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Abstract
For k > 2, let ( %k)) be the k-generalized Pell-Lucas sequence which starts
n>2—k
with 0,---,0,2,2 (k terms) and each term afterwards is given by the linear recur-
rence

QP =20W, +Q™, +---+QW,, for n>2
An integer n is said to be close to a positive integer m if n satisfies |n — m| < /m.

< 2™/2_in positive

In this paper, we solve the Diophantine inequality ‘Q%k ) _om

unknowns k, m, and n.

1. Introduction

Let k,r be integers with £ > 2 and r # 0. Let the linear recurrence sequence
(Ggﬂ)) . of order k be defined by

61 = 16, 4G, + 4 G,
for n > 2 with the initial conditions

G(*k()kﬂ) = G(f()k—3) == G(ff =0, G(()k) =a, and G(lk) =b.
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For (a,b,r) = (0,1,1), the sequence (G%k)) is called the k-generalized Fi-

n>2—k

bonacci sequence (F,(Lk)) . [8]. For (a,b,r) = (0,1,2) and (a,b,r) = (2,2,2),
n>2—

the sequence (Gqu)) is called the k-generalized Pell sequence (Pfgk))

n>2—k n>2—k

and the k-generalized Pell-Lucas sequence ( ,(f)) o] respectively [14]. The

terms of these sequences are called k-generalized Fibonacci numbers, k-generalized
Pell numbers, and k-generalized Pell-Lucas numbers, respectively. When k = 2, we
have the usual Fibonacci, Pell, and Pell-Lucas sequences, (Fy,),,~os (Pn),>q, and

(Qn)nz(), respectively.
We need the following definition of closeness.

Definition 1. An integer n is said to be close to a positive integer m if n satisfies
In —m| < vm.

After the introduction of the previous definition by Chern and Cui in 2014 [10],
they determined the Fibonacci numbers that are close to a power of 2. Their work
was extended by Bravo, Gomez, and Herrera [4], who characterized all terms Jol
that are close to a power of 2. In parallel, Acikel, Irmak, and Szalay [1] studied
k-generalized Lucas numbers that are close to powers of 2. More recently, Bachabi
and Togbé [2] determined the k-generalized Pell numbers in the same context.

As a continuation of the work done in [2], in this paper we study the k-Pell-Lucas
numbers that are close to a power of 2. More precisely, we will prove the following
theorem.

Theorem 1. All the solutions (Q%k), k,n,m) of the inequality
Q) —2m| <22, M
in positive integers k, m, m with k > 2, are given by
(2,k,1,1), k>2, (6,k,2,3), k>2, (16,k,3,4), k> 3,
(34,2,4,5), (260,3,6,8), and (32774,4,11,15).
We deduce the following consequence.

Corollary 1. Let n, m, k be defined as in Theorem 1, the only solutions to the
Diophantine equation Q%k) =2 are

QP =2'=2 k>2 and QY =2"=16, k> 3.
Note that this theorem gives the solutions to the Diophantine equation

QW =2m f e with |e| <2™/2 (2)
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For the proof of Theorem 1 we use the properties of the k-Pell-Lucas sequence,
Baker’s method based on linear forms in logarithms of algebraic numbers, and the
Baker-Davenport reduction method [3]. Here, for the reduction method, we will use
a modified version of the result due to Bravo, Gémez, and Luca (Lemma 1 of [5]).

2. Preliminary Results

This section is devoted to collecting a few definitions, notations, properties, and
results, which will be used in the remainder of this paper.

2.1. Properties of the k-Generalized Pell-Lucas Sequence

The characteristic polynomial of the k-generalized Pell-Lucas sequence is
Pp(z) =af — 2281 — b2 .. _p 1.

The above polynomial is irreducible over Q[z] and it has one positive real root
a := a(k) which is located between ¢?(1 — ¢~*) and ¢? with ¢ = HT‘@, and which
lies outside the unit circle (see [17]). The other roots are strictly contained in
the unit circle. To simplify the notation, we will omit the dependence of a on k
whenever no confusion may arise.

The Binet-type formula for lek), found in [17], is

k k

QWM = Z(mi — 2)gr(ai)ai’ = Z (k+1)

i=1 i=1

2(0@ — 1)2 n
: 3
2 Bkas+ k-1 3)
where the a; are the roots of the characteristic polynomial ®(x) and the function

gr. is given by
z—1

k4+1)22 —3kz+k—1’

gk(z) = ( (4)

for k > 2.
Additionally, it was also shown in [17] that the roots located inside the unit circle
have a very minimal influence in formula (3), as can be seen by the inequality

QW — (2a = 2)g(a)a”| < 2, ()

for n > 2 — k. Furthermore, it was shown by Siar and Keskin in [17, Lemma 10]
that the inequalities
a" !t < QP < 207 (6)

hold, for n > 1 and k > 2.
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Lemma 1 ([6], Lemma 1 and [7], Lemma 2.3). Let k > 2 be an integer. Then, we
have

(a) 0.276 < gp(a) < 0.5 and |gr(a;)| <1, for 2<i<k.

(b) ¢* (1—0¢7") <a< ¢

Definition 2. Let a be an algebraic number of degree d, let a > 0 be the lead-
ing coefficient of its minimal polynomial over Z, and let o = o, ..., a(® be its
conjugates. The logarithmic height of « is defined by

d
h(a) = é <loga + Zlog (max{|a(i)|, 1})) .

In particular, if 7 = p/q is a rational number with ged(p,q) = 1 and ¢ > 0, then
h(n) = log max{|p|, q}. For any algebraic numbers o and 8, we have the following
properties [19, Property 3.3]:

h(afB) < h(a) + h(B),
h(a £ B) <log2+ h(a) + h(B).

Moreover, for any integer n,
h(a™) < In|h(«).

With the above notation, Siar et al. [18] showed that the logarithmic height of
gi () satisfies
h(gx(a)) < 5logk, for k> 2. (7)

Lemma 2. Let « be the dominant root of the characteristic polynomial ®y(x) and
consider the function gp(z) defined in (4). If k > 50 and n > 1 are integers
satisfying n < ¢F/2, then the following inequalities hold:

(1) ([17], Equation 30)

(200 — 2)a™ — 20" | < %7
(i) ([17], Lemma 13)
k
)~ 9u(")| < 55

Lemma 3 ([16], Lemma 2.3). Let k > 50 and suppose that n < ¢*/2. Then

9p2n+1 1.25
(2a — 2)gr(a)a™ = $+2 (1+&), where [£| < oz
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2.2. Linear Form in Logarithms
Matveev (Corollary 2.3 of [15]) or (Theorem 9.4 of [9]) proved the following result.

Theorem 2. Let n1,...,ns be positive real algebraic numbers in a real algebraic
number field K of degree dx. Let dy,...,ds be non-zero integers such that

F::nfl---ngs—l#o.

Then
—log|I'| <1.4-30°T . s*° . d% (1 +logdx)(1 +log D) - By - - By,
where
D > max{|dy]|,...,|ds|},
and

B; > max{dxh(n;),|logn,|,0.16}, forallj=1,...,s.

2.3. The Reduction Method

Here, we present the following result due to Bravo, Gémez, and Luca (Lemma 1 of
[5]), which is a generalization of the results of Baker and Davenport (Lemma of [3])
and Dujella and Peth6 (Lemma 5(a) of [11]).

Lemma 4. Let M be a positive integer, let p/q be a convergent of the continued
fraction of an irrational number T such that ¢ > 6M, and let A, B, and p be real
numbers with A > 0 and B > 1. Further, let ¢ = ||ug|| — M - ||7q||, where || - ||
denotes the distance from the nearest integer. If € > 0, then there is no solution of
the inequality

0< |mr—n+pul < AB7F,

i positive integers m, n, and k with

log(Ag/e)

<M and k >
m < and k > log B

Note that Lemma 4 cannot be applied for g = 0 (since then € < 0). For this
case, we use the following technical result from Diophantine approximation, known
as Legendre’s criterion. This comes from the theory of continued fractions (see [13],
pages 30 and 37).

Lemma 5. Let 7 be an irrational number.
(i) If x, y are positive integers such that

Y 1
—_ = < 7,
’T x 2z2

then y/x = pi/qr is a convergent of T.
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(ii) Let M be a positive real number and po/qo, p1/q1, - .. be all the convergents

of the continued fraction [ag,a1,as,...] of 7. Let N be the smallest positive
integer such that gy > M. Put a(M) = max{ay : k =0,1,...,N}. Then, the
inequality

i :

r_

= > —
x ’ (a(M) + 2)x?
holds for all pairs (x,y) of integers with 0 < x < M.
2.4. Other Useful Results
We conclude this section by recalling the following results that we will need.

Lemma 6 (Lemma 2.2 of [20]). Let a,z € R. If0 < a <1 and |z| < a, then

—log(1 —
|log(1+x)|<7g(a a)~|:c\
and a
xr
. — 1.
ol < == e 1)

Lemma 7 (Lemma 7 of [12]). If £ > 1, T > (46%)¢, and T > z/(logx)", then
x < 2'T(log T
Theorem 3 (Theorem 1 of [4]). The Diophantine inequality
) —om| < o2

has two parametric families of solutions (n, k, m) with n, k > 2, and m > 0,
namely

1. (n, k, m)=(t, k, t—2) for2<t<k+1, and
2. (n, k, m)=(k+2+t, k, k+t) for0<t<max{z €Z:2+z < 21+(}“’m/2)}.
3. In addition, we have the sporadic solution (n, k, m) = (12, 3, 9).

Theorem 4 (Theorem 1.1 of [10]). There are only 8 Fibonacci numbers which are
close to a power of 2. Namely, the solutions (Fy,,2™) of the inequality

|F, —2™| < 2m/?

are (1,2),(2,2),(3,2), (3,4), (5,4), (8,8), (13,16), and (34,32).
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3. Proof of Theorem 1

In this section, we give all details about the proof of our main theorem. We establish
some preliminary results.
The following result gives us the bounds of m in terms of n.

Lemma 8. If (m,n, k) is a solution of Diophantine Inequality (1) with n > 1,
m > 2, andn >k + 1, then we have the inequalities

0.69n — 1.69 < m < 1.39n + 3.78.
Proof. Combining Inequality (6) with Equation (1), we have
2m—1 < om _ 2m/2 < Q1(’Lk) < 20" < an+2

and
a" < Q) < oMy om/2 < gmAL
Since 2m~! < a™*2 and a"~! < 2m*1 it follows that (m — 1)log2 < (n + 2)loga
and (n —1)loga < (m + 1)log2. So, we get
log o log o

-1 -1 2)—— + 1.
(n )log2 <m < (n+ )10g2+

Because ¢?(1 — ¢~2) < a < ¢?, by Lemma 1(b), for k > 2, we deduce that
0.69n — 1.69 < m < 1.39n + 3.78.
This finishes the proof of the lemma. O

The following result gives an upper bound of m and n in terms of k.

Lemma 9. If the integers n, k, and m satisfy Diophantine Equation (2) with
n > k+ 1, then we have the following estimates:

n<17-10% - k*.log®k and m < 2.37-10" - k* - log® k.
Proof. Let us express Equation (2) as follows:
2" — (2a — 2)gr(a)a™ = QW) — (2a — 2)gr(a)a™ — e.
Taking the absolute value of both sides, we obtain

2 — (20 — 2)gx(a)a”| < )Q;’@ — (20— 2)g(a)a™| + |e| < 2+ 2™/2.

Dividing through by (2a — 2)gi ()™, we get

1

(2a —2)g(e) i (142077).

a "M -1 < —————
‘ (@ = 1)gr(a)a
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Since the inequalities 0.276 < gi(«) < 0.5 hold for k& > 2 (see Lemma 1) and
2m—1 < "2 we deduce that

_ 1/2
- aT"™ 1| <587 | —+ —
2o —2)gn(@) " ’ - (an T
1 2-1/2 .
142712 92
< 5.87 M (a’ﬂ/2>
16.74
Let
1 _
M=— "2 —1.

(20 = 2)gi(cv)
Observe that I'y # 0. If I'y = 0, then (2o — 2)gr()a™ = 2™. Using the Q-
automorphisms o; : @ — «ay, i > 2, of the Galois extension Q(«) over Q and Lemma
1, we find that
16 < 27 = |gu(as)] o} | 20; — 2] < 4,

which is a contradiction. Thus I'y # 0. Now, we can apply Theorem 2 to I';. Let
us consider

1

m (206_2)‘9]@(01)7 2 a, 73 s 1 , U2 n, as m

The numbers 71, 72, 73 are elements of the number field K := Q(«) with dx = k.

We have ) 2log
og a o
h(n2) = i <2989 and h(ns) = log2.

Moreover, we get
max{kh(n2), |logna|,0.16} < 0.97 = A,,

and
max{kh(ns),|logns|,0.16} < klog2 = As.
Using the properties of the logarithmic height and (7), we obtain

h(m) <log2+ h(a —1) + h(gr(e))

]
< 2log2 + % +5logk

< 2log2+logo+ 5logk
< 7.8logk,
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for k > 2. So, we can take
max{kh(n1),|logm|,0.16} < 7.8klogk = A;.

Finally, from Lemma 8, we can choose D = 6n > 1.39n + 3.78 > max{1, m,n}, for
n > 1. Thus, Theorem 2 tells us that

log [Ty | > —7.51-10" - k* - logk - (1 + log k)(1 + log(6n)).

By the facts 1 + log(6n) < 2.3logn and 1+ logk < 2.5log k, which hold for n > 9
and k > 2, we obtain

log|Ty| > —4.32-10'2 - k* - log? k - log n. (9)
Combining Inequalities (8) and (9), we get
n<1.8-10" . k* . log®k - logn.

Thus, we obtain

P 18108 kY log? k.

logn

Applying Lemma 7 with 7= 1.8 -10'3 - k* - log? k, = n, and ¢ = 1, we have

n<2-(1.8-10% . k* - log?k) - log(1.8 - 10** - k* - log? k)
< (3.6-10" - k* -log? k) - (30.53 + 4log k + 2loglog k)
< 1.7-10% - k* - log® k. (10)

In the above inequalities, we have used the fact that
30.53 + 4log k + 2log(log k) < 47log k
holds for k£ > 2. Finally, using Inequality (10) and Lemma 8, we obtain
m < 2.37-10% - k* - log® k.
This completes the proof of Lemma 9. O
The last preliminary result established is the following lemma.
Lemma 10. There is no solution for Inequality (1) with k > 350 and n >k + 1.

Proof. Referring to Lemma 9, we have

n<1.7-10" - k* - log® k < ¢*/2, for k > 350.
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Thus, from Lemma 3, Equation (2), and Inequality (5), we have

2¢2n+1
$+2

2¢2n+1
| e+2
25 2n+1
< 2007
(0 +2)- ¢
Multiplying through by (¢ + 2)/2¢?" !, and using the facts that 2 < ¢? and m <
1.39n 4 3.78 < 1.5n for n > 34 (see Lemma 8), we obtain
125 6+2 | _.n 642
Pr/2 + P2t +2 ’ 2¢2n+1
1.25 3.62 1.81¢™

27n _

£+ QY — (20— 2)gr(a)a” — e

+242m/2

Do <

< ¢k:/2 ¢2n+1 ¢2n+1
4.87 181
< ¢k/2 + ¢n/2
6.68
< ¢k/2’ (11)

where
[y = (p+2)p 2" t2m=t 1.

Observe that I'; # 0. Indeed, we have 2™~ ! = ¢;i+217

the left-hand side is an integer whereas it can be seen that the right-hand side is
irrational as n > 351 and m > 240. So, we can apply Theorem 2 to I'; with

which is impossible because

m=¢+2, m=¢ m=2, di=1 do=-2n-1, anddz=m— 1.

Since K := Q(n1,m2,m3) = Q(¢), it follows that dx = 2. Also, we have
lo
h(ne) = %(b and h(nz) = log2.

Moreover, one has

1
h(m) < h(g) + h(2) +log2 < %‘z’ +2log2 < 1.63.

Thus, we can take
A :=3.26, Agy:=log¢p, and As:=2log2.

Here we can take D = 2n+ 1. Using the fact that 1+ log(2n+ 1) < 1.8logn, which
holds for n > 9, from Theorem 2 we get

log |T2| > —3.8- 10" - logn. (12)
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Next, we put (11) and (12) together to obtain
k< 1.58-10' - logn. (13)
By Lemma 9, we have
logn < log(1.7-10' - k* - log® k) < 10.91ogk, for k > 350. (14)
Using Inequalities (13) and (14), we obtain
k< 1.73-10"1ogk.

It follows that
k < 6.3-10%.

We deduce that
n < 1.29-10%.

In order to reduce the above bounds of n, we put

Ay =—log | ——
’ ¢ <¢ +2
Hence, Ay # 0 because I's # 0. So, we get

) —(2n+1)log¢+ (m —1)log2 = log(T's + 1).

13.36
Dividing through by log 2, we get
20
I(2n+1)7—(m—1)+ul<W, (15)
with
log ( 1=
_logo g<¢>+2)
= log 2 r= log2

Now, we apply Lemma 4 with A = 20, B = ¢, and M = 2.58 - 10%3. Using Maple,
we find that ¢;¢5 satisfies the hypotheses of Lemma 4, and we get

k
— < 415.14.
5 < 415

Thus, for k£ < 830, using Lemma 9, we obtain
n < 2.45-10%.

We apply again Lemma 4 to Inequality (15) with A =20, B = ¢, M = 4.9 - 10%°
to obtain L

— < 157.73.

2

We obtain k& < 315, which is a contradiction to the fact that k& > 350. Therefore, we
deduce that Inequality (1) does not admit any solution for k& > 350. This completes
the proof of Lemma 10. O
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Proof of Theorem 1. For this, two cases will be considered according to the values
of n.
Case 1: 1 < n < k. First, observe that for 1 < n < k, we have Q%k) = 2F5, (see
Lemma 10 of [17]), where F,, is the nth Fibonacci number. Hence, Inequality (1)
becomes

| Py — 2m7 1| < 20m=2)/2, (16)

By Theorems 3 and 4, we deduce that the solutions (Fs,,n,m — 1) of Inequality
(16) are (1,1,0), (3,2,2), and (8,3,3). Therefore, the solutions (Q%k),k,n, m) of
Inequality (1) are

(2,k,1,1), k>2, (6,k,2,3), k> 2, and (16,k,3,4), k > 3.

Case 2: n > k+ 1. We assume that n > k 4+ 1. Furthermore, considering the
solutions of Inequality (16) and checking for the small values for n, we may assume
that n > 9. Then applying Lemma 8, we have m > 4. Next by Lemma 9 we get

n<1.7-10"-k*-log’k and m < 2.37-10'° - k* - log® k.

Subsequently, we will discuss different cases depending on the size of k.
Case 2.1: 2 < k < 350. To reduce the above bound on n (see Lemma 9), we
assume that n > 12 and we put

Aq :—m10g2—nloga—|—log< > =log(T'; +1).

(20 = 2)gi(cx)
By Inequality (8), we obtain

16.74
0< || < —% <094, forn>12.
an/?

Applying Lemma 6 with a := 0.94, z :=I'; we have

51
Dividing through by log a, we get
106
where
(=)
o
log 2 —
A (2a = 2)gr(@)
log log v

Now, we apply Lemma 4 to (17), for 3 < k < 350, by putting

M = My, :=|2.37- 10" - k* - log® k|, A =106, and B = q.
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And a quick computation with Mathematica reveals that
g <7642, for ke [3,350].

Note that Lemma 4 cannot be applied to (17) for k = 2 because u = 0. So, for
k = 2, we rewrite Inequality (17) as follows:

(18)

106 1

f—>—
man/2 — 2m?2’

then

. L1015 . 24. 3
n < log(212m) < log(212 - 2.37 - 10*° - 2% - log" 2) < 48.15.
2 log o log o
106 1 .
If —— < ——, then we apply Lemma 5 to (18) using

man/2 ~ 2m2

log 2
T = 8 ., M=237-10".2".10g%2, z=m, and y=n.

log

After a computation using Maple, we obtain that 32 is the smallest positive integer
such that g3 > M and a(M) = 100. So, we have

1
102m?

n
- —. 19
e o
Combining Inequality (19) with Inequality (18), we get

log(106 - 102m) _ log(10812 - 2.37 - 10'° - 2! - log" 2)

= < 52.61.
log o log

Tl<
2

In all cases, we see that n/2 < 76.42.

Finally, using a Maple program to search all the solutions of Equation (2) with
2<k<350,0<n<152,0<m<215 (asm < 1.39n+ 3.78), and n > k + 1, we
obtain the remaining solutions of this equation mentioned in our main theorem.
Case 2.2: k > 350. By Lemma 10, we deduce that Inequality (1) does not admit
any solution in this case. This complete the proof of Theorem 1. O
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