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Abstract
In this paper, we provide new integral representations of k-Jacobsthal and k-Jacobs-
thal-Lucas numbers. Using Binet’s formulas for these numbers, we establish several
identities that are provable by simple integral calculus. Our results not only gener-
alize the integral representations of the Jacobsthal and Jacobsthal-Lucas numbers
but also apply to all the companion numbers of k-Jacobsthal numbers.

1. Introduction

Several ways are available to represent integer sequences defined by a second-order
linear recurrence relation without the recurrence relation, including Fibonacci, Lu-
cas, Pell, Pell-Lucas, Jacobsthal, and Jacobsthal-Lucas numbers, one of which is
an integral representation; for examples in recent years, see [6, 10, 13, 16, 17, 18,
19, 20, 23, 24]. Recall that the Jacobsthal numbers J,, are defined by the recurrence
relations

Jo=0,J1 =1, and J,=J,1+2J,_2, n>2.

The Jacobsthal-Lucas numbers j, are defined by the recurrence relations
Jo=21=1, and j,=jn-1+2jn—2, n=2.

The Jacobsthal and Jacobsthal-Lucas numbers are like the related Fibonacci and
Lucas numbers; they are a specific type of Lucas sequences [15]; see more details
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n [12]. In 2024, Ipek [13] presented integral representations of the Jacobsthal and
Jacobsthal-Lucas numbers as follows:

J 1
Jom = % (]g —+ 3Jg$)n_1d$
-1
and
1 !
Jen = g | e+ 3(n+ 1)) (e + 3Jp)" ™ da,
-1

where ¢ and n are non-negative integers.

There are some generalizations of Jacobsthal and Jacobsthal-Lucas numbers de-
fined in different ways; see for instance [1, 2, 3, 4, 5, 8, 14, 22, 25]. In 2013, Jhala et
al. [14] introduced and studied a generalization of the Jacobsthal numbers, the so-
called k-Jacobsthal numbers, as follows. For k is a positive integer, the k-Jacobsthal
numbers Ji ,, are defined by the recurrence relations

Jk70 =0, Jk71 =1, and Jk,n = k‘]kﬂl—l + 2Jk,n—27 n > 2. (1)

In 2014, Campos et al. [5] defined the k-Jacobsthal-Lucas numbers ji ., by the
recurrence relations

jk:,O = 27jk,1 = k; and jk,n = kjk,n—l + 2jk,n—2a n Z 2. (2)

We can see that the classical Jacobsthal and Jacobsthal-Lucas numbers are obtained
for k = 1.

In this paper, we follow in the footsteps of Stewart [23] and Ipek [13], giving new
integral representations of k-Jacobsthal and k-Jacobsthal-Lucas numbers. Using
Binet’s formulas for these numbers, we establish several identities, applying simple
integral calculus to prove them. Furthermore, we study all the companion numbers
of k-Jacobsthal numbers that preserve the recurrence relation with arbitrary initial
conditions, and give some new and well-known identities. Finally, we provide the
integral representations of these numbers associated with the k-Jacobsthal and k-
Jacobsthal-Lucas numbers.

2. Preliminaries

In this section, we give some results that are required for the proofs of the main
results. The following identities, which rely on Binet’s formulas. The recurrence
relations (1) and (2) generate a characteristic equation of the form

r? —kr —2=0. (3)
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Since k > 1, this equation has the roots

k+VEZ+8 k—VkZ+38
rn=—— and rp=—"860H——.
2 2
Therefore, Binet’s formulas for the k-Jacobsthal and k-Jacobsthal-Lucas numbers
are . (o)
Jom = — [ o — — , 4
A (Ok oL ) @
and
(=2)"

= 5)
k

where Ay, = Vk2 + 8 and o, = 524 see also [14, Proposition 2.1] and [5, Proposi-
tion 2.1]. Equipped with Equations (4) and (5), one may readily verify the algebraic
relations in the next two lemmas.

Lemma 1. Let k and n be non-negative integers with k # 0. Then the following
hold:

(1) jepn+ Ag Jopn =207;

(“) jk,n - Ak Jk,n = 2(;?”;

(iii) 2, — ALIR, = (~2)"+2.
Lemma 2. Let k, m, and n be non-negative integers with k # 0. Then the following
hold:

(1) 2Jk.m4n = Jemikn + Jkndi,m;

(”) 2jk,m+n = jk,mjk,n + Ait]k,mjk,n-
Remark 1. Lemmas 1(iii) and 2(i) are presented in [26].

3. The Integral Representations of k-Jacobsthal and k-Jacobsthal-Lucas
Numbers

In this section, thanks to the technique of [23], we obtain new integral representa-
tions of k-Jacobsthal and k-Jacobsthal-Lucas numbers. We start with the integral
representation of k-Jacobsthal numbers J ¢, based on the numbers Ji ; and ji .

Theorem 1. Let k, £, and n be non-negative integers with k # 0 and A, = vk + 8.
The k-Jacobsthal numbers Jy ¢n, are represented by

an)g
on

1
Ik in = / (e + Ak T o) da. (6)
-1
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Proof. For n = 0 or £ = 0, we are done. Let us assume that ¢,n > 0. Let
w(x) = jre + ArJiex. Then du = ApJyedz. Using integration by substitution
leads to

1
) e 1 ) n
/_1(J/c,fz + Ap Ji )" e = N (e + Ag T ex)"]
1

o Gret D Ted)" — Gre — A e o).
SN (e + Ak Jiee)” — (e k Jre)"]

Applying (i) and (ii) of Lemma 1 with n replaced by ¢, we get
1 AL
, . 1 n (—2)
Ay J nldp=——— [ (20L) — (2
/_1(%’[—’— b Jiex)"de nAy Jy.e [( o) ( o ) }

A I VR )
= A\ T T :
an7g Ak Og

It follows from Equation (4), after replacing n by ¢n, that

1

| . 2"

/ (i, + D Ji o) Hda = Tk on-
_1 nJk.e

Then Equation (6) has been proved. O

The integral representations of the k-Jacobsthal numbers for even and odd orders
are shown as follows:

Theorem 2. Let k and n be non-negative integers with k # 0 and Ay = Vk? + 8.

(i) The k-Jacobsthal numbers Ji 2n are represented by

k 1

Je2n = 2—: / (k> + 4+ kA z)" da. (7)
-1

(i1) The k-Jacobsthal numbers Jy ant+1 are represented by

1 1
Jeoni1 = o=y / (nk? + k> +4+k(n+ 1)Ap2)(k* + 4+ kA )" da.

-1

Proof. (i) Notice that Jy o = k and ji 2 = k% + 4. Setting £ = 2 in (6), we have

k 1
Tpon = 27: (K + 4 + kAp )" Lda.
—1

(ii) Reindexing n by n+ 1 in (7), we get

E(n+1) [*
Jk2nt2 = % / 1(k2 + 4+ kAR x)"dz. (8)
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Using Ji 2n+2 = kJk 2n+1 + 2J5 2, with Equations (7) and (8), we obtain

1
Jiont1 = T (Ji.2n+2 — 2Jk.2n)

1 1 2 1
= 727/,;:1 / (k’Q + 44+ kA l‘)”dm — 27:/ (k-2 + 4+ kA .T)n_ldl‘
1 .

1 1
:W/ (n+1)(K*+4+ kApz) —4n) (K* + 4+ kA 2)" da
—1

1 1
:2n+1/ (k2 + K2 + 44 k(n + DA 2) (k2 + 4 + kAg 2)"da.
-1

This completes the proof. O

Setting k = 1 in Theorems 1 and 2, we have the following two results of [13].

Corollary 1 ([13]). Let ¢ and n be non-negative integers. The Jacobsthal numbers
Jon are represented by

nJg

1
Jon = 27/ (Je + 3Jel’)n71dz.
-1

Corollary 2 ([13]). Let £ and n be non-negative integers.
(i) The Jacobsthal numbers Jap, are represented by

n ! .
J2n:27 71(5+3m) dx.

(i) The Jacobsthal numbers Jon1 are represented by
1 1
Joni1 = oy / (n+5+3(n+1)z)(5+3z)" da.
-1

Next, we obtain integral representations for the k-Jacobsthal-Lucas numbers
Jk.en based on the two numbers Jy ¢ and ji ¢.

Theorem 3. Let k, £, and n be non-negative integers with k # 0 and Ay, = vVk2 + 8.

The k-Jacobsthal-Lucas numbers ji ¢ are represented by

. I . .
Jren = 55 / (ke + (0 + 1) Ay Ty 02) (e + Ag i ox)"d. 9)
—1

Proof. For n = 0 or £ = 0, it is easy to see that Equation (9) holds. We assume
now that ¢,n > 0 and will solve Equation (9) using integration by parts. Let u and
v be such that

u(x) = jk,€ =+ (n + 1)Ak kafﬂ and dv = (jkyg + Ag kagl’)nildx.
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Then du = (n + 1)ApJy sdx and so

1
= [Gre+A "y = — —— (jpo+ A "
v /(Jk,e + Ag Jp )" da YN (Jr,e + Ay Tk )
It follows that
1 1
I= on (e + (n 4+ 1Ay Ty o) (e + Ag Jex)" ™ Hda
-1
=—|I(7 DAL J ] Ag J, ml
SN (ke + (n+ D) Ak Jg o) (Jro + Ap Jrew)"]_
n+1 [t . "
— / (jk7g+Aka7gl‘) dz. (10)
n2" J_4

Replacing n by n + 1 in Equation (6), we may turn it into

(n+nhl/1

ontl (Jr,e + Ak Jgpx)"dx
—1

Jktnte =

and so

2Jknre  n+1 /1 .
: = A J "de.
nJx.e n2n _1(]M B Ji )" d

This together with Equation (10) gives

I=—|(4 DAL J ] A Je o)
2 iy, T e (.o + (n+ 1) Ak Jke) (Gre + Ak Jke) "]
1 , . ny 2k ene
- — DAL J, —ArJ - —
SN [(Gr,e — (0 + 1) Ak Jie) (Gre — Dk Jie)"] e
In view of Lemma 1(i)(ii) and Lemma 2(i), we have
I= L (208" (e + (0 + 1) Ak Jie)]
2nnAy Sk e k ’ ’
1 (=2)™ 2Jk tn+e
— 2" — DAL J -
A Tt l ol (ke — (n+1)Ax Jk,e) W
1 L (=27 m (=27 2k en+e
— LT _ 1 J n _ 3
nJye | Ag (Uk o Jre + (A D e | 01"+ ol nJ.e
1 ) . 2Jk en+e
= Tiotn V)it fiin) — —ebntt
e (ke + (0 + 1) Jg e jk,en) e
. 1 . ) 2Jk ente
- n J] n J; n) — :
Jhn + T (Jendr,e + Ik efr,em) e

= jk,['ru

which completes the proof. O



INTEGERS: 25 (2025) 7

Setting k£ = 1 in Theorem 3, we have the following result of [13].

Corollary 3 ([13]). Let £ and n be non-negative integers. The Jacobsthal-Lucas
numbers ju, are represented by

1

1
jin =g | (e +3(n+1)Jew) (je + 3Jew)" " da
-1

Finally, we establish integral representations for general forms Jj ¢n4r and ji enyr
by using both Jj ¢, and ji ¢, shown in the following two theorems.

Theorem 4. Let k, £, n, and r be non-negative integers with k # 0 and A =
VEk? + 8. The k-Jacobsthal numbers Jy pnyr are represented by

Jk7€n+r

1

1
= Sort / (nJkedbr + Jerdre + (0 4+ DA Ty oJk @) (e + Ak Jp )" da.
~1

Proof. Using (i) of Lemma 2 with m and n replaced by ¢n and r, respectively, we
get

1 . 1 .
Ik tntr = §Jk:,fn.7k:,r + it]lc,r]k,én-

An application of Theorems 1 and 3 leads us to

1

1
Jior ( / (e + (n 4+ DAk Ji0x) (Jre + Ak Jk,ex)"_ldx)

nJ L n— .
< 2,]?[/ (ke + Ag i px) 1d9€> Tk
—1
1
2 2 |,
1

1
= / (nkejr + Jerdre + (0 + DA TioJk o) (o + Ak Ji )" da.
1

This completes the proof. O

Remark 2. Notice that the integral representations of the k-Jacobsthal numbers
for even and odd orders given in Theorem 2 are recovered from Theorem 4 by setting
(4,7) =(2,0) and (¢,r) = (2,1), respectively.

Setting k = 1 in Theorem 4, we have the following result of [13].

Corollary 4 ([13]). Let £, n, and r be non-negative integers. The Jacobsthal num-
bers Jyn4r are represented by

1 1
Jentr = 5o / (nJejr + Jrje + 3(n + 1) JeJr) (e + 3 Jox)" " da.
1
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Theorem 5. Let k, ¢, n, and r be non-negative integers with k # 0 and A =
Vk? +8. The k-Jacobsthal-Lucas numbers ji ¢n4r are represented by

jk,2n+r

1
= 2n+1

1
/ (nAR Tk o T + Jredier + (0 + DA Tg i) (e + ApJgez)"  da.
-1

Proof. Using (ii) of Lemma 2 with m and n replaced by ¢n and r, respectively, we
get

) 1. . 1
Jkntr = 5Jkenkr + 5 (A7 T endhr) -
This together with Theorems 1 and 3 completes the proof. O

Using the same idea as in Theorem 2, or setting (¢,r) = (2,0) and (¢,r) = (2,1) in
Theorem 5, we also have the following integral representations of the k-Jacobsthal—
Lucas numbers for even and odd orders.

Theorem 6. Let k and n be non-negative integers with k # 0 and Ax = Vk? + 8.

(i) The k-Jacobsthal-Lucas numbers ji an can be represented by the integral

. I B
Tk2n = 50 /JkQ + 4+ k(n+1)Agz)(k* + 4+ kAyz)" da.

(i1) The k-Jacobsthal-Lucas numbers ji an+1 can be represented by the integral

. k ! n—1
dkans1 = gopy /71 (nAZ + K +4+k(n+ 1)Agz) (K* +4+ kAgz)"  da.
Setting k£ = 1 in Theorem 5, we have the following result of [13].
Corollary 5 ([13]). For{, n, and r are non-negative integers, the Jacobsthal-Lucas

numbers jo,+r can be represented by the integral

. I - N n—
Jentr = Gy / (OnJedy + jejr + 3(n+1)Jejr) (je + 3Jex)" ™ da.
-1

4. The Companion k-Jacobsthal Numbers

In this section, we study all the companion numbers of k-Jacobsthal numbers that
preserve the recurrence relation with arbitrary initial conditions and establish some
new and well-known identities. Further, we give integral representations of these
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numbers associated with the k-Jacobsthal and k-Jacobsthal-Lucas numbers. We
define the companion k-Jacobsthal numbers Ty n = Jk.n(a,b) by

Tko=0a,Tx1 =0, and Tpn=~kTkn-1+ Tkn-2 n=>2

where a and b are arbitrary non-negative integers. Note that Jj , corresponds to a
special case of Horadam numbers [11]. The first companion k-Jacobsthal numbers
are:

Jeo=a
Tk =0
jkg = bk + 2a

Ji3 = bk® + 2ak + 2b

Tia = bk® + 2ak? + 4bk + 4a

Tis = bk* + 2ak® + 6bk? + 8ak + 4b

Ti6 = bE® + 2ak* + 8bk> + 12ak* + 12bk + 8a

Tier = bk + 2ak® + 100k* + 16ak® + 24bk* + 24ak + 8b.

Some particular cases of the previous definition are:

1. the k-Jacobsthal numbers [14] Ji,, = Jin(0,1);

2. the k-Jacobsthal-Lucas numbers [5] ji n = Jk.n(2, k);

3. the associated k-Jacobsthal numbers [22] Ay ,, = Jk.n(1,1);

4. the associated k-Jacobsthal-Lucas numbers [22] By », = Jkn(2, k + 4);
5. the Jacobsthal-like numbers [21] V,, = J1 (2, 2).

Theorem 7 (Binet’s formulas). Let k and n be non-negative integers with k # 0,
AL = Vk2+8 and o), = %. The companion k-Jacobsthal numbers Jy , are
given by

jkn:

| (MHLM) o (ak_%“tA’f) (=2)" (11)

20}, k 20}, n

Ok
Proof. The roots of the characteristic equation (3) are

k+ Ag k— Ay
= and rq9 = 5

T1

Note that ro < 0 < r1, 1179 = =2, 11 + 19 = k, and 1 — r9 = Ag. Therefore, the
general term of Jj ,, can be expressed in the form:

Tk = C1r + Caory
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for some coefficients C; and C5. Since Ji,0 = a and Jj,1 = b, we get
Ci+Cy=a and Cir;+ Carg =b.

It can be shown that

b—ary 2b—ak + al\y ary —b  ak+al, —2b

Ci = = d ¢, = -
! M — T2 2Ak an 2 rH — T2 2Ak
Let o5, = %. Then r; = o and 79 = ;—3 Therefore, Equation (11) has been
proved. O

Theorem 8 (Asymptotic behavior). Let k be a positive integer. Then

. Tkt
lim 2&ntl o
n—oo k.n

Proof. By using Equation (11), we have

(2b7ak+aAk> o_n—i—l + (ak72b+aAk) (—2)n+1
k

. Tkt . 24y, 24, optt
lim ——— = lim
n— 00 jk’n n— 00 (2b7ak:+aAk) o 4+ (ak72b+aAk) (=2)n
27 k 27 o
- - —2)" (-2
. (2b ;’Z,:Mk) or + (ak ;bA-:aAk) (0?)2 i (Jk)
= lim (12)
n—00 2b—ak+aly + ak—2b+aAy \ (=2)"
ZAk 2Ak 0’,%”
Since oy, is the root of Equation (3), we have o7 = koy +2 > 2 and so ’;—22 < 1.
k
Then n
—2)" —2
lim % = lim <2> =0.
n—oo 0oy n—oo \ Oj,
This together with Equation (12) gives
lim 7«7/@371-1—1 =0
n—oo k.n
This completes the proof. O

The companion k-Jacobsthal numbers are associated with the k-Jacobsthal and
k-Jacobsthal-Lucas numbers in the following results.

Theorem 9. Let k and n be non-negative integers with k # 0. Then

a . 2b — ak

jk,n = §]k,n + D)

Jin- (13)
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Proof. Tt follows from (i) and (ii) of Lemma 1 and Equation (11) that

Tim = <2b—ak+aAk> ol (ak—2b+aAk> (—2)

2Ak 2Ak O'Z
. 2b — ak + alAy jk,n + Ay ka n ak — 2b + al\y jk:,n — Ay ka
N 20, 2 20, 2
a 2b — ak
= —jem+ —— Jpn-
5k, + 5 k,
This completes the proof. O

Theorem 10 (Generating functions). Let k be a positive integer. The generating
function for the companion k-Jacobsthal numbers is

ijn _a+(b—ak)x

1ka—2x2

Proof. Notice that the generating functions for the k-Jacobsthal numbers [14] and
k-Jacobsthal-Lucas numbers [5] are

T 2 —kx
J| L d -
nZO k" T 1k — 222 an ”ZOM n" 1k — 222

Then, by Equation (13),

= a — 20 — ak
Z jk,nxn = 5 Z]k,nxn + 9 Z kawn
n=0 n=0

n=0
_a 2 —kx 2b — ak x
T2 (1—kx—2x2> T (1—k:c—2:r2>
_a+(b—ak)x
1 —kx— 2227
This completes the proof. O

Theorem 11 (Catalan’s identity). Let k, n, and r be positive integers. Then
Tken—rTkntr — j,in = (2b — ak + aAy)(ak — 2b+ aAk)(—Q)”_T_QJ,iT.

Proof. Let Cp = %TA’“ and Cy = %ﬁ‘m"“. By using Equation (11), we have

—_9\n—r -2 n+r
jk,nfrjk,nJrr = <C102r + C2(g)_r) <Clo—]?+r + C2()>

n n+r
k Ok

2 2n ) 2r
02 2n +Cv2( ) +C«102(72)n77‘ <CT,%T + ( ) )

2r
k O
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and
2 n (_2)n 2 2 2n 2(_2)271 _9\n—r _9\T
jk,n = ClUk + CQ on = Clgk + CQ 0_2n + ClCQ( 2) (2( 2) )
k k
Then

2
jk,n—rjk,n-i-r - jk,n

_ _oyn—r ( 52r (_2)2T_ _9\T"
— C,C(-2) (k = 2))

[ 2b—ak+aly ak — 2b + aly (—2y (o7 — (=2)"\?
a 2Ak 2Ak Tk O'z

= (2b— ak + aAy)(ak — 2+ alry) (%) {Alk (02 ) (_oi)ﬂ 2

= (2b— ak + alp)(ak — 2b+ aly)(—2)" "R,

This completes the proof. O

Finally, new integral representations for the companion k-Jacobsthal numbers
associated with the k-Jacobsthal and k-Jacobsthal-Lucas numbers are presented as
follows.

Theorem 12. Let k, £, and n be non-negative integers with k # 0 and Ap =
Vk? +8. The companion k-Jacobsthal numbers Jy pn are represented by

I , -
T tn = TSy / (ajre+ (20 — ak)nJyo + a(n + 1) Ay Jox) Gre + Ag T ex)" Hda.
—1

Proof. Applying the integral representations of Ji ¢, and ji ¢, from Theorems 1
and 3 to Equation (11), we obtain

a . 2b — ak
Tion = = Jken + —5 Ik en
a1 ! ) . n—1
= 5 27 (]kj + (TL + 1)Ak kagl‘) (]]“g + Ay Jhgﬂj) dx
-1
2b—ak (nJye [ _—
+ 5 ( on [1(jk7g + Ay Jk’gx) dx

ot : n—
= Suri / (ajr.e + (20 — ak)ndyo + a(n + 1) Ak Jox) e + Ag Jpex)" da.
~1

This completes the proof. O

Remark 3. As in Theorems 7 and 12, we have the following results.
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1. If a =0, then Jj ,, = bJj,,, and

bnJ r .
Tkn = an’z / (ko + Ak Ty ox)" " da.
-1

2. If ak = 2b, then Ji n = §jr,n and
1

a . . n—
Tk tn = W/ (e + (04 DA Ti,e2) (e + D T o)™ dav.

-1

3. When a # 0, and when J; ¢ and Ji ¢ are known, then we can use

. 2 2b — ak
Jke = — (jk,e — ka) )
a 2

4. When ak # 2b, and when J ¢ and ji ¢ are known, then we can use

2 a
Tt = (T = 5 k) -
RS op o Tk, 5 Jk.m
Remark 4. Notice that the integral representations of the associated k-Jacobsthal
numbers Ay, and associated k-Jacobsthal-Lucas numbers By, are obtained by
setting (a,b) = (1,1) and (a,b) = (2, k + 4), respectively.

Setting £ = 1 in Theorem 12, we have the following corollary.

Corollary 6. Let ¢ and n be non-negative integers. The companion 1-Jacobsthal
numbers Ji ¢n are represented by

1 1
Tion = oISy / (aje +3(20 — a)ynJy + a(n + 1) Jox) (e + Ay Jex)" da.
—1
Remark 5. As in Corollary 6, the integral representations of Jacobsthal-like num-
bers V,, are deduced by setting (a,b) = (2,2).

Remark 6. The integral representations for general forms [J ¢r+, are established
by applying Theorems 4, 5, and 7.

5. Conclusions

In this paper, we discuss the integral representations of the k-Jacobsthal and k-
Jacobsthal-Lucas numbers. It is worth mentioning that the new integral represen-
tations apply to all the companion numbers of k-Jacobsthal numbers that preserve
the recurrence relation with arbitrary initial conditions.
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