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Abstract
Using Abel’s five-term relation, we derive a new two-parameter series identity for
the Rogers dilogarithm. By specializing this identity, we obtain dilogarithm se-
ries involving Lucas sequences. These results generalize certain series identities
of Bridgeman related to solutions of Pell’s equations, which were obtained via a
completely different approach.

1. Introduction

Let Liz(x) denote the dilogarithm, which we define for 0 <z <1 as

oo

. ) x" “ log(1l —t)

The subject of this paper is a variant of Lis(x), called the Rogers dilogarithm.
Denoted by L(z), the Rogers dilogarithm is defined for 0 < x < 1 by

L(z) = Lig(z) + %log(m) log(1 — x)
1 [® (log(l—1t) log(t)
:_iA ( t +1—t)dt’

and then extended to 0 < z < 1 by setting £(0) := 0 and £(1) := 72/6.
Although not as widely known as other transcendental functions, the dilogarithm

and its variants appear in a surprising number of contexts, from number theory and
hyperbolic geometry to conformal field theory in mathematical physics. A good
introduction to the dilogarithm and its many applications can be found in the
survey by Zagier [7] and the first section of the article by Krillov [5].

One interesting feature of the dilogarithm is that it satisfies a seemingly endless
array of functional equations. Of particular importance to us are the reflection
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identity,
Lla)+ L0 —a) = T, (1)

valid for 0 < x < 1 and Abel’s five-term relation,

L(x)+ L(y) = L(xy)+ L (le(l__xz)) +L (y(l_x)> ) (2)

1—2ay

which holds for all 0 < z,y < 1. The following special values may be deduced from
these relations and the definition given above:

2 1 2 1 2 1 w2
= 1 = — — = — —_ = — _— = —
cor=o co=T. £(3) - £(2)-T £(5)-T

where ¢ = (1 4+ +/5)/2 is the golden ratio. Curiously, these five values represent
the only known instances where the Rogers dilogarithm defined on the unit interval
may be evaluated in closed-form.

The Rogers dilogarithm also possesses a number of beautiful series identities, of
which the Richmond-Szekeres identity [6] is the prototypical example:

2

> 1 s
7;2/: <n2> =&

Hoorfar and Qi [3] set out to generalize the Richmond-Szekeres identity, proving a
number of new series identities by utilizing Abel’s five-term functional equation for
the Rogers dilogarithm. A representative example from that work is the following
theorem.

Theorem 1 (Hoorfar and Qi [3]). Forp,q e N and 0< 0,8 <1,

—0P)(1 — 69)9" =1 /B - omyer
Z£ ( 1 — Bontr)(1 — Bor+a) ) Z (1_ﬁ9n+p>

n=0

+Z£<1—ﬁ9”+q> — pL(1 —69).

Using a different approach, Bridgeman established a beautiful connection be-
tween solutions of Pell’s equations, their associated continued fractions, and series
involving the Rogers dilogarithm [2]. These results were obtained using tools from
hyperbolic geometry, which were developed in Bridgeman’s previous work [1]. Very
recently, Bridgeman’s ideas were expanded upon by Jaipong et al. [4], who discov-
ered many more series identities for the Rogers dilogarithm.

Although this paper does not utilize any results from hyperbolic geometry, in or-
der to give the reader an idea of the approach taken by Bridgeman [2] and Jaipong
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et al. [4], we state Bridgeman’s orthospectrum identity [1], which was the start-
ing point for both sets of authors. First, we recall that a hyperbolic surface is a
complete, two-dimensional Riemannian manifold equipped with a metric of con-
stant negative curvature. Roughly speaking, the orthospectrum identity relates the
lengths of certain geodesic arcs on a hyperbolic surface, called orthogeodesics, to
particular properties of that surface. More precisely, the orthospectrum identity is
given by the following statement.

Theorem 2 (Bridgeman [1]). Let S denote a hyperbolic surface of finite area with
totally geodesic boundary 8S # 0, and N(S) boundary cusps. In addition, let O(S)
be the set of orthogeodesics in S, that is, the set of geodesic arcs with endpoints on
9S8 and perpendicular to 0S at both ends. Then

1 2
> (g ) =~ O+ M)
e 0(S) cosh”(£()/2) 6
where £(a) is the length of a, and x(S), the Euler characteristic of S, satisfies
x(S) = —Area(S)/2n.

By applying the orthospectrum identity to various hyperbolic surfaces, Bridge-
man [2] and Jaipong et al. [4] were able to derive dilogarithm series involving
certain sequences. The results in Bridgeman’s paper [2] were expressed in terms of
the solutions to Pell’s equations 2 — ny? = +1. Bridgeman identifies a solution
(a,b) € Q? to one of Pell’s equations, with the quadratic irrational u := a + by/n.
Depending on whether (a,b) is a solution to 22 — ny? =1 or 2% —ny? = —1, u is
said to be a positive or negative solution, respectively. One of Bridgeman’s main

theorems was the following result, which provides a series expression for £(1/u?).

Theorem 3 (Bridgeman [2]). Let u = a + by/n € Q[y/n], with a,b > 0, satisfy
Pell’s equation. In addition, let u* = ay + bp\/n. If u is a positive solution, then

((5)-5e()

Further, if u € Z[\/n] then by /b € Z for all k. If u is a negative solution, then

() -2 (ig) 2 () @

Further, if u € Z[\/n] then bay/a,ask+1/a € Z for all k.

The aim of this paper is to explore an alternate approach to dilogarithm identi-
ties involving integer sequences, and in particular generalize Theorem 3. Instead of
using the ideas developed by Bridgeman and Jaipong et al., we take the approach
of Hoorfar and Qi [3], relying only on elementary manipulations of Abel’s func-
tional equation. Our results begin from a general two-parameter series, which upon
specialization allows us to generalize Bridgeman’s theorem.
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2. The Principle Identity

The principle result of this paper is the following theorem.

Theorem 4. Let a,b € (0,1) be real numbers such that a # b. Then

Kad abla—b)2(L—a)"(1—b)" \ |a — b
> 2 (ot o —ad o) = £+ €00~ £ (=)

n=0

Before proving Theorem 4, we must first establish a preliminary lemma.
Lemma 1. Let the sequences (n)n>0 and (Yn)n>o be defined by

. ala —b)(1 —b)"™ .
T s e e T

bla—b)(1 —a)”
a(l —b)ntl — p(1 — q)nt1’

The terms x,, and y, satisfy the coupled recurrence relations

o yn(l - xn)

1_
Eall=yn) gy = tn)
nJdn

x 1=
nr 1 —zuyn

Proof. For convenience, let us first define the sequence (D,,(a,b))n>0 as

a(l =)+ —p(1 — g)7H!
D, (a,b) := ( ) a—b( ) .

Then the sequences (x,,) and (y,) may be expressed in terms of D, (a,b) by writing

_a(l—-0b)"
"= Do (a,b)

b(l —a)”
and yn__é(ag)

Using these expressions we find that

(1 —yn) _ a(l = b)"(Dn(a,b) —b(1 —a)™)
1= ZnYn D2(a,b) —ab(l —a)*(1 —b)» ’

()
and
Yn(l —z,) b1 —a)"(Dy(a,b) —a(l —b)") (©)
1 -2y, D2(a,b) —ab(l —a)*(1 —b)"
It may be shown by direct calculation that D,,(a,b) possesses the Cassini-like iden-
tity

D?(a,b) — D,,_1(a,b)Dypy1(a,b) = ab(l — a)™(1 — b)"
as well as the identities
D, (a,b) — (1 =b)Dy—1(a,b) =b(1 —a)",

and
D, (a,b) — (1 —a)D,—1(a,b) = a(l —b)".
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Therefore, Equations (5) and (6) may be written as
ro(l—y,) a(l—=0)""D, 1(a,b) a(l—b)"H!

1= 2uyn  Dut(@,0)Dpii(@b)  Dupa(a,) "7

and
Yn(1—x,) b1 —a)""'D,_1(a,b) b1 —a)"t!

U= 2yn  Da1(@0)Dyii(ab)  Dpaa(ab) "
which is exactly what we hoped to show. This completes the proof of Lemma 1. [

With Lemma 1 established, we may now move on to the proof of Theorem 4.
Proof of Theorem 4. As we have in Lemma 1, define the sequences (z,),>0 and
(yn)nZO by

ala—b)(1-b)" bla—b)(1—a)”

n = d vy, := .
T A b (1 —q)rrt N YT A S b1 — q)n
Lemma 1 showed that
Tn(1 —yn) Yn(1l — 1)
Tnl 1-— TnYn o Yn+1 1-— TnYn

From these expressions, it is not difficult to verify by induction that 0 < z,,y, <1
when a,b € (0,1). Thus, with Lemma 1 in mind, by setting = z,, and y = y, in
Abel’s functional Equation (2), we have

L(zpyn) = L(xn) + L(yn) — L (m) —£ <m>

= L(zn) + L(Yn) — L(Tny1) — LYnt1)-

Therefore, in summing each side we find that

> Ll@nyn) = L(zo) + L(yo) — lim L{zn) = lim L(yn). (7)

In order to evaluate the limit of the sequences (x,) and (y,), note that we may
write

ala —b)

b(a—b
Ty = = and y, = (a n) .
a(lfb)fb(lfa)<t‘;) a(l — b) (i_;b) —b(1—a)
+n n
Thus, the limit of x, and y, is determined by lim,, . (%) . Since (%)

vanishes in the limit when 1 —a < 1 — b, we arrive at the following evaluations:

a—b :
a2 if b 0 f b
= = and  lim y, =<, 1 @=

2 ifa <b.

lim z, = )
0 ifa<b n—o0 1—a

n—oo
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Consequently, Equation (7) may be written as

=

L=

</ abla—bP(1—a)(1—b)" \ ) ) ifa>b
> (S o ) = £ T E0 - =) o<,

o=
e o

n= 1—a

Since this is equivalent to the result stated in Theorem 4, our proof is complete. [

Before proceeding, let us outline the structure of the remainder of the paper. In
the following section, we establish our generalization of Theorem 3 and provide a
number of special cases. In addition, we show that in our case, the two identities
which comprise our generalization are more closely related than they might first
appear. Finally, in the last section we explain exactly how Bridgeman’s Theorem 3
relates to our generalization of it, which is not immediately clear since one is ex-
pressed in terms of solutions to Pell’s equation while the other is expressed in terms
of Lucas sequences.

3. Series Involving Lucas Sequences

The Lucas sequences (Up (P, Q))n>0 and (V, (P, Q))n>0 are second order linear re-
currence sequences with constant coefficients. They generalize the Fibonacci and
Lucas numbers and possess many other well-known sequences as special cases.
The Lucas sequence (U, (P, @))n>0 is defined by the recurrence
U (Pa Q) =0,
Ui(P,Q) =1,
Un(P,Q) =P -Up1(P,Q) — Q- Un—2(P,Q),

while the sequence (V,, (P, Q))n>0 satisfies the same recurrence albeit with different
initial values:

Vo(P,Q) =2,
Vl(PaQ> = P7
Vn(PaQ) =P. Vn—l(P7 Q) - Q . Vn—Q(P7 Q)

The characteristic equation for the Lucas sequences is given by
2> —Pr+Q =0,
with a discriminant of D := P? — 4(Q and roots

P++D P-+D
a=—0— and ﬁ:T.
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In addition, if D # 0 so that « and 8 are distinct, one may show that

_ V;L_(]n\/5

o Vi, + UV D
o 2 2

and "

Therefore, U, (P, Q) and V,,(P, Q) possess the Binet forms

aniﬂnianiﬁn
a—F VD

In the remainder of this paper we will assume that P and @ are real numbers such
that P > 0,Q # 0, and D > 0.

The starting point for the results in this section is the following corollary of
Theorem 4.

Un(P,Q) = and  V,(P,Q) =" + "

Corollary 1. Ifa € (0,1), then

D LRSI RS R EE )

14+a

Proof. If we let a = % + 35 and b= % — 5 in Theorem 4 we find that

e (i) =2 (05) e (3-5) -2 (%)

n=0
By re-indexing and using the two-term functional equation, Equation (1), to simplify

the right side, we obtain
S LG SGH Y (2
((% + &)n+l (% — 2)n+1)2 6 1+a)"

Then, applying Equation (1) once more to the right side completes the proof. [

[NIISHINTES

Remark 1. Although the form given above is better suited for our purposes below,
the series in Corollary 1 can be expressed more simply as

[e%e} 2 o 2\" _
Zﬁ a (1 a) —E(l a).
—~ 4 1+a

(- =+ a)”+1)2 -

With Corollary 1 established, we are now able to present our generalization of
Bridgeman’s theorem.
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Theorem 5. If Q > 0 and k € Z~q, then

iﬁ(%@’“") :£<O€22’1>' 8)

k(n+1)

If Q <0 and k € Z~q is an odd integer, then
e V2Qk(2n—1) 0 V2Q2k'n Qk
c(_k) Py e :a<_). (©)
7;1 DU22kn 7;1 Vk2(2n+1) ak

Proof. To prove Equation (8), notice that since Q@ > 0 and D = P? —4Q > 0,
B = (P —+/D)/2 is also positive. Therefore, the quotient

is less than 1 for all k € Z~o. Thus, we are permitted to set a = U;C\/E/V;€ in
Corollary 1. In doing so, we find that

Sl s Gomd) )y
=\ V2 ((é + %)M -(3- U’iv,c@)w)2 Vi+UVD )

Examining the left side of Equation (10) first, we see that the numerator of the
dilogarithm’s argument may be expressed as

. " " —on (Ve—UvD\" ( Vet U vD\"
URD (3= %f2)" (3+ P) — vRpv > (UgelR) (1)

— U,?DVk_Qnﬁk"Ozkn
— U]?ka—QTLQk}TL’

while the denominator may be written as
2
2 ((1 n Ukm)"“ _ (; B Ukm)"“>
k 2 2V, 2 2V,

2
_ V_Qn <(Vk+Uk\/5)n+l _ (VkUk\/E)TH_l)
- 'k 2 2

2

— Vk_2n (ak(n+1) _ 6k(n+1)>

Therefore, the sum simplifies to

Z:l‘c <(ak(n+1) _ 6k(n+1))2 - Z:l L U2 .

k(n+1)
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Turning our attention to the right side of Equation (10), we see that
r Vi — UpVD :£< V2 - U2D )
Vk—‘y-Uk\/E (Vk—FUk\/E)Q
(o)
(Vi + UpV'D)?
k
(%)
@
Thus, we have shown that
U kn k
Se(gt)=e(%).
el k(n+1) @
proving Equation (8).

Moving on to Equation (9), since @ < 0 and k is an odd integer, we see that
% < 0. Therefore, the quotient

I
o

Vi  af4pF

VDU, ok — gk
is less than 1. Setting a = V4, /Uv/D in Corollary 1, we find that

i c Ve (% - 2UZ’€@>H (é i 2UZ’€@)H (ka Vk)
5| =
= U2D (( 2UZI:/5)TL+1 B (% B QUZ’\C/B)H+1> UVD +Vj,

Once again, simplifying the numerator and denominator separately, the numerator
is seen to be

vi (1 vi \"_ nyr—2n y—n1,2kn
Vi (5_2Ukli/5> (§+2U;¢i/ﬁ> = (=1)"U, DTVQT,

while the denominator admits the form

oo (1 wtm) - (- ) ™)
T
2

_ U72nD7n(Oék(n+1) + (71)nﬂk(n+1))2'

Putting this all together yields

o0 Vk2(71)ann B Uk\/ﬁf Vk
;E ((ak(n—‘rl) + (_1)n6k(n+1))2> =L (Uk\/ﬁJr Vi |
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Next, by splitting the series into two sums, one over all even indices and the
other over all odd indices, we find that

i r Ve (=1)"Qkn
1 (ak(nt1) 4 (_1)n5k(n+1))2
oo
V20k(2n—1) v2Q2hn
= Z L _kQ— n Z L Q s
n=1 (a2kn — ﬁQk" ak(2n+1) + 5k(2n+1))
Using the Binet formulas for U,, and V,,, we arrive at
N r Ve(=1)"Qkn
— (ak(n+1) + (_l)nﬁk(n-i-l))Q

e V2Qk(2n71) e V2Q2kn
=) ¢ (’C) +y o E=—|.
Zl DUQan Zl V2

n= n= k(2n+1)

i

Finally, the right-hand side may be simplified in the same way we proceeded in the
proof of Equation (8) to show that

r UpVD = Vj E(_Qk‘>
UpV'D 4 Vi B ak )

This completes the proof of Theorem 5. O

Remark 2. When the parameters P and @ are integers, the Lucas sequence
U, (P, Q) is a divisibility sequence, in the sense that if m divides n then U, divides
U,. Moreover, if ged(P,Q) = 1, then U,(P,Q) is a strong divisibility sequence,
which means that

ged(Um, Up) = Ugcd(m,n)-

Consequently, when P,Q € Z, the Lucas sequence U? fully divides U,f(n +1) in the
summand of Equation (8).

We now present some specific examples of Theorem 5. Many of our examples
have already been exhibited in the previous works of Hoorfar and Qi [3], Bridgeman
[2], and Jaipong et al. [4]. Nevertheless, we restate them here as well as present
some new identities, including the initial equations of Examples 2 and 3, which
generalize existing results.

Example 1. If P = 3 and Q = 1, then U,(3,1) = Fy,, where F,, is the n-th
Fibonacci number. With these values of P and @, Equation (8) yields

F2Z\ _ (1
> () < (5m)
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which was given as an example in Jaipong et al. [4]. In particular, if & = 1, then
we have the nice identity

= 1 2
L= ]|=L|——+].
> () =<(7a)
Example 2. If P =2z and Q = 1, then U, (2z,1) = U,_1(x), where U, (x) is the
n-th Chebyshev polynomial of the second kind. Equation (8) in this case returns

Se(Uaty_p (1 )
2 (mm) (e
Letting 2 = cosh() and k = 1, the identity U,_1(cosh(f)) = sinh(nf)/sinh(6)
allows us to deduce the interesting series
Soe(2m ) — e ).
‘= \sinh”(nf)
This identity was first derived by Hoorfar and Qi [3] and later rediscovered by
Bridgeman [2].
Example 3. If P=2+1 and Q = x with > 1, then

n

=l4+az+a?+-- 42"

Un(z+1,2) = poo

Applying Equation (8), we obtain
0o k 2
kn ¥ —1 — i
;::1£<$ (xk(nJrl)l) ) _‘C(xk)'
Setting k = 1 gives the special case

0 n/2 2
> e \(mrrrmrra) ) =2 (0)
— l+zx 422+ +am x

which was given as an example by Jaipong et al. [4].

Example 4. If P =1,Q = —1, and % is an odd integer, then U, (1,—1) = F,, and
V.(1,-1) = L,,, where L,, is the n-th Lucas number. Equation (9) shows that

e e lm) < ()

Specifically, for kK = 1 we have

Z‘C <5F§) ,;L (L%nH) - %

This example was first derived by Bridgeman [2].
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Example 5. If P =2,Q = —1, and k is an odd integer, then U, (2,—1) = P, and
Va(2,—-1) = Q,, where P, is the n-th Pell number and @, is the n-th Pell-Lucas
number. With these values, Equation (9) yields the identity

(i) S () < (aevme)

n=1

For k =1, we have

> () 2 (qn) = (7).

Example 6. Let P =1 and Q = —3 and set A, = U(1,—3) and B, = V,,(1,-3).
The first handful of terms of (A,) and (B,,) are given by

(Ap)nso = (0,1,1,4,7,19,40,97, 217,508, 1159, - - -) (11)

and
(Bn)n>0 = (2,1,7,10, 31,61, 154, 337,799, 1810, 4207, . .. ). (12)

For odd k, Equation (9) gives
> B23k(2n71) e B232kn 6 k
Zﬁ(’“Q>+ZL ) =c (> :
ot 1343, = \Biew 7+ V13
Letting £ = 1, we find that

0 3271,—1 32n 6
L L =L — .
e ) 2 () =< (om)

Before moving on, we point out that since we have not required P and @ to take
integer values, it can be shown that Equation (9) of Theorem 5 is actually a special
case of Equation (8) of the same theorem. To see this, suppose that @ < 0 and set

P :=\/P?2-4Q, and Q :=-Q.
If we also let D' := P> — 4Q)’, then

a/,:P/‘FvD/:\/E—FP:a
' 2 2 ’

and
, P —-+D D-P

Therefore, the Lucas sequence U, (P’,Q’) is given by

a/" _ ﬂ/n B a® — (_l)nﬂn
o — B P '

Un(Pl7 Ql) =
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This may be expressed in terms of the Lucas sequences as

VDU, (P,Q)/P if n even

Un(P, Q') = { V. (P,Q)/P if n odd.

Similarly, the sequence (V,,(P’, Q")) is given by

Vo (P,Q)/P if n even

Va(P, Q') = {\/EUH(P,Q)/P if n odd.

Employing this transformation in Equation (8) when k is odd, we obtain Equa-
tion (9). To illustrate this, let us look at the following example which was exhibited
in Jaipong et al. [4].

Example 7. If P = /5 and Q = 1, then

VBF, if n even
Un(v/5,1) = {L if 7 odd

With these values of P and @, Equation (8) becomes

nz:zﬁ(U,m) (;ﬁ)

If £ is odd, then we recover Example 4 given above, which was originally obtained
by setting P =1 and Q = —1. Namely,

Ly 1
c ( ) c . () |
Z 5F3, Z (Li(2n+l)> p2h

n=1 n=1

On the other hand, if &k is even then we find that

which is exactly the identity given in Example 1.

4. Relation to Bridgeman’s Theorem

The sequences (ay)r>1 and (bg)r>1 appearing in Theorem 3 are expressed in terms
of powers of the quadratic irrational u := a + by/n, where a,b € Q. In particular,
they are defined as

ay + bpv/n = (a + b\/ﬁ)k
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We may express the sequences (ar) and (bg) in terms of the Lucas sequences (Uy)
and (V) in the following way. Suppose that P,Q € Q and that

P+ P —4Q \/P2_4Q:a+b\/ﬁ
5 .

Since a,b € Q, it must be the case that
P =2a and 4a? — 4Q = 2by/n.
Thus, @ is found to be
Q = a® — nb>.

However, since Bridgeman’s theorem requires that (a, b) is a solution to one of Pell’s
equations
a? —nb? = +1,

we find that @ = £1. Therefore, P = 2a and @ = %1, dependent on whether (a,b)
is a solution to the positive or negative Pell equation, respectively. Next, recall that

(P—i— i 4Q>k _ Vi(P.Q) + U(P.Q)V/P? — 1Q
PVt .

2
Comparing this with the definition of a; and by, we see that
Vie(2a, £1)/2 + bUg(2a, il)\/ﬁ =ar + bk\/ﬁ,

and therefore,
1
ap = in(Qa, :l:l) and bk = bUk(2a” :t]')

Using these expressions for aj and by, Equation (3) of Theorem 3 may be rewritten

() - 2* (e )

while Equation (4) may be expressed as

() - 24 (e +Z£<v4<1>)

k=1

as

Moreover, by using the fact that V;(2a,—1) = 2a and D := P? — 4Q = 4b®n, the
previous line may be written as
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Tt is then easy to see that Equations (13) and (14) correspond to Equations (8) and
(9) of Theorem 5, with k =1, and @ = £1, respectively.

Acknowledgment. The author would like to thank the anonymous referee and
the editors, whose suggestions and corrections improved the quality of this paper.
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