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Abstract
In this paper, we study the arithmetic properties of the coefficients of some mock
theta functions. We present a number of such properties, including infinite families
of congruences. Some recurrence relations connecting the coefficients of the mock
theta functions with certain restricted partition functions are also established.

1. Introduction

In 1920, Ramanujan introduced 17 functions in his last letter to G. H. Hardy [25,
p. 534], which he called mock theta functions. Initially, Ramanujan divided his
list of mock theta functions into odd orders as three, five, and seven. After Ra-
manujan, many new mock theta functions were defined and studied by different
mathematicians. An account of these can be found in the papers by Andrews [4],
Andrews and Hickerson [6], Gordon and McIntosh [14], and Hikami [17], as well as
in [7, 10, 15, 16, 21, 26]. In this paper, we are interested in the following mock theta
functions of order two, six, and eight:
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For brevity, we will write, for any positive integer n,

ln:=1(q"4")oo, and (a1,az,...,0n;¢) o0 = (a1;¢)00(a2; @)oo+ (An; @) oo-

The function defined in Equation (4) is the eighth-order mock theta function defined
in [14, pp. 322-323]. Agarwal and Sood [1] gave a combinatorial interpretation
of v(q) using split (n + t)-color partitions. Rana and Sareen [27] extended their
results using signed partitions. The function defined in Equation (1) is the second-
order mock theta function, which appeared in Ramanujan’s lost notebook [25] (see
also [4]). A combinatorial interpretation of u(q) was given by Kaur and Rana in [20].

The functions defined in Equations (2)-(3) are the sixth-order mock theta func-
tions. Kaur and Rana [19] proved some particular infinite families of congruences
for the coefficients of the mock theta function A(q).

In this paper, we prove congruence properties for the coefficients of the mock
theta functions defined in Equations (2) and (4). We also prove some recurrence re-
lations connecting the coefficients of the mock theta functions and certain restricted
partition functions. The results on mock theta functions v(q) and u(q), o(g), and
A(q) are established in Sections 3, 4, and 5, respectively. Section 2 is devoted to
recording some preliminary results, which will be used in the subsequent sections.

We end this section with some definitions. A partition of a positive integer
n can be defined as a finite sequence of positive integers (d1,da, ...,0) such that
2?21 0;j =mn, 0; > 641, where the §; are called the parts or summands of the
partition. The number of partitions of n is denoted by p(n). The generating function
for the partition function p(n) is given by Euler [12] as

b = o= 0= (5)
n=0 ! e

Euler [3] provided the following recurrence relation for finding the values of the
partition function p(n):

p(n) —pn—1)—pn—2)+p(n—>5)+p(n—"7) —p(n—12) — p(n — 15) + ...

+ (=1)"p(n = k(3k = 1)/2) + (~1)*p(n — KBk +1)/2) +.. = { Loifn=0

, otherwise,
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where the numbers of the form k(3k + 1)/2 are called pentagonal numbers. For
more results on recurrence relations of different partition functions, one can see
[13, 22, 23, 28, 29]. Ramanujan [24] offered the following congruences for p(n):

p(5bn +4) = 0(mod 5),
p(Tn+5) =0 (mod 7),
p(11n +6) = 0(mod 11).

In a letter to Hardy, Ramanujan [9] introduced the general partition function p,(n)

as
> 1 1
pr(n)g" = = 6
,;) (=) (a5 4 ©)

where r is any non-zero integer and p;(n) is the partition function p(n) defined in
(5). For r > 1, p.(n) is the color partition function of an integer n > 1 in which
each part in the partitions of n is assumed to have r different colors, and all of them
are considered distinct.

To prove recurrence relations, we will also use the restricted partition functions
Pr(n) and b;"(n), where p,.(n) denotes the number of overpartitions of n with r
colors and b;"(n) denotes the number of k-regular partitions of n with r colors,
respectively. The corresponding generating functions are given by

S non=(3) )
Zbr q" (é’“>. (®)

1

Throughout the paper, it is assumed that p,(0) = 1 and b7,(0) = 1, and p,(n) =0
and b}, (n) = 0 if n is not a non-negative integer.

2. Preliminaries

Ramanujan defined the general theta function f(c,d) [8, p. 34, (18.1)] as

fle,d) Z mmAD/2gmm=1/2 = ed| < 1.

Three useful special cases [8, p. 35, Entry 18] of f(c, d) are given by

>,
o(q) = fla9)= > q" =@, 9)

m=—0o0o
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U(q) = flg.q*) =Y _ g™ = ﬁ (10)
m=0
and -
f(—q) == f(—¢.—¢*) = Z (—1)mgmBm=b/2 = g, (11)

The product representations on the right-hand side of Equations (9)-(11) are the
consequences of the Jacobi Triple Product identity given by

fle,d) = (—¢; ed) oo (—d; ed) oo (ed; ed) oo -

By using elementary g-operations, it is easily seen that

oo

) = P ) IR Y ) O 1
0= 2 () (Do (%5000 L2 (12)

m=—0o0

In some of the proofs, we will also use Jacobi’s identity [8, p. 39, Entry 24] given
by

o0

6= (—1)F(2k + 1)gHET2, (13)
k=0

Lemma 1 ([11, Theorem 2.1]). If p is an odd prime, then

(p—3)/2
W(q) = Z q(m2+m)/2f (q(pu(zmﬂ)p)/z,q(pz,(gmﬂ)p)/z) I q(ptl)/slb(qﬁ).
m=0
m2+m 21 p—3

Furthermore, 5 E3 L (mod p) for 0 <m < —

8
Lemma 2 ([11, Theorem 2.2]). If p > 5 is a prime, then
(p—1)/2 ) ) )
0y = Z (_1)tq(3t +t)/2f (_q(Bp +(6t+1)p)/2’ _q(3p 7(Gt+l)p)/2>

t=—(p—1)/2
t#(+p—1)/6

+ (_1)(ip—l)/ﬁq(pz—l)/%gpz7

where

£p—1 (p_1)7 if p=1(mod 6)

if p=—1(mod 6).

+p—1 32+t p>—1
#

2 24

, then

-1
Furthermore, if _pT <t< pT and t #
(mod p).
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Lemma 3 ([2, Lemma 2.3)). If p is an odd prime, then

(p—1) e}
K% = Z (_1)qu(k+1)/2 Z(—l)”@pn + 2k + 1)qpn(pn+2k+1)/2
k=0 n=0
kA (p—1)/2
+p<_1)(p—1)/2q(p2—1)/8g§2.
. p—1 B+Ek | p?—1
Furthermore, if k # 3 and 0 <k <p-—1, then e 3 (mod p).
Lemma 4. We have
02 N Iz
2= 20 4 g 18, (14)
Ly U3l 14
64 61244118 6%48436 266518&’)6
= 2 . 15
6-we, Tas TG 15)

Identity (14) is Equation (14.3.3) of [18]. The identity (15) follows from Equa-
tions (33.2.1) and (33.2.5) of [18].

In addition to the above identities, we need the following congruences, which are
easy consequences of the binomial theorem. For any prime p, and positive integers
n and t, we have

6P =0, (mod p), (16)
2 = E%tﬂ (mod 2"). (17)

In order to state our congruences, we will also use the Legendre symbol.
Let p be any odd prime and w be any integer relatively prime to p. Then the

Legendre symbol ( (;) is defined by

wy _ 1, if w is a quadratic residue of p
p) | —1, if wis a quadratic non-residue of p.

We will also use the following notation: for any real number z,

|x] =k, where k <2 <k+1 and k is an integer.

3. Results on v(q) and p(q)

Throughout the section, we set > ° / P,(n)q™ = v(q), where v(g) is as defined in
Equation (4).
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Theorem 1. For any integer n > 0, we have

> P2n+1)¢" = @ (18)

n=0

Proof. From Ramanujan’s lost notebook [5, p. 280, Entry 12.5.1] and [21, p. 288],
we note that

(g% Yoo (=% 4")50 q(qg; %) oo (—4*; ¢*) oo
(%943 (—a% a")% (0% ¢%)o0 (0% 4" o0
where 1(q) is defined as in Equation (1). Now, simplifying Equation (19), and then
2n+1 dividing by ¢, and replacing ¢ by g, we obtain

1(—q*) + 4v(q) = (19)

extracting the terms involving ¢

S n (045000 (—0% D)o
;PU(2n+1)q (%)% (66D (20

Now, the desired result easily follows from Equation (20). O

Theorem 2. For any integer n > 0, we have
(i) P,(6n+5)=0(mod 3).

—2
(ii) Let p > 3 be any prime such that <> = —1. Then for any integer o > 0
p

and 1 <j < (p—1), we have

(o)
N 3. p2a + 1 n
S, (204 2 ) o = vl (nod 2, 1)
n=0
L2042 1
P, (2 p2at2py o p2atly 3p4+> = 0(mod 2). (22)

—18
(#i7) Let p > 5 be any prime such that () = —1. Then for integers a > 0 and
p
1<j<(p—-1), we have

= 19-p** +1

3P, (6 pn + p4+) ¢" = 36,43 (mod 6), (23)
n=0

19-p?2t2 +1

P, <6 _p2a+2n 16- p2a+1j + I

) = 0 (mod 6). (24)
Proof. (i) Using Equations (14) and (15) in Equation (18), we obtain

6%26?8 61256&3 261261%8 3€%£g€§6 4€6€§6
P,2n+1)¢" = + + + + 2 . (2
Z »(2n+ 1) (30603 1 12 % 4 1 0303 7 24 (25)

n=0
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Extracting the terms involving ¢*"*2 from Equation (25), dividing by ¢2, and re-
placing ¢® by ¢, we obtain

3 n_ glals
> Py(6n+5)¢" = & (26)
n=0 1

Hence, the result (i) follows immediately from Equation (26).
(ii) Using Equation (16) in Equation (18), we obtain

S P20+ 1)g" = d(a)b(e?) (mod 2),
n=0

which is the @ = 0 case of Equation (21). Assume that Equation (21) is true for
some a > 0. Now, using Lemma 1 in Equation (21), we obtain

o0

3-p2*+1
> P (2 p*n + p4+) "
n=0

(p—3)/2

2 2 2_(om 2 _ 2

— [ Z g m/2 ¢ (q(p +@mAp)/2 (0= +1>p)/2) + gD By (g )}
m=0

(p—3)/2
« [ Z q(k’2+k’)f (q(p2+(2k+1)p)7q(pz—(%-&-l)p))+
k=0

g D (g (mod 2). - (27)

Consider the congruence
2 2_1
<m ;m) + (k* + k) 3(p 3 > (mod p),

which is equivalent to

(2m +1)? + 2(2k + 1)*> = 0 (mod p). (28)
For (;2) = —1, the congruence given in Equation (28) has only one solution,
m=k = @ Therefore, extracting the terms involving ¢Pn+3®°~1)/8 from
Equation (27), dividing by ¢3®*~1/8  and replacing ¢? by g, we obtain
> (2ot D) gy mod 2. @9)
n=0

Extracting the terms involving ¢?™ and replacing ¢” by ¢ in Equation (29), we obtain

& 3. 200+2 1
5o, (2ot + B g = wute?) (mod 2),
n=0
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which is the oo + 1 case of Equation (21). Hence, by the method of induction, we
complete the proof of Equation (21). Again, extracting the terms involving ¢P"*7,
1<j<(p—1) from Equation (29), we arrive at Equation (22).

(iii) Using Equation (17) in Equation (26), we obtain

o0

Z (6n.4 5)¢" = 3¢, (mod 6),

which is the a = 0 case of Equation (23). Now, proceeding in the same way as in
(ii) of Theorem 2, we arrive at Equations (23) and (24). O
Theorem 3. For any integer n > 0, we have

P,2n+1) = 3 b}l(n—m(m—&- 1)),

m=0

where Y " P,(n)g" = v(q), and v(q) and bj(n) are as defined in (4) and (8),
respectively.

Proof. From Equation (18), we have

> 0y 12
S P+l =

b 4y
= <Z bi(n)qn) (%)
n=0
_ <i bi(n)f}”) (i qm(m*”)
n=0 m=0
= <Z Z bi(n—m(m%—l))) q". (30)
n=0m=0

On comparing the coefficients of ¢ in Equation (30), we arrive at the desired
result. O

Theorem 4. For any integer n > 0, we have
Py (6n +5) = 363(n) + 3 Z 1) (n —om(3m + 1))
+3 Z mb3<n—2m(3m— 1)),

where Y2 P,(n)q" = v(q), and v(q) and bi(n) are as defined in (4) and (8),

respectively.
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Proof. From Equation (26), we note that

00 3
> Py(6n+5)¢" = 3(%) ly. (31)

n=0

Employing Equations (8) and (11) in Equation (31), we obtain

> P(6n+5)¢" =3 (Z bg(n)q"> ( 3 (_1)mq2m<3m_1)>

o s
=3 (io bg(ﬂ)t]”)
X <1+ i( 1)mg¥mBm+1) i ) g2m(3m— 1>>
=3ib3 _ ZZ mb3<n:2m(3m—|—l))
n=0 n=0m=1
+3 io i(—l)mbg (n—2m@Em-1))q". (32)

On comparing the coefficients of ¢" in Equation (32), we arrive at the desired
result. O

Remark 1. Let u(q) be as defined in Equation (1) and Y .7 P.(n)q™ = p(q).
Then from Equations (6) and (19), we have

ZPH(n)q

n=0

»—Aoa‘ =

Z p3(n)g"™ (mod 4),

which implies P,(n) = p3(n) (mod 4).

4. Results on o(q)

In this section, we set Y.~ P,(n)¢™ = o(q), where o(q) is as defined in Equation
(2).

Theorem 5. For any integer n > 0, we have

N n_ B8
E P;(2n+1)¢" = T (33)
1*3

n=0
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Proof. Ramanujan listed the linear relation connecting the sixth-order mock theta
functions in [15]:

(30,
030’

where v(q) is the sixth-order mock theta function defined by

v(¢?) —o(—q) = (34)

n+1

Z q q q 2n+1
q;q n+1

Replacing ¢ by —¢ in Equation (34), we obtain

(303,
27

olq) =v(¢®) +q (35)

Extracting the terms involving ¢*"*! from Equation (35), dividing by ¢, and re-
placing ¢2 by ¢, we arrive at the desired result. O

-2
Theorem 6. Let p > 5 be any prime such that <) = —1 and j be any integer
p

with 1 < j < (p—1). Then for integers n,a > 0, we have

N 11-p**+1\ ,
5o, (2o SRR ) o = a0t mod 2) (36)
n=0
11-p?*t2 41
P, (2 L pRetln 4o plotl pm‘L) = 0 (mod 2). (37)

Proof. Employing Equations (10) and (16) in Equation (33), we obtain

oo

Z P,(2n + 1)¢"™ = l29(¢*) (mod 2),

n=0

which is the @ = 0 case of Equation (36). Now, proceeding in the same way as in
(ii) of Theorem 2, we arrive at Equations (36) and (37). O

Theorem 7. For any integer n > 0, we have

0 2
Pr(2n+1) =Y b3 (n?’m;?’m)

m=0

where Y o~ Py(n)q™ = o(q), and o(q) and b3(n) are as defined in (2) and (8),
respectively.
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Proof. From Equation (33), we note that

ZP (2n+1)q (?) W(g®). (38)

Employing Equations (8) and (10) in Equation (38), we obtain

iP 2n 4 1)q < b n) (iq3m(m+l)/2>

n=0 m=0

=0
> m2 m
Z( S (n— ))q (39)

n=0 =0

On comparing the coefficients of ¢" in Equation (39), we arrive at the desired
result. O

5. Results on A(q)

The following three identities from [19] will be useful in this section:

i Py(2n)q" = % (40)
n=0 €3£ 7
> 0B
> paon+ 24" =35 ;) | (a1)
n=0
> 020202
> Pi(6n+4)q" = Qgg 6 (42)
n=0 1

where

Z Py(n)g" = A(q), and A(q) is as defined in Equation (3).
Theorem 8. For any integer n > 0, we have
Py(2n) = b3(n +2Z - 3k?),

where b3(n) is as defined in (8).

Proof. From Equation (40), we note that

[e%e) 3
S Py@n)" = (ﬁ) o~ (43)
n=0
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Employing Equations (8) and (12) in Equation (43), we obtain

> PA(2n)¢" = (Z b%(ﬂ)t}") ( > (—1)’“«13’“2)
n=0 n=0

k=—o0

R

Z n)q" +2 Z Z — 3k%)q" (44)

n=0 n=0 k=1

On comparing the coefficients of ¢" in Equation (44), we arrive at the desired
result. O

Theorem 9. For any integer n > 0, we have

2\ (60 + 2) :32 2m+1)p3< 5

=0
+6’ZZ 1™k (2m + 1)ps <n—3k2 W)

m=0 k=1

3m(m + 1))

where p3(n) is as defined in (7).

Proof. From Equation (41), we note that

o 3
S Py (60 + 2)g” 3(§) o(—a*)ES. (45)

n=0

Employing Equations (7), (12), and (13) in Equation (45), we obtain
— 65\’ 2
ZPA(6n+2)qn=3<é> <1+2Z ) 3k>

n=0
% <Z(_1)m(2m+1)q3m(7n+1)/2>

m=0
=3 (ip:s(n)q”) (i (=1)™(2m + 1)q3m(m+1)/2>
n=0 —

+6 (i pg(n)q"> (i i(—l)m+k(2m + 1)q3k2+3m(m+1)/2>
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=3 Z Z )™ (2m +1)ps ( 737”(77; ha U) q"

n=0m=0
(o Sl SR o}

+6 Z Z Z D™k (2m + 1)53 (n — 3k — 3m(7r2l—|—1)> q". (46)

n=0m=0 k=1

On comparing the coefficients of ¢" in Equation (46), we arrive at the desired
result. O

Theorem 10. For any integer n > 0, we have

IS |_'VL nL(7n+1)J

1
V(6n+4) =Y Z bg(n— % - k)bg(k),
m=0
where b3(n) and b2(n) are as defined in (8).

Proof. From Equation (42), we note that

; PA(6n + 4)q" (j)(ﬁ) (2). )

Using Equations (8) and (10) in Equation (47), we obtain

iP)\(6n+4)q” — <i bg > (Z b2 ) (i qm(m-i-l)/2>

n=0 n=0

S5 B - kb (k)g" (Z qm<m+1>/2>
=0 k=0

m=0

I
3

-y Y ¥ bﬁ(n—%—k)bg(k)q". (48)

On comparing the coefficients of ¢" in Equation (48), we arrive at the desired
result. O

Acknowledgements. The authors would like to thank the referee for their careful
reading of the manuscript. The first author acknowledges the financial support
received from the University Grants Commission, Government of India, through
the National Fellowship for Scheduled Caste under grant Ref. no.: 211610029643.



INTEGERS: 25 (2025) 14

References

[1] A. K. Agarwal and G. Sood, Split (n + t)-color partitions and Gordon-McIntosh eight order
mock theta functions, Electron. J. Comb. 21(2) (2014).

[2] Z. Ahmed and N. D. Baruah, New congruences for Il-regular partitions for [ € {5,6,7,49},
Ramanugjan J. 40 (2016), 649-668.

[3] G. E. Andrews, The Theory of Partitions, Addison-Wesley, 1976.

. E. Andrews, Mordell Integrals an amanujan’s Lost Notebook, Analytic Number eory
4] G. E. And Mordell I l d R jan’s Lost Notebook, Analytic Number Th
(Philadelphia, Pa., 1980), Lecture Notes in Math, Springer, Berlin, New York, 1981.

[5] G. E. Andrews and B. C. Berndt, Ramanujan’s Lost Notebook Part I, Springer, Berlin, Hei-
delberg, New York, 2005.

[6] G. E. Andrews and D. Hickerson, Ramanujan’s lost notebook VII : The sixth order mock
theta functions, Adv. Math. 89 (1991), 60-105.

[7] G. E. Andrews, D. Passary, J. A. Sellers, and A. J. Yee, Congruences related to the Ramanu-
jan/Watson mock theta functions, Ramanujan J. 43 (2017), 347-357.

[8] B. C. Berndt, Ramanujan’s Notebook. Part III, Springer-Verlag, New York, 1991.

[9] B. C. Berndt and R. A. Rankin, Ramanujan: Letters and Commentary. American Mathe-
matical Society, Providence, RI, London Mathematical Society, London, 1995.

[10] E. H. M. Brietzke, R. da Silva, and J. A. Sellers, Congruences related to an eighth order mock
theta function of Gordon and MclIntosh, J. Math. Anal. Appl. 479 (2019), 62-89.

[11] S. P. Cui and N. S. S. Gu, Arithmetic properties of l-regular partitions, Adv. Appl. Math. 51
(2013), 507-523.

[12] L. Euler, Introductio in Analysin Infinitorum, Marcum-Michaelem Bousquet, Lausannae,
1748.

[13] J. A. Ewell, Partition recurrences, J. Comb. Theory A 14 (1973), 125-127.

[14] B. Gordon and R. J. McIntosh, Some eight order mock theta functions, J. London Math. Soc.
62 (2000), 321-335.

[15] B. Gordon and R. J. McIntosh, A Survey of Classical Mock Theta Functions, in Partitions,
g-series and Modular Forms, In: Developments in Mathematics (eds. K. Alladi, F. Garvan),
Springer, New York, (2012) 95-144.

[16] B. Hemanthkumar, Congruence properties of coeflicients of the eighth-order mock theta func-
tion, Ramanugjan J. 57 (2022), 189-213.

[17] K. Hikami, Transformation formula of the “Second”order mock theta function, Lett. Math.
Phys. 75 (2006), 93-95.

[18] M. D. Hirschhorn, The Power of q, A Personal Journey, Developments in Mathematics, 49
Springer, Cham, 2017.

[19] H. Kaur and M. Rana, Congruences for sixth order mock theta functions A(g) and p(q),
Electron. Res. Arch. 29(6) (2021), 4257-4268.

[20] H. Kaur and M. Rana, On some mock theta functions of order 2 and 3, J. Ramanujan Math.
Soc. 37 (2022), 221-229.



INTEGERS: 25 (2025) 15

[21] R. J. McIntosh, Second order mock theta functions, Can. Math. Bull. 50 (2007), 284-290.

[22] D. Nyirenda, On parity and recurrences for certain partition functions, Contrib. Discret.
Math. 15 (2020), 72-79.

[23] K. Ono, N. Robbins, and B. Wilson, Some recurrences for arithmetic functions, J. Indian
Math. Soc. 62 (1996), 29-50.

[24] S. Ramanujan, Congruence properties of partitions, Math. Z. 9 (1921), 147-153.

[25] S. Ramanujan, Collected Papers, Cambridge University Press, 1972, Reprinted by Chelsea,
New York, 1962.

[26] S. Ramanujan, The Lost Notebook and Other Unpublished Papers, Springer-Verlag, Berlin,
1988.

[27] M. Rana and J. K. Sareen, On combinatorial extensions of some mock theta functions using
signed partitions, Adv. Appl. Math. 10 (2015), 15-25.

[28] M. Rana, H. Kaur, and K. Garg, Recurrence relation connecting mock theta functions and
restricted partition functions, Notes Number Theory Discrete Math. 29 (2023), 360-371.

[29] R. da Silva and P. D. Sakai, New partition function recurrences, J. Integer Seq. 23 (2020),
1-16.



