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Abstract
Let 1 < ¢ < d be two relatively prime integers. For a non-negative integer ¢, let
ge(c, d) be the largest integer n such that n = cx + dy has at most ¢ non-negative
solutions (z,y). In this paper we prove that

W(gg(c, d))

Y (as ¢ — 0),

Te,c,d ™
where 7y 4 is the number of primes n having more than ¢ distinct non-negative
solutions to n = cx + dy with n < gy(¢,d), and 7(z) denotes the number of all
primes less than or equal to x for any real number z. The case where £ = 0 has
been proved by Ding, Zhai, and Zhao recently, which was conjectured formerly by
Ramirez Alfonsin and Skalba.

1. Introduction

Let ¢1,...,cx (kK > 2) be a set of distinct integers with ¢; > 1 (i = 1,...,k). For
a given non-negative integer ¢, let Sy(cy,...,c,) (written as Sy for shorthand) be
the set of all the elements n whose number of solutions to c¢1x1 + -+ + cxzp = n
with z; > 0 is more than ¢. The set .Sy is called the ¢-numerical semigroup if and
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only if ged(eq,...,c;) = 1 Then for the set of non-negative integers Ny, the set
Np\S¢ is of all the elements of n whose number of solutions to ¢ciz1+ -+ -+ cxap = n
(x1,...,2 € Np) is less than or equal to £. In [4, 5, 6], properties of the f-numerical
semigroups and explicit forms of crucial numbers are discussed®.

The set N\ Sy is finite if and only if ged(cy, ..., cr) = 1. Then, there exists the
largest element gy(cq,. .., cr), which is called the ¢-Frobenius number. When ¢ = 0,
then g(ci1,...,¢k) = go(ey, ..., cx) is the original Frobenius number, which is the
central topic on the classically well-known linear Diophantine problem of Frobenius;
see, e.g., the excellent monograph [7] of Ramirez Alfonsin. In general, to find an
explicit closed form of gs(cy, ..., cx) is very difficult for & > 3, but when & = 2, the
{-Frobenius number can be given explicitly: for any non-negative integer ¢,

ge(e,d) = (l+1)ed —c—d (1)

(see [4, 5, 6] for more general formulas and related concepts).

For integers ¢,d with 1 < ¢ < d and ged(e,d) = 1, let w4 be the number of
primes with n € Se(c,d) and n < ge(c,d). Also, let m(x) denote the number of all
primes less than or equal to = for any real number =x.

Ramirez Alfonsin and Skalba [8] proved that for any € > 0, there is a constant
ke > 0 such that
g0 (Ca d)

T0,c, Zk N WP
ST log goles d)) T

and conjectured the following:

7(go(c,d))

5 (as ¢ — 00). (2)

T0,c,d ™~
Ding [1] made some progress on Conjecture (2). More precisely, for all but at most
O(N(log N)'/*(loglog N)'/?+¢)

pairs ¢ and d, one has

(log log(cd))E

m(go(c, d)) +o< 7(go(c, d)) ) |

Since

(as ¢ — 0),

ﬂ(go(c, d)) L0 W(go(C, d)) N W(go(c, d))
2 (log log(cd))® 2
3In [4, 5, 6] and other references, the terminology of p-numerical semigroup is frequently used.

However, in this paper, we mainly deal with prime numbers, so we do not use p or g, but instead
use /.
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and the total number of the pairs (¢, d) such that 1 < ¢ < d, ged(e,d) = 1 and
cd < N is evaluated as > N log N, Ding’s result provided an "almost all" version
of (2).

Though it seemed to be out of reach [8], recently Ding, Zhai, and Zhao [2]
completely proved (2). In a very recent article [3], Huang and Zhu extended their
result to the distributions of prime powers within the interval [O, go(c, d)] More
precisely, they established the asymptotic formula of

#{p" < golc.d) 0" = cx+ by, 2,y € Zoo, pE P,

where k£ > 1 is a given integer and P is the set of primes.
The main purpose of this paper is to show a more general result of (2) as follows.

Theorem 1. Let ¢ be a non-negative integer. For integers ¢ and d with 1 < ¢ < d
and ged(c,d) = 1, we have

T (94 (Ca d))

22 (as ¢ — 00).

T,c,d ™

Remark 1. When ¢ = 0, this is reduced to the main result in [2, Theorem 1.1].
The result itself is still never obvious because the speed of convergence is very slow.

2. Preliminaries

From now on, ¢ and d will always denote two positive integers satisfying 1 < ¢ < d
and ged(e,d) = 1. The following result is straightforward.

Lemma 1. Suppose that cx + dy = cx’ + dy’ with x,y,x’',y’ € Ng. Then
dy—y) and dl(z—2).
Lemma 2. Suppose that the number of solutions to
n=cr+dy (z,y€ Np)
s exactly £. Then we have
n=({—1)cd + cxo + dyo
for some 0 <zg<d—1and0<yy<c—1.
Proof. Suppose that ¢ solutions are given as

n=cr;+dy1 =cxro+dys =---=cxy+dye.
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Without loss of generality, assume that
T < Xo < -+ < Xy
So, y1 > y2 > -+ > yp. Now, by using Lemma 1 we obtain
xe=x1+d, x3=x1+4+2d, ..., =21+ —-1)d
of 0<z; <d-—1and 0 <ys <c—1. Thus,
n= c(xl + (¢ - 1)d) +dye = (¢ — 1)ed + cxy + dys.
This completes the proof of Lemma 2. O

Recall that P denotes the set of primes.

Lemma 3. Let my . q be defined as in the introduction. Then we have

T,c,d = Z 1.

Led<n<ge(c,d)
n=~Lcd+cxo+dyoEP
0<z0<d;0<yo<c

Proof. Tf n has more than ¢ 4 1 solutions with the form cz + dy (z,y € Ny), then
by Lemma 2, we have

n= L+ k)ed + cxo + dyo (0<zp<d—-1;0<yp<c—1),
for some k € Z*. For such an n, we will have
n> L+ 1)cd > ge(c, d).

Thus, if n < g¢(c,d) with more than ¢ solutions, then n has exactly ¢ + 1 solutions
(expressions). Applying again Lemma 2, we obtain that

n = fed + cxg + dyo 0<20<d—1;0<yo<c—1),

provided that n < g(c,d).
Furthermore, if n = fed + cxo + dyo < ge(c, d) with

0<z9<d and 0<yy<egc,

then we clearly have xg < d —1 and yo < c— 1.
Now, the lemma follows from the trivial fact that fed & P. O
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3. A Weighted Version

As usual, the von Mangoldt function A(n) is defined as

Aln) = logp ifn :1.)‘3“ (o> 0);
0 otherwise.
Proposition 1. Let ¢ be a non-negative integer. For integers ¢ and d with1 < ¢ < d
and ged(c,d) = 1, we have

QO(C, d)

wl,c,d ~ 9

(as ¢ — 0),

where

Ve ed = Z A(n).
Led<n<ge(c,d)
n=~fcd+cxo+dyo
0<z9<d;0<yo<c
Proof. Our proof follows from the argument of [2, Theorem 1.1] with some adjust-
ments. For convenience, we will let ¢ = go(c, d). Throughout the proof, the integer
c is supposed to be sufficiently large.

By the definitions of 1y ¢ 4, we have

VYo,cd = E A(n) = E A(led +n) + Oy(log g),
Led<n<ge(c,d) n<g
n=~Lcd+cxo+dyo n=cxo+dyo
0<29<d; 0<yp<c 0<z0<d;0<yo<c

where the big-O, with subscript ¢ means that the implied constant depends at most
on {. For any real a, let

fla) = Z A(led + n)e(an),

0<n<g

h(a) = Z e(afcx + dy)),

0<z<d

0<y<c
where e(t) denotes e2™ for any number ¢, as usual. Then by the orthogonal relation,
we have

W,C,d:/o fla)h(—a)da. (3)

We are in a position to introduce the Hardy-Littlewood method to evaluate the
above integral.

Let Q < ¢'/3 denote a parameter depending only on ¢ and d, which will be
determined later. Define the major arcs to be
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m = U U {a:

1<g<Q 1<a<gq
ged(a,q)=1

a_a‘gQ}.
q q9

By our assumption, we have Q < ¢'/6, from which it follows trivially that the above
subsets are pairwise disjoint (see, e.g., [2, Section 2]). In addition, we note that

M(Q) C {I—Q,1+Q] - {Q+171+ Q+1} .
Q ag a9 g g
The minor arcs are then defined to be (see [2, Equation (2.1)])
w@ = [ L 14 L )
g )
From Equation (3), it is clear that
1+
Yu,cd = /ﬁ fla)h(—a)da
= / f(@)h(—a)da Jr/ fla)h(—a)da. (4)
M(Q) m(Q)

3.1. Estimates of the Minor Arcs

Note that

F@l = 3 Alted + n)e(an)

0<n<g

= Z A(m)e(am)e(—aled)| (m = bed +n)
Led<m<[lcd+g

< Z A(m)e(am)]|.

Led<m<[lecd+g

By a remarkable theorem of Vinogradov (see, e.g., [9, Theorem 3.1]) as well as the
Dirichlet approximation theorem (see, e.g., [9, Lemma 2.1]), we can obtain that

g(log g)*

sup s + 9"/ (logg)",

aem(Q)

A(m)e(am)| <

m

where the implied constant depends on ¢ (see [2, Lemma 3.1]), which means that

sup [7(0)] <, 20089)°

T2+ g7 (logg)t.
acm(Q) Q1/2
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By using the following estimate given in [2, Lemma 3.2]

/ |h(—a)|da < (logg)?,

we have

/ F@)h(=a) < sup |f(@)] / Ih(~a)|do
m(Q) m(Q)

aem(Q)
g(lo
<<e( (ng/g) 9"/ (log g) )/ |h(—a)|da
g(lo
< B0B0E 1 45 (10g g )

3.2. Calculations of the Major Arc

We now calculate the integral on the major arcs:

/W(Q)f(wh(a) S O% / (a)h(—a)da

1<q<Q 1<a<gq q qg

ged(a,q)=1
> = [, < Pe(o-g)w
1<q<Q gcgfaa;q L q
:/ f(o 0)do + R, (6)
where
=3 3 / (9+ ) <e—>d9
1<02Q terse !

We shall see later that the set R still contributes to the ‘error term’.
For any real 8, we have

f(0) = Z A(n + led)e(6n)

0<n<g

= Z A(m)e(0(m — led))  (m = n+ Led)

Led<m<g+Lcd
= e(~0ted) f(9)

where

f(0) A(m)e(m).

Led<m<g+Led
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Let p(m) = A(m) — 1. Then
O - S e@m)= S plme(6m) + Oy (logg) .
Led<m<g+Led Led<m<g+~Led
By partial summation, we have

ST pme(om) = e((ted+9)9) S p(m)

Led<m<g+Lcd m<Llcd+g

led+g
—e(ledf) > p(m) — 2mif (Zp(m)>e(m)dt. (7)

m<ted Led m<t

By using the Prime Number Theorem, there exists some absolute constant x; > 0
such that
Z p(m) = h(t) —t < te~F1Viest,

m<t

Inserting this into Equation (7), it follows that

led+g
Z p(m)e(fm) < ge~" V189 1 |g)| te—r1VIost gy
led<m<g+Led led
Led+g
< ge VORI gl VRS [y g
Led

<o g(1+ [0lg)era V8D

Thus, -

FO = Y e(bm)+O0u(g(1 + |0]g)e VBT |
ted<m<g+tled
Hence,

FO) =e(=0led) > e(Bm)+ Oy(g(1 + [0]g)e " VIe9)
Led<m<g+Led

= Z e(fn) + Og(g(1 + [0]g)e™ "V logg) .
0<n<g

By the estimates of [2, Lemma 4.4], we have

/9|<Q f(a)h(_e)dg = % + Ol <g(10gg)2 + gQ26_N1@> . (8)

For Q < ¢!/, by [2, Lemma 4.5 we also have

R=> Y /leSQf(Z+9>h<—Z—6>d9<<ng3. 9)

2<q< 1<a<gq
Sa=Q ged(a,q)=1
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Bringing together (6), (8) and (9), we conclude that for Q < c'/3

| s = 4+o (9<1ogg>2 | gQPer VI 4 d@3> . o)
M(Q) 2 Q

3.3. The Asymptotic Formula
It can be concluded from (4), (5), and (10) that for Q < ¢'/3,

IS log ¢)8
Vi,ed = % +0, <g(logg)2 +gQ%e VI8 1 dQ* + g(ng/i) + 94/5(10gg)6) :

We now choose @ = (log g)'*. Then we can obtain

Vi ed = % + Oy (1 J > ) (11)
ogg

provided that ¢ > (log g)*3.
For ¢ < (log g)*3

Yrea= Y. A= > Alled+m)

, we have

Led<n<ge(c,d) 0<m<g
n=~Lcd+cxo+dyo m=cz+dy
0<z(<d; 0<yo<c z,y€No

- ¥ 3 A(m + Led) + Oy(log g)

1<y<c m4Lled=dy (mod c)
ged(y,c)=1 dy<m+£Lcd<g

> > A(n)+O(logy)

1<y<e n=dy (mod c)
ged(y,c)=1 dy+Lcd<n<g+Lcd

> (g +ted; e, dy) — (dy + Led; e, dy)) + Oc(log g).

1<y<ec
ged(y,c)=1

Since ¢ < (log g)** < (logd)*3, by the Siegel-Walfisz theorem we have

—d
¥(g + Led; e, dy) — p(dy + Led; e, dy) = g(p(c)y + Oy (96_”2 V logg) ;

where ko > 0 is an absolute constant. Thus, for ¢ < (log ¢)** we have
—d e
Vrea= Y - o, (9(10g g)Pe™r logg)

1<y<e (p(C)
ged(y,c)=1

1 Toso
=9- §cd + Oy (g(log g)*e "2 logg)

= 9/2+ O (g/c + gllog g)*e==V1"57 ). (12)
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Therefore, from (11) and (12) we know that
Yeed~g/2 (asc— o00).

This completes the proof of proposition 1. O

4. Proof of Theorem 1

Proof of Theorem 1. From now on, the symbol p will always denote a prime. For
led < p < ge(e,d), let

ﬂé,a,b(t) = Z 1ng7

Led<p<t
p=Lcd+cxo+dyo
0<z0<d;0<yo<c

and Vg4 = ’19@7%1,(‘9@((}, d)) From Lemma 3, we obtain that

Dea geled) g, ot
Toap= Y. 1=t +/ ZEIOp (13)
J4

B 2
Led<p<ge(c,d) log ge(c, d) cd tlog”t

p=~Lcd~+cxo+dyo
0<z9<d;0<yo<c

via partial summations. By the Chebyshev estimate, we have

Ueap(t) <Y logp <t

p<t
from which it follows that
ge(e,d) 9 t ge(ed)  q
/ L}’Q()dt < / —dt <, I (14)
ted tlog”t ted log“t (log g)
Again, using the Chebyshev estimate, we have
Ve.a0 = Ve, + 0e(v9). (15)
Thus, by Proposition 1 and Equations (13), (14), (15), we conclude that
Ve ab N/ g 1 g
ap = —22— + 0 ~ 16
T = Tog gu(e,d) T \logg | (logg)? ) " 2loggulc.d) 16)
as ¢ — 0o. Recall that
d £+1
rgele d)) ~ 24&D | EHDg o, (17)

lOg ge (Ca d) log ge (Ca d)
Now, Theorem 1 follows immediately from (16) and (17). O
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5. Final Comment

We further expect that for a fixed ¢ > 3

c—2

sl T a1 (e d) (s d—00).

T,c,d ™

Hence, when ¢ — oo, our main result is reduced. Further results will follow later.

Acknowledgments The first named author is supported by National Natural Sci-
ence Foundation of China (Grant No. 12201544) and China Postdoctoral Science
Foundation (Grant No. 2022M710121). The second named author is supported
by JSPS KAKENHI Grant Number 24K22835. Both authors thank the referee for

constructive comments.

References

(1]

2]

(3l

(4]

(5]

(6]

(7]

(8]

9l

Y. Ding, On a conjecture of Ramirez Alfonsin and Skalba, J. Number Theory 245 (2023),
292-302.

Y. Ding, W. Zhai, and L. Zhao, On a conjecture of Ramirez Alfonsin and Skatba II, J. Théor.
Nombres Bordeauz, to appear.

E. Huang and T. Zhu, The distribution of powers of primes related to the Frobenius problem,
Lith. Math. J. 65 (2025), 67-82.

T. Komatsu, Sylvester power and weighted sums on the Frobenius set in arithmetic progres-
sion, Discrete Appl. Math. 315 (2022), 110-126.

T. Komatsu, On the determination of p-Frobenius and related numbers using the p-Apéry set,
Rev. R. Acad. Cienc. Ezactas Fis. Nat. Ser. A Mat. PACSAM 118 (2024), Article 58, 17 pp.

T. Komatsu and H. Ying, p-numerical semigroups with p-symmetric properties, J. Algebra
Appl. 23 (2024), no.13, Paper No. 2450216, 24 pp.

J.L. Ramirez Alfonsin, The Diophantine Frobenius Problem, Oxford Lecture Series in Math-
ematics and its Applications, vol. 30, Oxford University Press, 2005.

J. L. Ramirez Alfonsin and M. Skalba, Primes in numerical semigroups, C. R. Acad. Sci.
Paris 358 (2020), 1001-1004.

R. C. Vaughan, The Hardy—Littlewood Method, Cambridge University Press, 1977.



