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Abstract
This note concerns the non-existence of three consecutive powerful numbers. We
use Pell equations, elliptic curves, and second-order recurrences to show that there
are no such triplets with the middle term a perfect cube and each of the other two
having only a single prime factor raised to an odd power.

1. Introduction and Main Results

A positive integer n is powerful or squareful if p* | n for all primes p such that p | n.
It is well-known that any powerful number can be factored uniquely as n = a?b3
for some positive integer a and squarefree number b. Here a number n is squarefree

if p? ¥ n for all primes p. The following is an initial list of powerful numbers:
1, 4, 8,9, 16, 25, 27, 32, 36, 49, 64, 72, ....

Notice that 8 and 9 are consecutive powerful numbers. Indeed, there are infinitely
many such pairs. For example, the solutions of the Pell equation

2?22 =1

give consecutive powerful pairs 2y2, 2 as y is even by considering perfect squares
modulo 4. The interested readers may consult [5] and [8] for more discussions on
this topic. Next, one can ask if there are three consecutive powerful numbers.

Conjecture 1 (Erdds, Mollin, Walsh). No three consecutive powerful numbers
exist.

This appears to be very hard. Some relevant references are [4], [7] and [6].
Conditional on the abc-conjecture, one can show that there are only finitely many
triples of consecutive powerful numbers. In this note, we consider the special case
of three consecutive powerful numbers of the form z® — 1, 23, 2% + 1 and prove the
following.
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Theorem 1. There are no three consecutive powerful numbers of the form
CCS _ 1 — p-?)yQ7 .'1737 .'173 + 1 — q3Z2 (1)
with primes p,q and positive integers ,y, z.

Corollary 1. The Diophantine equation 64z — 1 = p3¢3y? has no solution with
integers x,y and primes p,q.

The author hopes that this note will stimulate further studies of powerful num-
bers and Conjecture 1.

Throughout this paper, all variables are integers. The letters p and ¢ stand for
prime numbers. The symbol a | b means that a divides b, and a { b means that a
does not divide b. The symbol p* || @ means that p* | a but p**! { a.

2. Some Basic Observations

Lemma 1. The difference between any two perfect squares cannot be 2.

Proof. One simply observes that (n 4+ 1)2 —n? = 2n 4+ 1 > 2 when n > 1, and
(0+1)2—-02=1#2. O

Lemma 2. Ifx =1 (mod 3), then 3| 2? + x + 1.

Proof. Suppose x =1 (mod 3). Say x = 3z’ 4+ 1 for some integer z’. Then
Pr+1=062+1)2+ B2 +1)+1=927+92' +3 =332 +32" + 1)
which is divisible by 3 but not 9. O

Lemma 3. If v =2 (mod 3), then 3|22 —x + 1.
Proof. This follows from Lemma 2 by the substitution x — —z. O

Lemma 4. Suppose a # 0, ¢ and e are some fived integers. If y*> = ax*+cx®+e has
an integer solution (x,y) with x # 0, so does the elliptic curve Y? = X3+cX?+aeX.

Proof. One simply multiplies both sides of 32 = az* + cx? + e by a?2? and gets
(axy)? = (az?)® + c(ax?)? + ae(az?). This yields a non-zero integer solution for the
above elliptic curve with X = az? # 0 and Y = axy. O

Lemma 5. The Pell equation x> —3y* = 1 has all positive integer solutions (T, yr)
generated by x +ypV/3 = (2+1-v/3)* for k € N. Moreover, the solutions satisfy the
recursions: 1 =2, xo =17, X, = 4Tp—1 — Tp—2;, Y1 = 1, Yo = 4, Yy = 4Yr—1 — Yp—2
for k> 2.
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Proof. This is a standard result in the theory of Pell equation that all integer
solutions are generated by some fundamental (minimal) solution. See [1, Theorem
5.3] for example. The recursions easily follow from the observation

(24+V3)F —4(24+V3)F 1+ (24V3)F 2 = (24+V3)F2[(2+V3)2—4(2+V3)+1] = 0
as 2 + /3 is a root to the quadratic equation x> — 4z + 1 = 0. O

Lemma 6. The generalized Pell equation 2 — 3y> = —2 has all positive integer
solutions (z,yr) generated by xp + ypvV/3 = (1+1-V3)(2+1-v3)F for k € N.
Moreover, the solutions satisfy the recursions: x1 =1, xo =5, x = 4xp_1 — Tp_2;
yi=1,y2 =3, Y = k-1 — Yu—2 for k> 2.

Proof. One can easily see that x = 1 = y is the smallest positive integer solution
(ie., £1 +11v3 = 1 +1-+/3). Then one can generate all the integer solutions by
combining this with the solutions in Lemma 5. See [2, Theorem 3.3] for example.
The recursions follow from a similar observation as in Lemma 5. O

3. Proof of Theorem 1

We are now ready to prove Theorem 1.

Proof of Theorem 1. First, note that any three consecutive powerful numbers must
be of the form 4n — 1, 4n, 4n + 1 as 2 || 4n + 2. Recall that the middle number is a
cube. So, 4n = 23 and x is even. Suppose that, contrary of Theorem 1, we have

(x—1)(z?+x+1)=p%? and (z+1)(2* —2+1) =¢*2> (2)

Note that > 1 as p,y > 0. By the fact that ged(a,b) = ged(a,b — a), we have
ged(z — 1,22+ 2+ 1) = ged(z — 1,(z — 1)(z +2) + 3) = ged(z — 1,3) = 1 or 3.
Hence,

3, ifx=1 (mod 3),
1, otherwise.

3)

Suppose x # 1 (mod 3). Then ged(z — 1,22 + 2 + 1) = 1 by Equation (3). It
follows that if p | z —1, then p? | x —1 and 22 + 2 +1 is a perfect square by Equation
(2). This is impossible as 22 < 2% + z + 1 < (2 + 1)%. Hence, p3 | 22+ + 1. In
summary, we have

gcd(x—l,xQ—i—x—i—l):{

r#1 (mod 3) implies p* | 2> + 2+ 1 and = — 1 is a perfect square.  (4)
Applying the substitution x — —x to the above argument, we also have

3, ifxz=2 (mod 3),
1, otherwise,

gcd(m+1,x2—x+1):{ (5)
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and

2

x#2 (mod 3) implies ¢* | 2% —x + 1 and x + 1 is a perfect square.  (6)

Case 1: x =0 (mod 3). From Equations (3) and (5), we have
ged(z — L,z +x+1)=1=ged(x + 1,22 — 2+ 1).

By Equations (4) and (6), both z—1 and z+1 are perfect squares which contradicts
Lemma 1.
Case 2: x =1 (mod 3). From Equations (3) and (5), we have

ged(z — 1,22 +2+1) =3 and ged(z+ 1,22 —x+1) =1.

Hence, ¢° | 2 — 2 + 1 and = + 1 = u? for some integer u > 0 by Equation (6).

Suppose p = 3. We have (z —1)(z2 4+ 2+ 1) = 33%y? and 3|22+ 2+ 1 by Lemma
2. Thus, 9 |2z —1 and  — 1 = 92/% = (32’)? for some integer 2’. This contradicts
Lemma 1.

Suppose p # 3. If p| 22 + 2+ 1, then p? | 22 + 2 + 1 by Equation (3). This forces
r—1=3v? or z — 1 = (3v)? for some integer v. The latter contradicts Lemma 1.
The former yields u? — 3v? = 2 which is also impossible as u?> = 0 or 1 (mod 3).

Therefore, we must have p | x — 1 and, hence, p® |  — 1 by Equation (3). From
Equation (2) and Lemma 3, we have 22 + 2 + 1 = 3v? and z — 1 = 3p3w? for some
integers v, w > 0 with ged(v,3) = 1 = ged(v,w). Substituting 2 = u? — 1 into
z2 + z + 1, we obtain

3P =ut—u?+1 or y?=3u-3u+3

where 3 = 3v. By Lemma 4, the elliptic curve Y? = X3 —3X? +9X has a non-zero
integer solution. This contradicts (X,Y) = (0,0) being the only integer solution by
the SageMath command

E = EllipticCurve([0,-3,0,9,0]); E.integral_points(),

for example.
Case 3: z =2 (mod 3). From Equations (3) and (5), we have

ged(x — 1,22 +2+1) =1, and ged(x +1,2° —2 4+ 1) = 3.

Hence, p® | 2 + 2+ 1 and 2 — 1 = u? for some integer u > 0 with 3 { u by Equation
(4).

Suppose ¢ = 3. We have (z+1)(z? —2+1) = 3%y? and 3 || 22 — 2+ 1 by Lemma
3. Thus, 9 |z + 1 and 2 + 1 = 92" = (327)? for some integer 2’. This contradicts
Lemma 1.
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Suppose ¢ # 3. We have either ¢® | x +1 or ¢ | 22 — 2 + 1 by Equation (5).
If the former is true, then z + 1 = 3¢3v? and 22 — 2 + 1 = 3w? for some integers
v,w > 0 with ged(w,3) = 1 = ged(v,w). Substituting z = u? + 1 into 22 — x + 1,
we obtain
3w =u' +u?+1 or o2 =3u*+3u®+3
with y = 3w. By Lemma 4, the elliptic curve Y2 = X3 4 3X2 + 9X has a non-zero
integer solution. The SageMath command

E = EllipticCurve([0,3,0,9,0]); E.integral points()

yields (X,Y) = (0,0) and (3,£9) as the only such solutions. It follows from the
proof in Lemma 4 that X = 3u? = 3 and v = 1. Hence, z = v> +1 = 2 but
x2 — 1 =7 is not powerful.

Therefore, we must have ¢° | 2 — x + 1. By Equation (5), we have x + 1 = 3v?
and 22—z +1 = 3¢3w? for some integers v and w. Combining these with z —1 = u?,

we get the generalized Pell equation u? — 3v? = —2. By Lemma 6, u = uy, satisfies
uy =1, up =5, and wup =4ugp_1 — up_o for k> 2. (M)
By substituting « = u? + 1 into 22 — = + 1, we obtain
3wt = (W + 12— (WP + D)+ 1=v+u? + 1= (W +u+1)(u® —u+1).
Since z is even and z — 1 = u?, it follows that u is odd and
ged(u? +u+ 1,u? —u+1) = ged(u? +u+ 1,2u) = ged(u? +u+ 1,u) = 1. (8)

Subcase 1: u=1 (mod 3). Then 3 | u? + u + 1. Suppose ¢ | u? + u+ 1. We have
u? +u+1 = 3¢w? and u? — u + 1 = w3 by Equation (8). This is impossible as
(u—1)? <u?—u+1 < u? unless u = 1. However, u = 1 yieldsx =2 and 2° -1 =7
which is not powerful. Therefore, we must have ¢ | u?> —u+1. So, u? +u+1 = 3w?
and u? — u + 1 = ¢3w3 by Equation (8). After some algebra, one arrives at

2u+ 1\2
=1
)
Then Lemma 5 gives 2wq + %\/3 =g + hl\/g =(2+ \/g)l where

(2w )2 —3(

hi=1, ho =4, and h; =4h;_1 — h;_o for [ > 2. (9)

Thus, up =u = 3}”2—_1 for some indices k,[ > 1.

From Equations (7) and (9), one can show by induction that uy and h; are positive
increasing sequences (for example, ug > 11 > 0 and the induction hypothesis uy_1 >
ug—2 > 0 implies ug = dug_1 — ug—2 > up—1 + 3(Uk—1 — ugp—2) > ur—1 > 0). Hence,

ug = dug_1 — ug—o > dug_1 — up—1 = 3ug_1, and, similarly, by > 3h;_1.  (10)
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Moreover, one can form the new sequence v := ug — hy which satisfies
v1 =0, vo=1, and vy =4vi_1 — VE_o for k> 2.

As v3 = 4, one can see that vy, = hi_1 > 0 for k > 2. Hence, uy = hy, + hp_1 > hyg
for all £ > 2. By Equation (10) and the inequality %” < 3"2_ L when n > 4, we have

4h 3hi —1  3up—1
k k < Uk

ukth+hk71<?< 5 5 < Jup < Ug41
for all £ > 2. Therefore, u; = % is possible only when k£ = [ = 1. This gives
z=u?+1=2but 2> —1=7Iis not powerful.
Subcase 2: u = —1 (mod 3). This is very similar to subcase 1 with 3 | u? —u+ 1
and (2w;)? — 3(2%41)? = 1 instead. It also yields a contradiction. O

4. Proof of Corollary 1

Using Theorem 1, we can now prove Corollary 1.

Proof of Corollary 1. Suppose the equation 64z — 1 = ((2z)3 — 1)((22)3 + 1) =
p2¢3y? has a solution with some integers z,y, and primes p,q. By the fact that
ged(a, b) = ged(a, b — a), we have

ged((2z)® — 1, (22)% + 1) = ged((22)® — 1,2) = 1. (11)

Suppose pq | (22) — 1. By Equation (11), we must have (22)% — 1 = p3¢®y? and
(22)% 4+ 1 = y3 for some integers y; and yo. However, the elliptic curve Y2 = X3 +1
has (X,Y) = (-1,0), (0,£1) and (2, £3) as its only integer solutions by SageMath
for example. Thus, z = 0 or 1. However, neither 0 — 1 = —1 nor 26 — 1 = 63 are
of the form p3¢3y?.

Suppose pq | (22)% + 1. By Equation (11), we must have (2z)% + 1 = p3¢3y?
and (2z)% — 1 = y3 for some integers y; and y». This contradicts (X,Y) = (1,0)
being the only solution to the elliptic curve Y2 = X3 — 1 (see [3, Theorem 3.2] for
example).

Therefore, p divides exactly one of (22)3 —1 or (22)3 + 1, and ¢ divides the other
one. Without loss of generality, say (27)% — 1 = p3y? and (2x) + 1 = ¢3y3. This
contradicts Theorem 1. Consequently, 642° — 1 = p3¢3y? cannot have any integer
solution. O

Acknowledgement. The author would like to thank the anonymous referee and
the managing editor Bruce Landman for some helpful suggestions.



INTEGERS: 25 (2025)

References

(1]

2]

(3]

(4]
(5]

[6]

[7]

(8]

K. Conrad, Pell’s equation I,
https://kconrad.math.uconn.edu/blurbs/ugradnumthy/pelleqnl.pdf

K. Conrad, Pell’s equation II,
https://kconrad.math.uconn.edu/blurbs/ugradnumthy/pelleqn2.pdf

K. Conrad, Examples of Mordell’s equation,
https://kconrad.math.uconn.edu/blurbs/gradnumthy/mordelleqnl.pdf

P. Erdés, Consecutive integers, Eureka 38 (1975-76), 3-8.
S.W. Golomb, Powerful numbers, Amer. Math. Monthly 77 (1970), 848-852.

A. Granville, Powerful numbers and Fermat’s last theorem, C.R. Math. Acad. Sci. Soc. R.
Can. 8 (1986), 215-218.

R.A. Mollin and P.G. Walsh, A note on powerful numbers, quadratic fields and the Pellian,
C.R. Math. Acad. Sci. Soc. R. Can. 8 (1986), 109-114.

D.T. Walker, Consecutive integer pairs of powerful numbers and related Diophantine equa-
tions, Amer. Math. Monthly 83 (1976), 111-116.



