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Abstract
We present extensions of combinatorial identites published by Muthumalai, Sabar,
Gould, Rathie and Lim, and we provide various related results. Among others, we
prove the following formula which involves the Stirling numbers of the second kind
and the Bernoulli numbers:

n n+1 .
Nk (k+1) | B, if0<r<n,

The special case r = n is due to Muthumalai.

1. Introduction

Our work has been inspired by four papers published by Muthumalai [9], Sabar [14],
Gould [6], and Rathie and Lim [13]. In these papers, the authors present remarkable
identities for certain combinatorial sums. The aim of this paper is to extend these
results and to deduce various related formulas. Some of these formulas include
classical integer sequences, such as Stirling numbers and Euler numbers. Moreover,
we show that an identity which was originally proved for integers is also valid for
complex numbers, so that by differentiation we obtain new identities.

Throughout, we use the following notations. The rising and falling factorials are
defined by

" =xz(z+1)-(z+n-1), 2t=z@x-1)---(x—n+1),
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respectively. Kronecker’s delta function is given by

5 = 1 ifn==%k,
"0 ifn # k.

The harmonic numbers are defined by

(n>1).

T =

Hy=0, H,= Zn:
k=1

Moreover, we apply the hypergeometric functions sF> and o F; and Fuler’s gamma
function T'; see Abramowitz and Stegun [1, Sections 6, 15], NIST [10, Sections 5,
15, 16].

2. Main Results

2.1. Stirling Numbers of the Second Kind

The Stirling numbers of the second kind S(n,k) denote the number of ways to
partition a set of n elements into k& nonempty subsets. They are given by the
summation formula

S(n, k) = ;éf—n” WIETE

see NIST [10, p. 624]. In 2013, Muthumalai [9] offered a new connection between
the Stirling numbers of the second kind and the classical Bernoulli numbers By,

Ny le)
B,=> (-1) (n+k)5(n+k,k). (1)
k=0 k

The attempt to generalize Equation (1) led us to the following identities.

Theorem 1. Let j > 0, n > 0 and r > 0 and let f be an r-times differentiable
function. Then

S0 (3 )@ = 3 (1) @) [ syt -1,

k=0 k=0

and if f has no zero, then

kZio (ZI 1>(f(x)k+1—j)(r) TO (;;) (f(i)j)(k) [0+ )™+ — 1] =0 3
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We show that Equations (2) and (3) can be applied to deduce new combinatorial

identities involving well-known integer sequences. Our second theorem presents an
extension of (1).

Theorem 2. Letn > 0. Then

n n+1) .
(k+1 _ Br Zfo <r S n,
z;) Tzk) (r+k,k) = { Bpp1— ()" (n+1)! ifr=n+1. (4)

The special case r = n gives (1). Using (4) and Pascal’s rule we obtain a combi-
natorial sum which is equal to 0.

Theorem 3. Let m >1 and r > 0. Then

O
;0 (-1) G5 S(r+k, k) =0. (5)

An application of (3) yields the following counterpart of (4).

Theorem 4. Letn>1 andr > 1. Then

o lita)

> (1) G S(r+k, k)

k=0
[ rB,_1+(n+1)B, if 1 <r<n, (6)
TG 4+ D)+ (n+1)By+ (2n+1)Bpyr ifr=n+1.

2.2. Stirling Numbers of the First Kind

The Stirling numbers of the first kind s(n, k) are given by the generating function

Z s(n, k)z® = 2.

k=0

Here, (—1)"*s(n, k) is the number of permutations of n elements which contain
exactly k cycles. The Stirling numbers of the first and second kind are connected
by the elegant identities

n

ZS( Z 5] *5nk7

=0
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see Quaintance and Gould [12, p. 171]. Applying (2) leads to our next result.

Theorem 5. Let j > 0,n >0, andr > 0. Then

sy (nﬂ) 0 if0<r<n
—1)kF_k k+'+,k+'_{n oo T 7
};( ) (,Hiﬂ)s( j+r 7) (RSN (7)

2.3. Euler Numbers

The Fuler numbers are defined by the Taylor series expansion

cosh(x) — "nl’

A connection between E,, and S(n, k) is given by the representation

2n

" S(2n, k =

By = a2y (1) B
k=1

see Jha [8]. Another application of (3) yields the following formula.

Theorem 6. Let n > 1. Then

2 (1) 32 (-5 (o

k=0 v=0

where

2.4. Ordered Bell Numbers

The ordered Bell numbers, denoted by a(n), count the weak orderings on a set of n
elements. They are given by the generating function
1 - k
=D alk)75
k=0

2—e”

and, explicitly, by the summation formula

a(n) =Y k!S(n, k);
k=0
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see Can and Joyce [2], Sprugnoli [15]. We apply (3) to obtain a counterpart of
Theorem 6.

Theorem 7. Let n > 1. Then
n—1 n+1 N
n n+1 B ntl B —_—
kZ:O (k) a(k) ;::o < ” )A(n kv)+ (2 L)a(n) = 2 (k N 1)A(n,k;), (8)

where

A k)= 31y (5)sts0)

2.5. Powers and Falling Powers

In 2021, Sabar [14] presented an elegant formula for the difference of powers and
falling powers,

nP —nP = pz_:l(_1)p—k—1kp (Z) (” ; f; 1) (p=1,2,...,n).

k=0

We use induction to prove the following extension.

Theorem 8. Let p > 1 and z € C. Then

2P —ZB=1§<—1)p—’f—1kp (Z) (;_:_ 1) 9)

k=0
By differentiation, from (9) we obtain the next formula.

Corollary 1. Letp > 1 and z € C\ {0,1,....p — 1}. Then
-1

—1
pri -y Z o (TR g
k:OZ_ k)J\p—k—-1

k=

Remark 1. If we set z = n € N with n > p, then (10) leads to a representation for
the difference of two harmonic numbers,

1 kP /n\/n—k—1
- pkl
e E ()

k=0

H, —H,_, =

3\'@
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The special case p = n gives

n—1
_ 1 n—k—1 k" n
Hn_1+n7§ (—1) nk(k> (11)

k=0

Remark 2. The following companion to (9) is given in Prudnikov et al. [11,
4.2.5.47] (see also Vassilev-Missana [16]):

o= ki(—nk (Z) <<” _HW) (n>0;z € C).

0

By differentiation, we get

(—1)"nz"t = f:(—l)kk@) (";f) j}_:: kzl_j. (12)

k=1

We set z = —1 and z =n € N in (12), respectively. This gives

S [

k=1

and

(—n)" = En:(—l)’“k@) (k:) (Hnk — Hpk-1))-

Remark 3. Since

— (—1)* 1. o 1,
) Hy =1+ =1log%(2) — —
L + o log™(2) = 57

see de Doelder [4], we obtain from (11) the series formula

iig( 1F1 (M) log(2) + 1 10g%(2) — a2
T 2 n—k\k) & 9 %8 12"

n=2

2.6. Hypergeometric Functions

[m/2]
op(m—k\(m+z\ .. (2m+2x
> (")) = "

k=0

The identity
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was published by Gould [6] in 1977. In 2023, Rathie and Lim [13] presented an
interesting counterpart of (13). They used properties of hypergeometric functions
to prove

[m/2] 2k Py
ok Gn) (%) om (0 1/2)7
;) 2~ () - 2 TR (14)

Does there exist an identity which includes both formulas, (13) and (14), as
special cases? The next theorem gives an affirmative answer.

Theorem 9. Letm > 1 andp € C\ {-1,-2,...,—[m/2]}.
(i) Let x € C\ {—1,-2,...,—[m/2]}. Then

"’f} "z ’“) ) :
ok Uk Jls) (@ + )™ ( m 1—m )

(ii) Let v € {1,2,...,[m/2]}. Then

[m/2] m—k\ (m—v oV () 2V -1
Z 2—2k( k)Jr(;; k) :2—2u(mm'V)-( m) 72F1(y_ﬂ y_m ;1/+p—|—1;1).

; (p+1)7 2’ 2
(16)

Since F(e)T )

l(c—a—
Fyla,b,1:e,131) = o Fy (a, by ;1) = 26— 972 17
3fa(a e 1i1) =2Fifabicl) T'(c—a)l'(c—b) (17)
see Abramowitz and Stegun [1, (15.1.20)], we obtain
m 11— m! 2m + 2t (t+1/2)™

F: 1't 1,1;1) = —————= =M 18
3 2( 9T ot hE ) 2m(t+1)m< m ) (2t +1)™ (18)

Using (18) and
m—k m 2k
k m—k 2k k
we conclude that (15) with p = 0 yields (13) and (15) with = 0 gives (14). The

following corollary collects some special cases of (15).

Corollary 2. Let z € C.
(i) Let m > 2 be even. Then

w2 (mek) () w7z () if & #—m/2,
22 2 kkm/2m1/§ = (19)
k ) 27m<71)m/2w if x = —m/2.
m/2
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(i1) Let m > 1 be odd. Then

(m—1)/2 (m k) (m+a:) z+(m$_17)/2 (l:_nm) if x #(1—m)/2,
Z 2~ k— m/;n 1]c = (20)
(G 9-m(—1)(m-1/2_mEl _ if o (1 —m)/2.
(('anl)/Z)
(#ii) Let m > 1. Then
[m/2] m—k\ (m+a
3w D
k m+1/2 x)
k
z(x+m—1/2 + .
(z+m§2)(z+(n{)1)/2) ("Im) ifa £ -m/2,(1—-m)/2,
_ 2*’”(71)’“/2((?13)/2) if m is even and x = —m/2, (21)
m/2

2_’”(—1)(”‘_1)/274’};"}1 ] if m is odd and x = (1 —m)/2.
(m=1)/2

3. Proofs

Proof of Theorem 1. The proofs of (2) and (3) are similar, so that it suffices to
consider (3). Let

F(@) = Finla) = 7 (i)j [+ fa)™ - 1]. (22)
The binomial formula gives for y # 0
1 o .
plasort =% (1)) (23)

We use (23) with y = f(z) and differentiate F' r times. Then we conclude from
(22):

r - n+ 1 —7\(r
FOw) =3 (1) e 29
k=0
Next, we apply (23) and the Leibniz formula. It follows that
@ =3 (fyp) [+ 7@y =g, (25)

From (24) and (25) we obtain (3). |
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In what follows, we set

fa) = =<

We need four lemmas. The following formula is given in Gradshteyn and Ryzhik
[7, p. 1047].

(x#0), £(0)=—1.

Lemma 1. Let k>0 andr > 0. Then

1 e (r + k. k)

G@H?| = 0

Lemma 2. Let k> 0. Then

Proof. We have

It follows that

Lemma 3. Letr > 0. Then

) <r<
0_{0 if 0<r<mn, (26)

[(1 + f(x))nJrl] (r) (_1/2)7;,4-1(” +1)! ifr=n+1.

Proof. We have

v

L+ /e ( iV—FQ )

It follows that
(1+ f(2)" ™ = (=1/2)" g™t aa™ T2+

This leads to (26). O

The next formula is due to Euler; see Chu and Zhou [3].
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Lemma 4. Letr > 1. Then

S (r) ByB,_, = —rB,_; — (r — 1)B,.
14
v=0

Proof of Theorem 2. We consider two cases.
Case 1: 0 <r < n. Using Lemma 1 gives
" n+1 i, = n+ 1\ S(r+k k)
> (b 1)U =30t () M
k=0 k=0 k

Next, we apply Lemmas 2 and 3. We obtain

> () ()"

[+ fGyy+t =1

=0 x=0 =0
()1 \® w1 (=)
) Z(J (7)ol sl =077
+(ﬁ ’ IZO[(1+f($>)n+1 1] =0
r—1 r
= S (})eBo0+ 8- (0 =5,
k=0

From (3) with j = 1 we conclude that (4) holds.
Case 2: r =n+ 1. Using Lemma 1 gives

S (L uene] =3 () o S

k=0 k=0 k

and using Lemmas 2 and 3 yields

’f(n?)(@)(k)

k=0

(14 fla)mt ="

=0

= %[(1+Jc(w))n+1}(n+l)‘x:0

" /n+1 1 (&)
i ,;( k >(f(m)>
)"
e

z=0

_|_

o) Lo las oyt =1
(n+1)!'+0+ By

(L4 fla)tt = 1))

10
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Applying (3) with j = 1 leads to (4).

Proof of Theorem 3. We define
'+ m+ 1
veam =3 (1 e

with
LS+ Kk k)

Vi(r) = (-1
k(1) = (=1) G

From (4) with n = 7 + m we obtain

B, =U(r,m) (r>0;m>0).

(NVH) - <JZ> i <u]jl>

with N =r+m, v=k+ 1. Then

Ulr,m) — iﬂ <(;1”1@> v (T *km> Vi(r)

Let m > 1. We apply

k=0
r+m—1 r+m
_ (;+T>Vk(r)+ (”m
k=0 + k=0
i r+m
= Ulr,m-—1)+ Z ( i Vie(7)
k=0

From (28) and (30) we get (5).

Proof of Theorem 4. We consider two cases.

Case 1: 1 <r <n. Applying Lemmas 1 and 2 yields

2 (kw0

k=0
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The Cauchy product formula gives

1 & m ™
Fx)? (e$—1> - ;};(V)Bme—um!-
Hence
1 (m) m m
(o) |2 (V) e

Using (32) and (26) gives

> () (ep)”

k=0

—k)

@yt )"

T= =0

We apply (3) with j = 2. Then, from (31) and (33), we obtain

n+1 T
—(n+1)B, +Z ’:jiis —i—k,k):—Z(Z)BuBT_V.
v=0

Using (27) and (34) we conclude that (6) holds.
Case 2: r=n+ 1. We have

En: n+1 2)k=1)(n+D)
— k+1

x=0
B 1 (n+1) n n+1 k—1\(n+1)
= (”“)<f(x)) +};<k‘+1>mo =)

" n+1 et S(n+k,k—1)

= (n+1 ntl +Z< +1> n+k)

k=1

and

n+1

2 (n : 1) (f(;?)(k) | [ sy =

x=0

12

(32)

(33)

(34)
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=0

1
+(gap) Lo sor

= (ll)nﬂ(n + D40+ (%)(HH)

—1 n+1
= (7?) m+ 1)+ (n+1)B, +nBuy1.

Applying (3) with j = 2 we conclude that (6) is valid.

D

Proof of Theorem 5. We define

o) = log(1 + x)

. (-1<z+#0), g(0)=1.

Then

D
g(x)fzk_le (-l<z<1).
k=0
Let m > 0. Using the series representation

S k
mo_ z
oo™ = m! 3 s(m )

(see Quaintance and Gould [12, (13.34)]) gives, for r > 0,

= s(m+r,m)
- (err)

T

(g(x)™)"

From
(1—g(a)" =2 (/2" +ar+--),
we conclude that
-1 if r=0,
=0=14 0 if1<r<n,
(n+1)1/2" L if r=n+1.

[(1 = g(x))™+ =1

Let j >0and 0 <7 <n+ 1. It follows that

kzio(l)kﬂ (Z i 1) (g(a)F1H9))

=0

gy Gen) . .
=> (-1) (k+1+j+r)s(k+l+j+r7k+1+J)
k=0

T

[(1+ )]

13
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and
- r i (k) n (r—k)
(1) () amolt = gta = 1] o
k=0
N Gon if0<r<n,
= T s(tntli 36
(721n++11)! . S(Zﬂ’tr??illjj) ifr=mn+1. (36)
From (2), (35) and (36) we obtain (7). O

Proof of Theorem 6. Let h(x) = cosh(x). Then

1 \&)
(m) =0 — Ek-
From A
E eiz + e:l) k - i k (k*ZlI)
Mz) ( 2 ) 2k;<u6 ’
we obtain
n k n
(@)™ om0 = 5 3 ()t = 2007 = Tk,
v=0
Let
Lign(z) = [(1+ h(2))"t = 1]*8).
Then

Lyn(0) =2 — 1.
Let 0 <k <n-—1. We have
n+1 n+1
— n+1y(n—k) _ n+1 v\ (n—k) _ n+1 B
() = (10100 =32 (" T Yoo =32 (M) ) rsn

Using (3) with j = 1 and r = n gives

(e -E (ag () rea-nrenn

Proof of Theorem 7. Let w(x) = 2 — e”. We obtain

(w(lw))(k)

and
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with X
INY (KN,
Z(k,n) = ;}(2> <V>V
Let ()
Rin(x) = [(1 + w(x))’”l — 1] e
We have
Rpn(0) =271 — 1,
and if 0 < k <n —1, then
Rien(0) = [(1 + w(@)™ " ™| _ = ni‘l "oy 2 wm— k)
k,n =0 < v ) .
Applying (3) with j =1 and r = n yields
n n+1 n—1 n n+1 n+1
k - v _ n+l
; (H 1)2 Z(k,n) = ];) <k>a(k);)< , )2 Z(v,n—k) + (2 Da(n).

In Gould [5, (1.126)] we find

n

(e =S () ) S (e o

v=0 §=0 k=0

Using (38) with z = —1/2 and

()= 5 P ()

gives
K

2 Z(n,r) = (;‘) (—1)7j1S(r, ). (39)

§=0
From (37) and (39) we conclude that (8) holds. O

Proof of Theorem 8. We use induction on p. If p = 1, then both sides of (9) are
equal to 0. Next, we assume that (9) is valid. We denote the sum on the right-hand
side of (9) by S,(z). Applying the induction hypothesis gives

J SR o S 1T
P+,

c-n(iT ) =e-n(C ). (41)

) =pP+ (2= p)Sy(2).  (40)

We have
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Using (40) and (41) yields

P = L S (2) = pT(2), (42)
where i
ne = (o) - () (7,0

Next, we apply (9), (29), and the two formulas

OG-0 Some(s)-coms

see Gould [5, (1.13)]. Then we obtain

ne = 0o - S () (G0 (5]

= o) - () (o)

= (p'—» )(;) - (; ::)( 1Pk E? (Z)

_ (;) lp! - kg:(—l)p_kkp @] —o. (43)
From (42) and (43) we c;nclude that (9) holds with p + 1 instead of p. O

Proof of Corollary 1. Let L,(z) and R,(z) be the expressions given on the left-hand
side and on the right-hand side of (9), respectively. We have

£0)-0ES (10

Applying (44) gives

p—1
/ p—1 _ z
L,(z) =pz p(p)k SR (45)
and
p—1 p—1
, _ vp—k—1yp(? z—k—1 1 B 1
Rp(z) kz:;)( 1) K (k)(p—k—l jzz:oz—j z—k

p—1 p—1

(N e 5 () (Coiy) w

k=0
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Since L,(2) = R, (2), we conclude from (45) and (46) that (10) holds. O
Proof of Theorem 9. (i) Let 0 < k < [m/2] and p,z ¢ {-1,-2,...,—[m/2]}. We
have

(") () - S e

(7)== () ()

It follows that

and

R e [ iy (@ + 1) 'L (—m/2)R((1 - m)/2)F
27216 k m—k _
2 2 IR P
= 7(1:;!1)7”31?2(_%71—77”71;1)_’_ 1,x+1;1>.

(ii) Let v € {1,...,[m/2]}. We use the limit relation
Jntl ATl gt T

(n+ 1)l gnit

1
alimnl“( )3F2(a byc;d,o;z) =

xsFy(a+n+1,b+n+1l,c+n+1;d+n+1,n+2;2),

where n is a nonnegative integer; see Prudnikov et al. [11, p. 438]. Then we obtain

m 1—
2 2

(:U—i—l)

lim 3F2( 1;p+1,x+1;1)

T——V
. I(x+14m) 1
= lim .
THl—1—v m! Iz +1)

Fl—v+m) (=m/2)"((1-m)/2)"1"
m! vilp+1)7

S Lp+ Lat 151)

m
T+1/,1+V;p+1+1/,1/+1;1)

m2 m
Feehi(v

><3F2< ZL+1/,
7211( )' (
2 m! (p+1)7

R

—1
T;V+p+1;1>. (47)

From (15) and (47) we conclude that (16) is valid. O

Proof of Corollary 2. (i) Let m > 2 be even. First, let ¢ {—1,...,—m/2}. Using
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(15) with p = —(m + 1)/2 and the second formula in (17) gives

m/2 (m—k:) (m+w) ( m . .
o Uk ) m—k) (@ +1) m 1l—-m 1-m )
kZ:OZ (i T F2(*5’ 2 b ’xH’l)
— ($+1)m Fl(—@,hx‘f'l;l)
m! 2

x xr+m
z+m/2\ m )’

By continuity, we conclude that (19) holds for all  # —m/2. Since

T T+m 1
z—-m/22+m/2\ m (( L?’)’L/Q)/ )
we obtain (19) for x = —m/2.
(ii) Let m > 1 be odd and =z ¢ {—1,...,—(m — 1)/2}. We apply (15) with
p = —m/2 — 1. This gives

(m—1)/2 m—k\ (m+z - _
Z 27%( kkfn)m/(;nf_lk) _ (fr+'1) 2F1(1 2m,1;x+1;1)
k=0 ( k ) m:

= el n")

By continuity, (20) holds for all = # (1 —m)/2. Using the limit relation

. T r+m —m — m—+1
hm _( ) :2 (—1)( 1)/2T,
e=(1-m)y2x+ (m—1)/2\ m ((m_l)/Q)

we conclude that (20) is also valid for z = (1 —m)/2.
(iii) Let m > 1, 2 € C, p = 1/2 — m — z. First, we assume that
P& {1y —m/2} and ¢ {-1,..,~lm/2]}.
It follows that « # —m/2 and = # (1 —m)/2. We have

(c—a)*(c—b)"

sFy(—n,a,b;c,a+b—c—n+1;1) = T P——

; (48)

see Prudnikov et al. [11, (7.4.4.88)]. To prove (21) we consider two cases.
Case 1: m > 2 is even. We apply (48) with
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and (15) with p = 1/2 — m — . This gives

[mf]ﬂ ("G @)™ @ /2 e
= (TR ml (@ (m—1)/2)m2 (2 + 1)/

B z(x+m—1/2) x+m
= (a:—|—m/2)(x+(m—1)/2)( m > (49)

Case 2: m > 1is odd. Using (48) with

n=—— a=——, b=1 c=z+1,

2
and (15) with p =1/2 —m — z leads to

m—1 m
2

S [ ey (z+1)™ (x+m/2+1)<m*1>/2 z(m=1)/2
2k m—Fk _
Z 2" k m+1/2 x) - m)! (x+m/2) 1)/2 (x+1)m
B z(zx+m—1/2) T +m
- ermerom () G0

By continuity, we conclude from (49) and (50) that (21) is valid for all x # —m/2
and z # (1 —m)/2.
The limit relation for m even
[ ST L WS
a——m/2 (x+m/2)(x+ (m—1)/2)\ m

and the limit relation for m odd

z(x+m—1/2) <$+m> :27m(_1)(m71)/2m7+1

li
a:—)(lmm)/Q (x4+m/2)(z+(m—=1)/2)\' m ((2/7217)/12) )
give that (21) also holds if m is even and & = —m/2 and if m is odd and = =
(1 —m)/2. This completes the proof of Corollary 2. O
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