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Abstract
For a numerical semigroup S, we denote by F(S) the Frobenius number of S. For

numerical semigroups generated by compound sequences C, we determine subse-
quences C* of C for which F({(C*)) = F({C)).

1. Introduction

A numerical semigroup S is a submonoid of Z>( that has a finite complement G(5)
in Z>¢. Given a set A = {ay,...,a,} of positive integers with ged(ay,...,an) =1,
let

(A) ={a1z1 + -+ agzy, 2, >0}

denote the numerical semigroup generated by A. Every numerical semigroup S is
of the form (A) for some finite set A. Moreover, every S has a unique minimal
generating set, the cardinality of which is called the embedding dimension of the
semigroup and denoted by e(S5).

The Frobenius number of S is defined as the largest element in G(S):

F(S) = max G(95).

A very useful tool in the study of numerical semigroups is the determination of
Apéry sets of the semigroup. Given a numerical semigroup S generated by A and
a € S\ {0}, the Apéry set Ap(S,a) of S corresponding to a is given by

Ap(S,a):{mszSxSa—l},
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where m, denotes the least positive integer in S congruent to x modulo a. The
following result, due to Brauer and Shockley [1], shows how F(.S) can be determined
from the Apéry set of S corresponding to any a € S\ {0}.

Lemma 1 ([1]). Let S be the numerical semigroup generated by A, and let a € A.
Then

As) = (| max | m,) -

1<z<a-—1

2. Main Results

Compound sequences were introduced and studied by Kiers, O’Neill, and Pono-

marenko [2]. Let {a1,...,a,} and {b1,...,b,} be two sequences of positive integers
such that a; < b; for each ¢ and ged(a;, b;) = 1 for @ > j. The compound sequence
formed from these two sequences is the sequence {co, c1,ca,...,c,}, where

Co = @1020a3° - 0Qn,

c1 = biagaz---ap,

2 = bibsaz---an,

cn, = b1b2b3--~bn. (1)
Note that ged(co, ..., c,) = 1. Two important special cases are:

(i) The compound sequence for a; = ... = a, = a and by = ... = b, = b,

ged(a,b) =1 is the geometric sequence
{a",a™ b, a" 20, ... b7 ).

This was studied by Ong and Ponomarenko [3], and independently by Tri-

pathi [5].
ii) For pairwise coprime positive integers aq, ..., a,, the compound sequence for
p P P g ) y Any p q
{az2,as,...,a,} and {a1,as9,...,a,_1} is the sequence

P P P
a17a27"'7an )

where P = ajas - - - a,. This was studied by Tripathi [4].

Kiers et. al. determine an Apéry set and the Frobenius number for such sequences;
also see [6].
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Theorem 2 ([2], Theorem 15). Let {a1,...,an} and {by,...,b,} be two sequences
of positive integers such that a; < b; for each i and ged(a;,b;) = 1 for i > j. If
C ={co,...,cn} is the compound sequence of {a;} and {b;}, then the Apéry set for
S = {(C) corresponding to cq is given by

Ap(S,co) = {Zcixiz()gxi Sai—l,izl,...,n}.

i=1

In particular,
n

F(S) = (ai —1)c; — co. (2)
i=1
Let C denote the sequence compounded by two sequences, and let C* denote the
subsequence obtained from C by deletion of one element. Note that C* need not
generate a numerical semigroup. Proposition 3 provides a characterization of those
subsequences C* for which (C*) is a numerical semigroup.

Proposition 3. Let C = {cop,...,c,} be the sequence compounded by {ay,...,an}
and{bi,...,by}. Forafizedj € {0,1,2,...,n}, let C* = {co,...,¢j—1,Cj41,---,Cn}-
Then (C*) is a numerical semigroup if and only if either

0<j<n and ged(aj,bjr1) =1, or j=n and a; =1.

Proof. If j = 0, then by divides each element of C*. Since by > ay, ged(C*) > 1. If
j = n, then a,, divides each element of C*. If a,, > 1, then ged(C*) > 1. If a,, = 1,
then C* is compounded by {ai,...,a,—1} and {b1,...,b,—1}.

Suppose 0 < j < n. Observe that C* is the sequence compounded by {a},...,al,_;}
and {b},...,b,,_;}, where

a; if 7 < 4, b; if ¢ < 4,
a; = ajaj541 if ¢ = j, and b; == bjbj+1 if 1 = j,
ajy1 ifi >, bi+1 ifi >,

provided ged(al., b)) =1 for r > s.

If neither r nor s equals j, then ged(al., b)) = 1 since C' is a compound sequence.
Thus, we need to only consider the case where at least one of r,s equals j. If
r = j and s # j, then ged(al,b)) = ged(aja;t1,bs41) = 1 since ged(aj, bsp1) =
ged(ajq1,bs41) = 1. A similar argument applies to the case where s = j and 7 # j.
If r = s = j, then ged(al., b)) = ged(ajaji1, bjbjy1) = ged(aj, bjt1).

We have shown that ged(C*) = 1 if and only if the two conditions in the statement
of the proposition are met. Therefore, the same two conditions are necessary and
sufficient for (C*) to be a numerical semigroup. O
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In most cases, the deletion of a single element from the compound sequence of two

sequences turns out to be the compound sequence of two other sequences, making

the problem of invariance under a single-element deletion easy to resolve in those

cases.

Theorem 4. Let C = {cy,...,cn} be the sequence compounded by {a1,...,a,} and
{b1,...,bp}. Fora fized j € {0,1,2,...,n}, let C* ={co,...,¢j—1,Cj41,...,Cn} be
such that ged(C*) = 1. Then F((C*)) = F((C)) if and only if a; = 1.

Proof. We have

where

n—1
Ap((C*>,cO) = {chmi:0<xi <a§—1,i:1,...7n—1},

i=1

, C; if 1 < j,
¢ = e .
cir1  ifi >,

by Theorem 2. Hence

F(C™)

n—1

> (@i = 1) — co

j—1 n—1

D (@i = 1ei + (ajae1 = Dejpr + Y (a1 = 1)cirs = o
i=1 i=j+1

J—1 n

Z(ai — ]-)Cz + (ajaj_H — ].)Cj+1 + Z (ai — 1)61 — Co

i=1 i=j+2

NE

(@i = Dei + ((aja541 — Dejer — (a5 — 1)ej = (541 — 1)¢j41) — co
1

o
I

NE

(a; = D)ei + (a; — 1)(aj41¢541 — ¢5) — o

.
Il

’11

(C) + (aj — D(ajt1¢j41 = ¢5)-

Since aj11¢j41 > ¢jy1 > ¢;, we have F((C*)) =F((C)) if and only if a; =1. O

Theorem 5 gives the embedding dimension of sequences compounded by two

sequences.

We use this and Theorem 4 in Theorem 6 to show that the minimal

generating set of (C) is the subset of C' of least cardinality among those with the
same Frobenius number.
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Theorem 5. Let C = {cg,...,cn} be the sequence compounded by {a1,...,a,} and
{b1,...,bn}. Then the embedding dimension

e(C)=n—k+1,
where k = |{i : a; = 1}|.

Proof. Let {a;,,...,a;, _,} be the subsequence of a;’s obtained by removing each
a; = 1. Define the subsequence {b;,,...,b;, _,} by

biy =br---biy, by =bjy1-biy, oo by, =bi_, y1bi .

We note that the sequence C' compounded by {a;,,...,a;,_,} and {b;,,...,b;, .}
is the subsequence {co,¢;,,...,ci,_,} of C. Moreover, Ap((C),co) = Ap((C), <o)
by Theorem 2, so that C' is a generating set for (C'). Further, the deletion of any
element of C' from C results in a change in the Frobenius number by Theorem 4,
thereby proving that C is the minimal generating set for (C). O

Theorem 6. Let C = {cg,...,cn} be the sequence compounded by {a1,...,a,} and
{b1,...,bn}. Then the subset of C of least cardinality among those with the same
Frobenius number is the minimal generating set for C.

Proof. Let C denote the minimal generating set for (C), as in Theorem 5. Then (C)
and (C) have the same Frobenius number, whereas the deletion of any element from
C results in a numerical semigroup with a larger Frobenius number by Theorem 4.

Now suppose C' is a subset of C of smaller cardinality than C. Then there exists
¢j € C'\ C', and the Frobenius number of (C'\ {c;}) is larger than the Frobenius
number of (C). Therefore, (C’) also has a larger Frobenius number than that of
(C).

This completes the proof. O
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