majorizing and minorizing functions. The
following comes from the work of Vaaler [25, Theorem 19], but is stated here in the
form appearing in [19].

Lemma 4.1. For any interval J = [a,b] in T with length b —a < 1, and for any
positive integer K, there are trigonometric polynomials

K

Si(l‘): Z ai(k)eQTrikx7

k=—K
such that a1 (0) =b—a =+ %ﬂ and
S_(x) <15(z)<Si(x), forallzeT.
Let [ = {1,2,...,B} C Z,. We apply Lemma 4.1 with J = [+, % + %], so that,

1;(3) =11(n) for n € Z, and a4 (0 )_Biﬁ Set ’
K
Ty(z) :=5+(3) = Z oy (k)ey(kx). (4.1)

k=—K



If K < £, then we can view T as functions on Z, with Fourier expansions as given
n (4.1). Let 17(z) = ZZ;(I) a(k)e,(kz) be the Fourier expansion for 1;(z). Then
for |k| < K,

15 15
==Y Te(@)ep(=kz),  alk)==> li(x)e,(-
p:E:O pm:O
Also, by design, for any x € Z,,
T (x) <1p(x) < Ty(x).

Thus for |k| < K, we have

ja(k) = a- (k) < 23" i) = T-(@) = £ 3 (Lia) = T- (@)
=0 =0
— I3 U@ LY T (@) =a0) —a(0) = gy (42)
=0 =0

and the same for |a(k) — oy (k).
Set T =Ty, a = ax with a fixed £+ choice. We have

B p—1 p—1 p—1
Yoelf(@) =Y Li@ep(f@) =Y T(@)ey(f(2) + Y _(Li(w) = T(x))ey(f(2))
=1 =0 =0 =0
=31 + X,

say. Now, as seen in (4.2), [¥2| < £5 and for k| < K, we have |a(k)| < [a(k)| +
ﬁ. Using the Fourier expansion for T, we have

K

Y= Z Zep ) + kx),

k=—K
and so with ® denoting a uniform upper bound on the exponential sum over x,
D<@ Z el < @(la@+ Y (lak)l + 7).
1<[k|<K

Now «(0) = % =+ T and by Lemma 3.5,

Z |sin(7kB/p)|

| sin(mk/p)|

4 4 2 K 10
< —<logK + — log 2 —_—— t ——.
=2 % +7T2<7+0g )+7rp—K+7r2K



Thus, for T =T_,

Z1 < @(2 - i) + 0 log K + (v +log2) + 255 + A% + 25

:@(%IOgK"_Cl K+1+7er+7r2K)

where Cy =2+ (v +log2) + £ < 2.51486 + £, and

[Sa] 4 [%2] < ghy + @ (5 log K +Cr + 25557

- i)
K+i)-
Let K := L”; v/P]. Noting that the coefficient on ® is increasing with K, we have

\E1|+|22|§,T2f+<1>(4 log4\[+01+4\/i) Tr2+7r4f 7r21\2/17>

< APlogp+ yp+ @ (los T+ O+ g2 — 42).
Using /p < ® we get
2 805
[31] + 22| < ¢logp+<1>((}2+4ﬁ - _W)’

with
Cy :WZ + = log +Cl<328619+
Thus for p > 43000 we have

1Sp(f B)| < [S1] + [Za| < Z®logp + ®(3.29 + D).
For p < 43000, the same holds by the second bound in (1.3), already established.

5. Proof of Corollary 1.1

In this section we establish Corollary 1.1.

Proof of Corollary 1.1. For p > 11, the corollary follows immediately from Theorem
1.1, that is, %logp 4+ 1.35 < logp. For p =7, we use Lemma 2.2 to get ®logp >
VTlog7 > 5.148, and so (1.4) is immediate for B < 5, that is, |S,(f, B)| < B <
5.148 < ®logp. For B = 7, the sum is a complete sum, and so the result again is
immediate. For B = 6, we have

1Sp(f,6)] < |Sp(f)|+1 <P +1 < PlogT.

For p = 5 the same argument holds, that is, for B < 3 or B = 5, the result is
immediate, while for B = 4, we can use |S,(f,4)] < ® +1 to get the result. O

Remark 5.1. For p = 3, inequality (1.4) is immediate for B = 1 or 3, while for
B =2, if f is not constant mod 3 on [1,2], we have |S,(f, B)| = |1 4 *™/3| = 1,
yielding the inequality. For p = 2, (1.4) is immediate for B = 1, while for B = 2, if
f is not constant mod 2, then S,(f, B) = S,(f) = 0.
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6. Proof of Theorem 1.2

Let v denote Euler’s constant, v := .577215664... , and

_ 2pB(B+1)

R: 77‘(‘(])2—B2).

Proposition 6.1. For any quadratic polynomial f(x) = ax® + bz + ¢ with p { a,
and positive integer B with \/p < B < p/2, we have

2
|S,(f, B)|> < min {f log(B?/p) +1.366p + 3B + R,

2
Lo B+ .368p+ B+ -2 +R}. (6.1)
T B

Proof. Let f(x) = ax® + bx + ¢ with p{ a, and B be an integer with 1 < B < p/2.
Following the method of Weyl, letting y = x + h, we have

B B
1Sp(f.BIF =D en(fly) = fl@)=B+2R Y elf(y) — f(2))

rz=1y=1 1<z<y<B
B—-1B-h B—1|B-h
:B+2RZ Z ep(2haz + ah® +bh) < B+ 2 ep(2haz)|,
h=1 z=1 h=1 | z=1
(6.2)
and so
B-1 1
S,(f,B))*<B+2 insB—-h, ———— 5. 6.3
S BIE = B ; mm{ " [sin(2ha/p)| } (0

We deduce from Lemma 3.3 that for \/p < B < p/2, we have
2 2p 2 B
2 2
= ?p log(BQ/p) + ?p log(re)+ 3B+ R
2
< P1og(B2/p) + 1.366p + 3B + R.
7r
Similarly, by Lemma 3.2,
2 1
‘Sp(va)‘Z < B—i-?p(logB_i_/y_’_ 7) +R

2B

2 2
= PlogB+ Lp+B+-L+R
T s B

2
< PlogB+ 368p+B+-L 1R
T B
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We can now establish Theorem 1.2.

Proof of Theorem 1.2. If B < 1.52,/p, we have trivially

1,07, B < B < 1og(16.68%/p),
since letting u := %2, we have u < %log(16.6u) for u < (1.52)2. Thus, we may
assume that B > 1.52,/p. Using this restriction on B and computer computation,
we can readily verify the theorem for p < 2000 using (6.3). Suppose now that
p > 2000. If B < .136p so that R < .0121p, we use the first bound in (6.1) to get
the result provided that

22 Jog(B? /p) + 1.366p + 3B + .0121p < 2210g(16.6B?/p),

that is,
1.3781p + 3B < 2210g(16.6).

Since B < .136p, the latter holds.
Suppose now that B = Ap with .136 < A < .5. The second bound in (6.1) gives
the result provided that

22 Jog B+ .368p + B + L= + R < 2210g(16.6B%/p),

that is,
368+ A+ b + 232 < 210g(16.6)),
which is the case for p > 2000 and A > .136. O

For intervals of length 1 < B < p, we have the following uniform bound.

Corollary 6.1. For any quadratic polynomial f(x) = ax® + bx + ¢ with p{ a, and
positive integer B with 1 < B < p, we have

1Sp(f, B)| < /b + \/m.

This improves on (1.5) for p < 4.31 - 104

p—1

Proof. Inserting B = 55

into the second expression in (6.1), we get for p > 31,

1S,(f, 25017 < 22log B + .368p + & + 2 + L L

7_11 < %plogp + .5p.

The same can be verified by computer computation for p < 31. Now, it is easy to
see that the second expression in (6.1) is increasing with B, and so |S,(f, B)| <

,/%plog;ﬂ—ﬁp7 for any B < 172;1. If B > p/2, we can write S,(f(z),B) =

Sp(f) = Sp(f(—=x),p— B) = x2(a)Gp — Sp(f(—x),p — B) with G, = /p or \/pi, and
apply the bound from the preceding sentence to the latter sum. O
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Example 6.1. A nontrivial bound of the sort |S,(f, B)| < B/2 is not possible in
general for B slightly smaller than ,/p, as the following example illustrates. For
B < p and B, p sufficiently large, we claim that

‘Zep ’>B< 4;,3). (6.4)

Thus in order to have |S,(f, B)| < B/2, we need 4;24 > 3§, that is B > 57./p. To
establish (6.4), note that cos(2z) > 1 — 222, and so the real part of the sum is

B

Zcos 27rz /p)> B — Z 4_ 27r2 B(B+1)(2B+313(3BQ+3371)

=1

237%%(1+0(§)).

Remark 6.1. One can also make use of van der Corput’s Lemma, see, e.g., [18, pg.
18], to prove a result similar to Proposition 6.1. In this case, the analog of the sum
over h in (6.3) can be restricted to an interval 1 < h < H with H < B, yielding a

bound for |S,(f, B)|*> with dominant term %T—pgff log(BH/p). Unfortunately, the

slight increase in the factor in front of the logarithm (in comparison to 27”) prevents

any numeric improvement in our results.

7. Lemmas for the Divisor Function

To prove Theorems 1.3 and 1.4, we need the following results about the divisor
function 7(n).

7.1. Upper Bound for 7(n)

Nicolas and Robin [20] established the uniform upper bound

1.066018...
T(n) S n Tloglogn ,

for n > 2 with equality at n = 6983776800 = 2°-33.52.7-11-13-17-19.

7.2. Average Value of 7(n)

Next, for any positive real x, write

Z 7(n) = zlogz + (2v — )a + A(x).

1<n<z

Dirichlet established that A(xz) = O(y/z) and many improvements in the order
of magnitude of A(z) have been given since. It is widely believed that A(z) =
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Oe(x%“‘a) with the fraction 1/4 being best possible. Little work has been done
on obtaining explicit upper bounds for A(z). The standard textbook proof of
A(x) = O(y/x), gives with a little extra care, |A(z)| < /x for z > 1. This was
improved to

|A(z)] < .961y/x, (7.1)
for > 1 by Berkane, Bordelles and Ramaré [1]. They also established the explicit
estimate [1, Theorem 1.2],

A(z) < 76423 logz,  for x > 9995. (7.2)

7.3. Average Value of 7(n)/n
(n)

n

Finally, consider the sum ) >~ | =2, The Laurent expansion

OOT(”)_Q _
; S =CG) =t O+

with C = ~% — 2y; = .478809..., where v = .577215... is Euler’s constant and
1 = —.0728158... is the first Stieltjes constant, gives the asymptotic > _, T(:) ~

%log2 x4+ 2ylogx 4+ C as © — oo. This was made explicit in [1, Corollary 2.2]. In
the next lemma, we correct and refine their result.

Lemma 7.1. For real x > 2, we have

Zm:%10g2x+2710gx+0+0*<%)'

n
n<z

As noted earlier, the O* means the constant in the big-oh can be taken to be 1. In

[1], the constant C was stated as ¥2 — v; and the big-oh term was O*(if}j ).

Proof. Let x be a positive real number and ¢ a constant such that for ¢ > =z,
A(t) < ct'/3logt. We have

z@:zmm(ﬁf%)

n<z n<zx

Il ||
8=
\
\ \
\
m& ~
E
+
\]
©
+

= / & (tlogt + (2 — 1)t + A(t )) dt

n<x

:%ZT(n)—F%log?x—k(QW—1)logx+/ At(zt) dt—/ At(zt) dt.
1 x

n<z
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Now,

/A(t) -2y =2+ 1
1

see, e.g., [12, (33)]. Using |A(z)| < cz'/3logz, we get

1 Z T(n) = %(m logz + (27 — 1)z + O*(cx/3 log m))

=logz+2y -1+ O*(Cig%ﬂ).
Again, using |A(t)] < ct*/3logt for t > 2 and integrating by parts,
RNT: 1 1 > 1
[T af e [Tt o= ey [ = e e
xr xr

Putting together the above, we get

> — Liog?a + 29logw + 97 — 21 + O (BBE + %5 ).

n<z

By (7.2) we can take ¢ = .764 for > 9995, and thus the error term is bounded by
2.1logx/x?/3 for > 9995. Computer computation shows that the same holds for
2 <z <9995. O

8. Proof of Theorem 1.3

Let C(z) = ax® + baz? + cz. Following the method of Weyl as in (6.2), we have

B—1B—h
1Sp(£.B)F =B +2R Y > ep(fla+h) = f(x)
h=1 z=1
B—1|B—h
<B+2 ep(3ahz? + (3ah? + 2bh)x)| = B + 2C, (8.1)
h=1 | z=1
say, with
B—1|B—h
ep(3ahz? + (3ah? + 2bh)x)| . (8.2)
h=1 | z=1
i) Suppose that B < 4/p/2 and put § = §, = lééog?glp. We may assume that

B+2C > I.QIB%p%‘*‘g log% p, else we are already done. Then
B B 1
20 = L 1.5 1 S s 1 1
1.21Bzp2t2log2p— B  1.43p2pilogZp—1

= Ap,
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and
1S,(f, B)[> < B +20 < 2),C +2C = 2(1 + \,)C.
Now, by Cauchy’s inequality,

B-1 2

c? < ny

h=1

B—h
Z ep(3aha? + (3ah? + 2bh)x)

r=1

Applying (6.3) to the quadratic sum over z gives

B-1 B—h

1
2 .
h=1 j=1

B—-1B-1 1

< — - -

<(B-1) +2hz:1 ;mln{ L |sin(6ajh7r/p)|}

1

_ 1 2

1<n<p
where
N(n)=#{(h,j) €Z* :hj=n (modp), 1 <h,j<B-1} (8.4)

Note that for p/2 < n < p, we have N(n) = 0 since (B — 1)*> < p/2, while for
n < p/2, we have N(n) < 7(n) < pestoss = pd. Thus,
(p—1)/2

1
2<1B(B-12+2(B—-1)° inyB -1, e |-
C* < 3B(B-1)*+2(B—1)p 2 min { B 1, |Sin(6an7r/p)|}

Now, as in the proof of Lemma 3.2, the sum over n is maximized when 6a = 1 mod
p, where it is bounded by

(p—1)/2

1 p, 1 2n
in{B—1 7} < B pl
Z mm{ " Isin(nw/p)|) — Z + Z W(n * p? —nQ)
n=1 n<p/(nwB) p/(mB)<n<p/2
2
T T IE ) <<y 2
2
_p pp —1
logB + = (1 +log(m/2)) + B + 3 2
< 3 log B + .5682p + B. (8.5)
T
Thus for B < /p/2,

C? < 1B(B 1) +2(B - 1) (glogB—l— .5682p+B)
ipB + 2Bp’ (£ logp + .4579p + B),

IN
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and

1S,(f, B)|* <41+ Ap)? (2pB +2Bp® (£ logp + 4579p + B))
< (1.1)" Bp'*logp,

for p > 10°. For p < 10° and B < +/p/2, we trivially have |S,(f, B)|*
B* < (1.1)*Bp'*%logp. Thus in all cases, if B < +/p/2, then |S,(f,B)|
1.1 (Bp)ip‘s/4 log% p.

ii) Suppose that B > /p/2. If B > p*/, then by (1.4),

INIA

|Sp(f, B)] < ®logp < 2y/plogp < 1.38B%p5/2 log% p.
Assume now that B < p?/3. We have trivially
1S,(f, B)| < B <1.38 Bip% logT p,

for B < (1.38)*p?® logp. Since B < p3, it suffices to have p < 1.27 - 1020,
Suppose now that p > 1.27 - 102°. Using the notation in (8.1), we may assume
that B +2C > (1.38)2B2p° log% p, and so

1S,(f. B)]? < B+2C < 2(1+ \,)C,

with

1
)\; = T )
1.6pi™°log2p—1

For any n < p there are at most %2 +1 integers m with 1 <m < B2 and m =n
mod p, and thus with N(n) as defined in (8.4),

2 2
N(n) < (% + 1)mm§a]§(2 7(m) < (B7 + 1)p®.

Thus from the analog of (8.3), allowing n > p/2, we have

1
2<1BB-1)2+2(B-1 N(n)min ) B =1, t=—rsr
C* < 5B( )"+ 2( ) Z (n)mln{ ’ \Sin(Gamr/p)\}
1<n<p
2 . 1
<IBB -1 +2B-D)(Z +1)p* Y min{B-1, W}
1<n<p P
2 . 1
<IBB -1+ 4B-D)E 11 > min{B-1, W}
1<n<p/2 P

By (8.5), it follows that

C? < 1B® +4B(E> + 1)p* (Zlog B + 5682p + B),
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and so for p > 1.27 - 10%°, noting that )\; < 10719 and B < p*/?, we have

1S, (f, B)[* < 4(1+ \,)? (%BS +4B(E +1)p¥ (Zlog B + .5682p + B))

12 2533 > 3m(.5682) 3m -
< 4.0001 (ﬁ 3p~°B”logp (1 + Bz)(l T Ziogp T 203 logp + T 1ogp(1+1/p1/3))>
< (1.38)*B? (14 &) p* log p,

as one can confirm by computation.

9. Proof of Theorem 1.4

Let f(r) = 2% + bx? + cx and suppose that 4p3 < B < v/p/12. In particular,
p > T7-10°. Our goal is to show
1.1 1
[S,(f, B)| < (Bp)* log* (B* /p) log* (Bp).

We have |S,(f, B)]* < B + 2C with C as given in (8.2), and so we are done if
B+2C < (Bp)%. Suppose now that 2C' > (Bp)% — B, implying

B 1

=T m—

2C 7 (p/B)7 1
From B < +/p/12, we have p/B > /12p, and thus

B 1

%Sﬁp::(

———— < .0106.
12p)i — 1

Then B +2C < 2(1+ 3,)C and
[Sp(f, B)I* < (B +20)* < 4(1+ f,)*C2,

where by (8.3),

1
*<iB(B-1)?+2B-1 N n{B—1, —————— .
¢7 = 3B( )"+ 2 ) Z (n) mm{ ’ |sin(6n7r/p)|}
1<n<p
Noting that N(n) =0 for n > (B —1)? and N(n) < 7(n) for n < (B —1)2, the sum
over n is at most

1<n< & <n<B2? | Sln(6n7r/p)|
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say. By (7.1),

S <(B-1

~—

(Blg63+2'y GB+\/ )

< EBlog 5 + £2(2v — 1) + /pB/6,

and by Lemmas 3.1, 7.1, (7.2) and the fact that 67” < % < 1, we have

e B PG s 2 (6 )

a5 <n<B? g5 <n<B?
P T(n) 4
D Rt = D ()
a5 <n<B? a5 <n<B?
1 2 2 1 2 683 4.2log(p/6B)
§£<§10g3 —§log %—‘FQ’YIOgT“FW)

+ 5t (B2log B2 — & log s + (27— 1)(B - &) +2B).
The dominant term in > + Yo is
%(log2 B? —log? i) = - 1og log

By computer computation, we find that for 4p% < B < +/p/12, we have

Y1+
plog(6B83/p)log(Bp/6)

Thus, for B in this range,

< .0437.

1Sp(f, B)|* < 4(1+ B,)*C? < 4(1.0106)*C?
< 4.086<%B(B —1)2 4 2(B — 1)(.0437)plog(63° /p) 10g(Bp/6)>
< 4.086<in + (.0874) Bplog(6B° /p) 1og(Bp/6))
< .358 Bplog(6B3/p) log(Bp/6),

yielding the desired bound.
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