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Abstract
In this paper, we employ tools of classical linear operator theory to derive new
explicit formulas for Euler polynomials. Additionally, we present an explicit formula
for generalized Euler polynomials. These results generalize recent identities by
Wei, Qi, and Guo. We offer a simplified approach to understand these classical
polynomials.

1. Introduction and Preliminaries

Throughout this paper, we let End(C[z]) denote the algebra of endomorphisms of
the C-vector space C[x] and let (Clx])N denote the set of polynomial sequences.
An operator on C[z] is any element of End(C[z]). Operators appeared early in
mathematics to simplify the writing of formulas for polynomial sequences and re-
markable numbers, and they were also studied as mathematical objects to discover
their properties. With operator functions at our disposal, we can solve many partial
differential equations. Operators are also used in quantum mechanics and in a wide
range of mathematical domains. Some of the most well-known operators include the
identity operator I, defined by I(z™) = z™ for all n € Ny, the translation operator
T, defined for any complex number r by T,.(z") = (x + r)™ for all n € Ny, the
differential operator D, defined by D(z°) = 0 and D(2™) = nz"~! for all n € N,
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the multiplication operator M,, defined by M, (xz™) = ™" for all n € Ny, the finite
difference operator A, , defined by A, = T, — I, and the backward difference oper-
ator V., defined by V,, = I —T_,.. Note that T7, Ay, and V; are simply denoted
by T, A, and V, respectively. For convenience, we denote the identity operator I
as 1. It is clear that A =T —1 and V = 1 — T~!. Moreover, according to Taylor’s
formula, for any P € Clz], we have

>, DIP(z)

TPx)=Plx+1)=>) T ePP(x).

j=0

From this, it follows that 7' = e”. More generally, we have T, = " = Z;io Tjj? .
A composition operator is an operator that commutes with the differential op-
erator. It is well-known that the set € of composition operators is a commutative
subalgebra of the algebra End(Clz]).
We now introduce a key mapping between polynomial sequences and operators.

Consider the map defined as
L: (Clz])Y — End(Clz]), {An(2)}ns0 > Qa,

where Q4 is the operator defined by Q4(2") = A, (z) for all n € Ny. Clearly, L is
bijective, and its inverse is given by

L7':End(Clz]) — (ClzDY, Q— {Q=")}nen,-

For any A € (C[z])Y, the image Q4 under L is called the operator associated with
A. Conversely, for any operator (2, the polynomial sequence {Q(z™)},>0 is said to
be associated with € . Two important properties should be noted:

1. Let A = {A,(2)}n>0 € (C[z])No. Then, D(Ap(x)) = 0 and D(A,(x)) =
nA,_1(z) forn > 1, if and only if Do Q4 = Q40 D.

2. Let A = {A,(2)}n>0 € (Clz])Mo satisfying D(Ag(x)) = 0 and D(A,(z)) =
nA,_1(x) for all n € N. Then we have

e+ =Y () i 0

k=0

Recall that a sequence of polynomials A = {A,(x)},>0 is said to be an Appell
polynomial sequence if D(Ay(z)) = nA,_1(x) for all n € N and Ag(x) is a nonzero
constant polynomial. This is equivalent to the conditions D(Ag(x)) = 0, Ag(x) # 0,
and D(A,,(z)) = nA,—_1(z) for all n € N. By considering the following power series
in C{2]],

-1
2 1 o= 2F
SE(Z)_6Z+1_<1+2kZ_ll<:!> ’
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we define the composition operator Qg by Qp = Sg(D) = ﬁ The operator Qg
is called the Fuler operator. For a € C, we define the generalized Fuler operator of
order o by Qg = Q%. Euler polynomials {E,,(x) },>0 can be defined via operators
as E,(z) = Qg(2™). In turn, generalized Euler polynomials {Ey(f‘)(sc)}nzo can be
defined as in [7] E,(f‘)(gc) = Qg (2™). The classical Euler polynomials are then
obtained by taking o = 1.

In 2015, Wei and Qi [12] introduced four new explicit expressions for the Euler
numbers. The first expression provides a representation for the Euler number FEs,
in terms of a specific determinant. It states that

(j i 1) cos ((i Sy 1)%)

where |c;j|, ., denotes the determinant of the matrix (c;;)1<s j<n. The other three
theorems provide explicit expressions for Fs, and E, as follows:

)

(2n)x(2n)

Es, = (—1)"

2n k
Eon = (2n+1) Z(—l)km <2;L) JX_: k) (25 — k)" ([12, Theorem 1.2]),

k=1
(1)

) ([12, Theorem 1.3]), (2)

ol
|
~

3)

2n 2k
E2n = Z(_l)k% Z(_DZ (2;:) (k - £>2n ([127 Theorem 1'4])7 (4>
k=1 =0

where S(n, k) denotes the Stirling number of the second kind. These results are ob-
tained by exploiting remarkable properties of Bell partial polynomials By, (%1, Z2, . -
and the Faa di Bruno formula. The Bell partial polynomials are also known as Bell
polynomials of the second kind [2, p. 134, Theorem A] and can be defined as

n—k+1 Y/
n! T a
Busonan o) = 3 i I (%) wzkzo),

n—k+1 |
1<qsmgen oz la g=i N @
Z:;:1 qlg=n
22:1 ty=k

and the Faa di Bruno formula [2, p. 134, Theorem C] is given by

VLI _ S~ 109 B (40,6 @) - 9" H0@) (02 1)

dzn
k=1

o) xn—k+1)
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It is worth noting that Formulas (1) and (4) can be seen as variants of Formulas
(36) and (37) presented in [4].

We aim to generalize the identities (1), (2), (3), and (4) to Euler polynomials.
To this end, the paper is structured as follows: Following the presentation of op-
erators, some of their properties, and the results from [12] in Section 1, Section
2 introduces lemmas establishing connections between operators, polynomial se-
quences, and generating functions. These lemmas will be instrumental in proving
our main theorems, which are presented and proved in Section 4, after establishing
several auxiliary results in Section 3.

2. Lemmas

In this section, we present some lemmas that establish a connection between oper-
ators, polynomial sequences, and generating functions.

Lemma 2.1. Let {A,(2)}n>0 be a polynomial sequence associated with a composi-
tion operator S(D). Then, for any nonzero complex number A\, we have

Anp1(z) — 2dn(z) = (S'(D)(2")  (n > 0), ()
An(Az) =A"S <l;> (") (n>0), (6)
(~1)"Ap(A =) = e *PS(=D)(2") (n>0). (7)

Proof. Differentiating the relation

oo n
S(z) =e "2 Z An(x)% with respect to z,
n=0
we get
!’ —xz — Zn —xz - Zn
S'(z) = —ze™ ZAn(x)H—i—e ZA”H(QU)E'
n=0 n=0
Thus,
—xz .- Zn
S'(2) = e (Anga(z) — 2An(2) =
n=0

Hence, Formula (5) follows.
We have the generating function

oo n

3 A,L(a:)% = S(z)e"=. (8)

n=0
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Substituting 2 by Az and z by £ in (8), we obtain

> An(Az) 2" :S(Z> oo%

A" nl A

n=0

Thus, Formula (6) follows.
Exploiting Formula (5), we get

(—1)"A, (A —z) = e 2P (=1)" A, (—2)
= e M S(—D)(z").

Thus, Formula (7) follows. O

First, recall that according to Lemma 2.1, for any nonzero complex number g and

any Appell polynomial sequence {A,,(z)},>0, the polynomial sequence { %An (qx)} .
nz

is also an Appell polynomial sequence. Moreover, if Q4 = S(D) is the Appell op-
erator associated to the sequence {4, (z)},>0, then S (%) is the Appell operator

associated to the Appell polynomial sequence {#An(qx)} . Applying Lemma
n>0

2.1 to the sequence of classical Euler polynomials {En(x)}n_zo, whose Appell as-

sociated operator is Sg(D) = we can show that for any nonzero complex

2

P g

number ¢, the polynomial sequence {qinEn(qac)} is an Appell polynomial se-
n>0

quence whose associated Appell operator is Sg (%) = In other words, we

2
eD/a41"
have

1

Ealan) = (g ) @)

In particular, for ¢ = %, we get

5. ()= ()

The next two lemmas will facilitate the proof of new generalizations of the theorems
of Qi and Guo [8] and Wei and Qi [12].

Lemma 2.2. We have

242z
2422422 Zakz ’
k=0
where .
k+1 0 280 [l+1
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Proof. Easily, we have

2422+ 22 z+1+i+z+1—i

.\ k+1 o\ k+1
1474 1—1
ap = (2> + ( 5 ) . (10)

Now, recall the well-known identity for any positive integer n:

242 1 1 ad
+ 2z _ _ Zakzk’
k=0

where

L%)

n—{ _

" +y" = n—ﬁ( i )(—xy)é(x—&-y)" 2, (11)
=0

Applying Identity (11) to Equation (10), with = 4* and y = 15, we deduce
L4

k+1 (k+1—z) (_1)[
k+1-L\ ¢ 2

Changing ¢ to k — £, we obtain

k k—¢
k+1(0+1) ([ 1
ak_;€+1(kf> (_2> ’

where m = k— |5, As (ﬁt;) =0 for 0 < k < m, we deduce Formula (9). O

Lemma 2.3. The sequence of polynomials {2"E,, (ITH)}HZO is an Appell sequence
with associated operator eP Sg(2D). Equivalently, we have

25, (55 = (seeo)e) = (3o ) ()

2+ e2D

Furthermore, we also have

2¢eP 2+ 2A =
= = AF
2+e2D 24 2A + A2 kzzoak ’
where .
E+1 20 [+
= — -1 .
= ok ;( )€+1<k—€)

Proof. From the definitions of T and Sg(D), we have

" E, (””; 1) =7 (2B, (3)) = (PSp2D)) @) = (ﬂ) ().
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Next, using the identity e =1 + A, we obtain

2¢P 2(1+A) 2+2A > A
= = = A
24620 24 (1+A)2 2427 + A2 kz%ak ’
where .
k+1 0 20 [l+1
= — —]_ .
U= ok g( )€+1<k—€)
This completes the proof of the lemma. O

The following lemma is well-known and can be found in [9, p. 205].

Lemma 2.4. For any formal series S(z) € C[[z]], we have

S(D)M, — M,S(D) = S'(D). (12)

3. Auxiliary Results

In contemporary mathematical literature, numerous explicit formulas have been
established for classical Bernoulli and Euler numbers and polynomials. Notably,
the articles [3, 5, 6, 11] and the references therein offer intriguing explicit formulas
for Bernoulli and Euler polynomials, employing composition operators.
Recall that
A=T-1

and
5 k
AF = (P —1)F =) (-1)F ( ‘>ejD.
j=0 J
As seen before, (15 and {15 denote the composition operators associated with the
Bernoulli and Euler polynomial sequences. Then we can write

_1n(1+A)_OO kAk
2p = 1+A _jgo( 1)k+1

and

2 1 = p AF
0= 5T A T TATa =2 (%

Hence the following formulas hold:

m k 71]‘
LCEDW W =~

k=0 j=0

(5 sy (13)
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and

m k j
Buo) = 23 G (M) (14
k=0

j=0
The following proposition introduces a new explicit formula obtained by applying
composition operators.

Proposition 3.1. For any positive integers n and m with m > n, we have

. z+1 k! (3k — )7
2 En ( B ) = Z WCOS <4) S(n, k,l’), (15)

k=0

where S(n,k,x) denotes the generalized Stirling polynomials defined by
1 & k
o k—g A\
Stk ) = - j}zojen ﬂ(j)@: )

Note that S(n, k,0) = S(n, k).

Proof. Consider the composition operator Qp« = 6225711 We can express this oper-
ator as a series in A as follows:
2P 2 +2A =1
N = — I —_ R -1 k+1 Ak
2 2D 11 1+ (1+A)2 ;21@ e((i—1)f)
oo
1 Bk—1m\ &
= ; Y ( 1 ) AR (16)

Applying this last operator to 2™, and noting that A™(2™) = 0 for m > n, yields
Formula (15). O

In 2018, Bounebirat et al. [1] established the following explicit formula for the
Euler numbers:

Ep=-Y ;i,i Re ((i — D*) S(n, k) (n > 0). (17)
k=1

Note that Formula (15) extends the explicit formula (17) to Euler polynomials. The
following two classical recurrence formulas are well-known [10, pp. 96 and 103]:

BieD(@) = (1= 2) B (@) —n (5 ~1) B (@) (18)

and

By (2) = 2B () — B (@ + 1), (19)
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In the following proposition, we establish an analogous recurrence formula [10] to

B = (- 2) B, ) - & 1y () BB @, o

2 n
k=0
Our formula is verified by the generalized Euler polynomials.

Proposition 3.2. For any a € C and any integer n > 1, we have

B = (- 5) B + 5 L0 () BB @, e
k=0

(0%
Proof. Consider the formal series Sg) (2) = (efﬁ) . Differentiating, we obtain

a 2 atl
B (2) = =5 z€° (e+1) :

According to Relation (12), for any integer n > 1, we have
e (D)(a") = (Sp@ (D)My — My Spe (D))(2").
This identity leads to the relation
%ozE,(f‘“)(x +1) = B\ (2) — 2B (2). (22)
Now, note that
ECt (2 4+1) = Q2Q%(z 4+ 1)" = Q4 E, (v + 1) = (—1)"Q% (B, (—x)).

Expanding E, (—x), we get

o a7 N gk (P (a)
%{(—1) kZ_O(k)Enkm)(—x)’“}—Z(—l) (1) B 0B @), @)

k=0

Finally, by substituting this into (22) we immediately derive Formula (21). O

4. Main Results

The following result is a generalization of Theorem 1.2 in [12].

Theorem 4.1. For any positive integers m and n such that m > L%J , we have

k=0
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Proof. We prove Formula (24) using appropriate composition operators. To begin
we observe that Formula (24) is equivalent to

m

! E, <x;1> -3 (;)k <’Z++11) jZ: (’;) (@+2i— k)" 2m+13>n).

k=0

We then have
n rz+1 _ " T _ 2¢P n m—1/m
”n( > )—T(2 En(Z))_<62D+1>($)_¢ ("),

where ® is the Appell operator defined as

o D+e—D i

Consider now the operator

3

(25)

k=1

Since ¥ has order 2 (see [9, p. 201]), it follows that U *! has order 2m + 2. Thus,
for 2m + 2 > n,
Ut (z") =0

and
(1 —w™H)(2™) = 2™

That is, for m > L%J, we have

" E, (m ; 1) (@) = &L (1 — U ().

Moreover, the composition operator ®~1(1 — U *1) can be expressed as a polyno-
mial in ®. Indeed, according to (25), we have

(I)_l(l _ \I/m—&-l) — (I)—l(l _ (1 _ (b)m—&-l) — Z (Z"If) (_1)k¢)k.
k=0

Consequently, for m > ng’

M E (“1) :i(?jf) 1)F3* (2. (26)

=0

On the other hand, we have

D —-D\* —kD
ok <6 +2€ > _ 62k (2D 4 1)k = Q%Z (@)6(2jk)D’
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thus,
1 <~ [k
k(. n\ __ . n
O (2™) = ok ]EIO <J> (x+25 — k)" (27)

Finally, from (26) and (27), we deduce that for m > | %]

()£ ()L (e

k=0 7=0

Therefore, the proof is complete. O
The following result is a generalization of Formula (1.5) in [12, Theorem 1.3].

Theorem 4.2. For any positive integer n, we have

n k Y4
En(z) = Z(k“)!S(n,k,Q:ﬂ_nZ(_nf 2 <if;> (28)

~ on k
2 P 2 et f+1

Proof. Let us prove the following equivalent formula:
n k
r+1 (k+1)! . 28 (141
2"E, = S(n, k, -1 . 29
( 2 ) > o Ska) 3 (1 g Ly (29)
We know from Lemma 2.3 that

i (5) - () - (St

1y 2¢ <£+1>
~ C4+1\k—1

where

Q
ol
Il
=
%2+
[t
ng

Hence, we deduce that

n

2 En( 5 ):kZ_OakA (™)

= Z arklS(n, k,x)

as required, completing this proof. O
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The following result is a generalization of Formula (1.6) in [12, Theorem 1.3].

Theorem 4.3. For any integer n > 0, we have

n ¢ n—t
En(x)ziz( D Z k+€+1 (€+1>S(n,k+f,2x—1).
=0

k
k=0

Proof. Let us prove the following equivalent formula:

np (Z+1) < k+£+1 (+1
2En( 5 )-% ]; ( i )S(n,k—i—&m).

We know from Lemma 2.3 that

np (TN 24 2A = K
2 E"( 2 >_ (2+2A+A2>(x )_kzzoa’“A (2

k
_k+1 0 20 (141
o = = > (D' (k—é)'

£=0

where

Similarly, by taking into account the fact that S(n,k + £, x) = (kH)'AkH(
right-hand side of (31) becomes

" = k+€+1 (41 (1)L +£+1
I e L D=
=0 k=0 £=0 Jj=
= BrAF (™),
=0
with
8 (—1)%’+£+1(€+1>
k= I orE— .
Pt J
_Z’“:(—l)fk+1(é+1>
- k—¢ _
21 2 ko
k
k+1 20 [+
- 1
o 20 ()
£=0
= Q.

Thus, Formula (31) follows.

+1
J

(30)

(31)

™), the

O

Formula (4) was reaffirmed in 2017 by Qi and Guo [8] . In the next theorem, we

extend it to generalized Euler polynomials.

)Aj-‘ré(xn)
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Theorem 4.4. For any m > [%], we have

B (z) = i (Q_Ti): (a J”: a 1) ik:(—l)j <2f> (20 — o — k4 j)".

k=0 =0

Proof. Let us prove the following equivalent formula:

on (e (T) = (—;ﬂ)’“ <a +}1§ - 1) i’“:(_l)j (2;;) o

k=0 =0
We have
e (7)< (o) (7)
= <TQSE7(LQ)(2D)) (1’”)
2 «
_ ,aD n
—— (62D+1) (™)
2¢P @ "
Let us set
U,=(1+6"¢
and 1
6 = §€7DA2.
Then from
2z B 1
2 - (22-1)’
z2+1 14+ e

we derive that

v, = i (‘ko‘)(s’f - i(—nk <O‘ +: - 1) 5.

k=0 k=0

Moreover, since the order of § is equal to 2, we have for any integer m > L%J,

m

U, (@") = S (1) <O‘ *Z - 1> §* (2.

k=0
The calculation of §%(z") gives

1 1 2k (2
oF = — e FPA% = e Tk (T — 1) = Z(I)J( , >Tj_k.

k
2 =0 J

13

(32)

(33)

(35)
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This yields

Finally, by inserting (36) in (35), we get

CEE I G DS ) [ e

k=0 §=0

Formula (33) follows immediately by inserting this last formula in (34). Thus, the
proof is complete. O

5. Conclusion

It is well-known that the use of formal power series is a powerful tool for studying
certain sequences of numbers and polynomials. Throughout this study, we have ob-
served that the use of composition operators represents both a natural approach and
an effective, well-suited tool for the investigation of Appell polynomial sequences.
The results we have obtained suggest broad and promising avenues for further re-
search in this area.
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presentation of the final version of this manuscript.
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