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Abstract

We first introduce the Mallows tree as the labeled infinite ternary tree whose vertices
are labeled by certain pairs of fractions. Then, using it, we introduce a way of
representing irrational numbers from (0,1) \ Q as infinite sequences of L’s, M’s, and
R’s, which we call the Mallows representation of the irrational numbers. We present a
number of results on the combinatorics and metric theory of Mallows representations,
including a characterization of those « € (0,1) \ Q which have eventually periodic
Mallows representations.

1. Introduction

Starting with the initial sequence (%, %), successively update it by inserting fractions

as follows. In the first step, between ¥ and 1, insert their mediant L to obtain
1 1 1

1
(9,1 1) In the second step, between each adjacent pair of fractions from <%, %, %),

17201
insert their mediants % and % to obtain (%, %, %, %, %) In the third step,
between each adjacent pair of fractions from (%, %, %, %, %), insert their mediants

%, %, %, and g—ﬁ to obtain (%, i, %, %, %, %, %, %, %}, and so on. The Stern-
Brocot tree [1, 8] is the labeled binary tree whose jth level (j > 1) is labeled by
the fractions inserted at the jth step. (Let us mention that what is usually called
the Stern—Brocot tree is something more general, of which the above one is the left
subtree; see Remark 1.) It is known that this tree contains (as a label of some vertex)
each fraction from (0,1) N Q precisely once. Also, at each level of the tree, the
left-to-right order accords with the increasing order. For background information,
we refer the reader to [2].

Take an irrational number a € (0,1) \ Q arbitrarily. Then it should be either
smaller or larger than % Suppose that it is smaller than % Then it should be either
smaller or larger than the left (equivalently, smaller) child % of % Suppose that it is
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larger than % Then it should be either smaller or larger than the right (equivalently,
larger) child % of % By continuing in this way, we can associate an infinite sequence
of L’s (for “left”) and R’s (for “right”) with each irrational number from (0,1) \ Q.
As this correspondence between irrational numbers and associated infinite sequences
is one-to-one, the associated infinite sequences can be used to represent irrational
numbers. Let us call the associated infinite sequence the Stern—Brocot representation
of the irrational number.

In [5], Mallows introduced a variation of the Stern-Brocot sequence by inserting
not one but two fractions in the above construction. Explicitly, in the first step,

between % and %, insert two fractions % and ?ig% to obtain (%, %, %7 %> In the
0 1 1 2 2 1y 0+1 0+2-1
second step, between 7 and 5 (resp. 5 and %, £ and 1), insert 1z and 7557 (resp.

2:142 142 241 2431 /0121432341
5213 and 533, 577 and 3+2_1) to obtain (7,3,%,5,%,%,5, 3,5, 1), and so forth.
Let us write MT; (¢ > 1) for the ordered set consisting of the fractions inserted
at the ith step. Then each fraction from (0,1) N Q appears in one of MT; (i > 1)

precisely once. Moreover, the left-to-right order accords with the increasing order

on MT; for each ¢ > 1. For proofs, see [5] or [3].

In this article, we first introduce the Mallows tree as the labeled infinite ternary
tree whose ith level (i > 1), in left-to-right order, is labeled by 3?~! pairs of fractions
from MT;. (Here, we are identifying the ordered set MT; of 2 - 3i~! fractions
with the ordered set of 3~! pairs of fractions.) Then, in the same spirit as the
Stern—Brocot representation, which represents irrational numbers from (0,1) \ Q as
infinite sequences of L’s and R’s by using the Stern—Brocot tree, we introduce the
Mallows representation of irrational numbers, which represents irrational numbers
from (0,1) \ Q as infinite sequences of L’s (for “left”), M’s (for “middle”), and R’s (for
“right”) by using the Mallows tree. After establishing the link between the Mallows
representations and the Stern—Brocot representations in Section 3, we shall prove a
number of assertions in the combinatorics of Mallows representations in Section 4,
including the following ones: the Mallows representation of an a € (0,1) \ Q
is eventually periodic if and only if « is quadratic (Corollary 2); the Mallows
representation of an « € (0,1) \ Q is positively Poisson stable (resp. transitive) if and
only if the continued fraction representation of « is positively Poisson stable (resp.
transitive) (Corollaries 3 and 4); the Mallows representation of an o € (0,1) \ Q
does not contain an occurrence of M if and only if for all k¥ > 1, the 2kth element of
the continued fraction representation of « is even (Proposition 9). In Section 5, we
shall substantiate various assertions in the metric theory of Mallows representations,
including the ensuing ones: for almost every o € (0,1) \ Q, any finite sequence
containing either M or both L and R appears in its Mallows representation with
frequency 0 (Theorem 6); for almost every a € (0,1) \ Q, the ¢th matching fraction
of its Mallows representation is 1 for all £ > 1 (Theorem 7); the measure of the
set of those v € (0,1) \ Q whose Mallows representations contain M at position ¢ is
bounded above by 3 — 21/2 (Theorem 9).
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2. Preliminaries

2.1. Notation and Terminology

Let us first set up notation and terminology on sequences. The length of a finite
sequence w is written as lh(w). We shall use the symbol ™ to represent the
concatenation operator, e.g., (1,2)7(3,4,5) = (1,2,3,4,5). Also, w™ (resp. w™)
stands for the concatenation of n (resp. countably many) copies of w. The set of all
length £ (resp. infinite) sequences over a non-empty set ¥ is denoted by X¢ (resp. ¥°°).
Given a sequence (x1,x2,3,...), we say that x; is at position i of this sequence.
The expressions of the form (z;)"*~1 and (z;)%2, are understood to mean the
finite sequence (X, Tn41, .- ., Tnte—1) and the infinite sequence (X, Tyt1, Tnta, - - ),
respectively.

Let us next fix our notation and terminology on continued fractions, most of which
are taken from [4]. We write [ag; a1, az,...] and [ag; a1, ...,as] for the following
infinite and finite continued fractions, respectively:

- ! d + !
a _ an a —_—
0 1 0 1
a + — al + —
as + .. .. 1
. . + N
ay
We assume that ag is an integer and aq,aso,... are positive integers. We call
ag, a1, as, . . . elements of the continued fraction. In this article, we shall use continued

fractions to represent real numbers: For each irrational number «, there exists a
unique infinite continued fraction whose value is equal to «, which we take as the
continued fraction representation of a. For each rational number «, there exist
precisely two finite continued fractions whose values are equal to «. Since they are of
the form [ag; a1, ..., as and [ag; a1, ...,a¢ — 1,1] (¢ > 0), we take the former as the
continued fraction representation of a. Henceforth, for brevity, we shall abbreviate
the continued fraction representation as the CF-representation. Also, we shall call
elements of the CF-representation of a simply elements of a.

Lastly, we shall present our notation and terminology on trees. Throughout this
article, a tree means a rooted infinite (either binary or ternary) tree. In such a tree,
the concept of level is defined inductively as follows. The root is at level 1. If a
vertex is at level ¢, then its children are at level £ + 1. We also use the ensuing
concept. For any vertices v, v’ in the rooted infinite binary tree T such that v is
equal to or an ancestor of v/, the path from v to v’ is a finite sequence Path(v,v")
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Figure 1: Top levels of the Stern—Brocot tree.
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over the binary set {L,R} defined recursively by

O ifv=1,
(L)"Path(v”,v") if the left child v of v is
Path(v,v) = equal to or an ancestor of v’,

(R)"Pathr(v”,v") if the right child v" of v is
equal to or an ancestor of v’.
2.2. The Stern—Brocot Tree and the Stern—Brocot Representation
Let us start with the definition of the Stern—Brocot tree.

Definition 1. Define ordered sets SBT; (j > 1) of 277! fractions inductively as

follows. Let SBT; = {%} Suppose that we have defined SBT;,SBT>,...,SBTj,

and let :Tll < %22 < e < :;L,H be the elements of {%, %}USBTlLJSBTgU- --USBT;.
27 +1

. i nitne  na2tng N5t 795 14
Then SBT; 4, is the ordered set {m1+m2’ matms? " g Figg va

The Stern—Brocot tree (SBT) is the labeled binary tree such that the labels of its
jth level (j > 1), in left-to-right order, is SBT; (see Figure 1).

Since the fraction 72112122 is called the mediant of :Tll and 1?7227 the above way of
constructing SBT;;, from {%, %} USBT; USBTy U ---USBT] is referred to as the
mediant construction.

Remark 1. What we have defined above is in fact different from what is usually
called the Stern—Brocot tree [1, 8]. Usually, the Stern—Brocot tree is defined first
by setting SBT; = {%} and then by applying the above mediant construction to

%, %} USBTUSBT,U---USBT}. Thus, ours is the left subtree of the usual version
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of the Stern—Brocot tree. We adopted the above definition not only because we do
not use the usual version of the Stern-Brocot tree in this article but also because,
by doing so, we do not have to write the phrase “the left subtree of” repeatedly.

The ensuing properties are well-known (see [2]).

Proposition 1. (i) For each fraction - from (0,1) N Q, there ewists precisely
one verter which has label .

(ii) On each SBT; (j > 1), the left-to-right order accords with the increasing order.

(iii) The path from the root v to a vertex v’ is given by the following formula:

(L)1 R (L) (R) (L i > L odd,
Pathgpr(v,v") =4 (L) =17 (R)22 (L)%~ (R)®4 - - -~ (RY* 1 4f £ > 1 is even,
(Lym =2 ife=1,

where ay,asz, ..., ap are the elements of the CF-representation [0;aq, az, . . ., ag
of the label of v'.

Since Part (i) of the above proposition guarantees that different vertices have
different labels in the Stern-Brocot tree, we shall hereafter freely identify a vertex
with its label without explicit mention.

Take an irrational number o € (0,1) \ Q arbitrarily. Then it should be either
smaller or larger than % Suppose that it is smaller than % Then it should be either
smaller or larger than the left (equivalently, by Proposition 1 (ii), smaller) child % of
%. Suppose that it is larger than % Then it should be either smaller or larger than
the right (equivalently, by Proposition 1 (ii), larger) child % of % By continuing in
this way, we can associate an infinite sequence of L’s (for “left”) and R’s (for “right”)
with each irrational number. Let us make this idea precise (see [2]).

Definition 2. For each irrational number a € (0,1) \ Q, define a fraction f;(«)
from SBT; and SB,(a) € {L,R} for j > 1, inductively, as follows:

e Set fi(a) = 3.
e Suppose that we have defined f;(c). Then set
L if j
b o) = {£ T <50
R ifa> f(a).

Define fj4+1(c) to be the left (resp. right) child of f;(a) in the Stern-Brocot
tree if SB;(a) =L (resp. R).

Then the Stern—Brocot representation of a € (0,1) \ Q is the infinite sequence
SB(«) := (SB1(«), SBa(a), SBs(a),...) € {L,R}*°.
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Figure 2: MT; for the first few ¢ > 1.

The following can readily be observed.

Proposition 2. For any o € (0,1) \ Q, we have
(i) limj 00 fi(a) = a;
(ii) SB(a) = (LYy®1= 17 (R)a2 (L) (R)* ™ ..., where [0;a1,az,...] is the CF-
representation of .

Write SB for the set {SB(«a) | @ € (0,1) \ Q}. Then, from the second equation of
the above proposition, the next corollary can be inferred.

Corollary 1. The following relation holds:

SB = {(z)52; € {L,R}> | For no jo, we have (z;)52. = (L) or = (R)™}.

2.3. The Mallows Tree and the Mallows Representation

Recall from Definition 1 that the ordered set SBT;,; is obtained from the set

%, %} USBT; USBT, U ---USBT; by inserting one fraction between each pair of
adjacent fractions. By inserting not one but two fractions, Mallows [5] introduced
ordered sets MT; (i > 1) of 2-3°~! fractions as follows. Let MT; = {%, %} Suppose

that we have defined MT1,MTs, ..., MT;, and let 7% < 2o < D e

m2 Mgiq
the elements of {%, %} UMT; UMTyU---UMT;. Then MT,,; is the ordered set
{"—/1 ny "y } where
m17m/27.“7m;,3i )

me+me4+1’ me+2me4q

2nE+NE+1 Ne+Ng41 . .
<2mk+mk+1 , mk+mk+1> if ng is odd

’ ’
<”2k—1 Mo > _
7 5 7 —
Mok—1" Mok

, 42 : .
{( Metien RPN, g even,

for each k € {1,2,...,3'} (see Figure 2).
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Figure 3: Top levels of the Mallows tree.

By identifying the ordered set MT; = m—l, ;‘TQZ . :@2 gizl } with the ordered set
2.3
Mg.3i—1_ .31
{(h, ), (e, 1), ,<m22;_17117 :l";il_ll )} of 371 pairs of fractions, we make

the following definition.

Definition 3. The Mallows tree (MT) is the labeled ternary tree such that the
labels of its ith level (i > 1), in left-to-right order, is MT; (see Figure 3).

Remark 2. Define ordered sets MT; (i > 1) of 2- 371 fractions first by setting
MT1 {1, f} and then by applymg the above construction to the ordered set

1, 0} U MT1 U MT2 U---u MT Then it can readily be verified that MT; is the

left one-third of MTH_l for each ¢+ > 1. Moreover, it can be proved that each positive
fraction appears precisely once in an MT; (¢ > 1), which can be seen as an extension
of Part (i) of the next proposition.

Let us present two known properties (see, [3, 5]).

Proposition 3. (i) Each fraction - from (0,1) N Q appears precisely once in an
MT; (i >1).

(ii) On each MT; (i > 1), the left-to-right order accords with the increasing order.

Since it follows from Part (i) of the above proposition that different vertices have
different labels in the Mallows tree, as we did for the Stern—Brocot tree, we shall
hereafter freely identify a vertex with its label without explicit mention.

In [3], we explained how to obtain MT; (i > 1) from the Stern-Brocot tree. For
later use, let us recall it here. On the set {2 € (0,1)NQ | n is odd}, define two
functions gpr and 1spr by setting

(2) = <:T/'7 ) if the left child 27 of 2 has even numerator,
anr B (>, ) if the right chlld P of 2 has even numerator
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and

1" 1111 ’

!
(&, 2= 2=y if the left child 25 of & has odd numerator
m m m '",7;// m

and % and ’::L”” are the left and right children

of the right child of -, respectively;

Yswr () = (27 nT T i the right child 2 of - has odd numerator

m/’

11 1"

and 2 and 25 are the left and right children
m m

of the left child of -, respectively.

(The parent and child relations referred to here is, of course, the ones in the Stern—
Brocot tree.) Extend these two functions to the finite sequences of positive fractions
with odd numerators by setting

(<n1 no n4>)_ (nl)’\ (ng)’\” —
Pser\\ s e Pserim, ) Psering,
ng

¢SBT(<:T117 %22’ RS z>) = wsBT(%)AwSBT(%)A SR wsBT(L>-

(That these functions are well-defined is explained in the aforementioned article.)
These functions were used in [3] to prove the following result.

Theorem 1 ([3]). The equation MT; = <,0s13T( Z_1(%)) holds for any i > 1.

SBT

Recall that, by using the Stern—Brocot tree, each irrational number from (0,1)\ Q
can be represented as an infinite sequence over {L,R} (see Definition 2). In the
same spirit, we introduce an irrational number representation system by using the
Mallows tree.

Definition 4. For each irrational number a € (0,1) \ Q, define a pair of fractions
pfi(a) from MT; and M;(«) € {L,M,R} for ¢ > 1, inductively, as follows:

o Sct pfi(a) = (3. 2.

e Suppose that we have defined pf;(«), and write pf*(«) and pf*(«) for the left
and right elements of it, respectively. Then set

L if a <pff(a),
Mi(a) = M if pff(a) < a < pff(a),
R if o> pff(a).

Define pf;+1(a) to be the left (resp. middle, right) child of pf;(«) in the Mallows
tree if M;(«) =L (resp. M,R).

Then the Mallows representation of o € (0,1) \ Q is the infinite sequence
M(a) == (Mj (), Ma(ar), M3(e),...) € {L,M,R}*°.
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Figure 4: Nlustration of the Mallows representation for an o € (0,1) \ Q, which is
between 2 and 4. We have M; (a) = L,Mz(a) =R, and Mz(a) = M.

See Figure 4 for the illustration of this representation. Note that in defining M, («),
we implicitly used the fact that pf“(a) < pf{*(c), which is true by Proposition 3 (ii).

Example 1. Proposition 3 of [3] states that a fraction from (0,1) N Q appears in
the left half of MT; for some i > 1 if and only if it is smaller than 2 — /2. Using
this and Proposition 3 (ii), one can show by induction that for any ¢ > 1, the
pair pf;(2 — v/2) is the middle one in MT; and M;(2 — v/2) = M. Hence, we have
M(2 —V2) = (MM, M, ...).

Write M for the set {M(«) | o € (0,1) \ Q}. In the same spirit as Corollary 1,
we shall next characterize this set.

Proposition 4. The following relation holds:

M = {(z:)2; € {L,M,R}* | For no ig, we have (z;);2, = (L)> or = (R)*}.
Proof. Let us first prove that M is contained in the right-hand side of the equation.
To do so, take an v € (0,1) \ Q arbitrarily. Define intervals I;(a) (¢ > 1) inductively
as follows:

[
L) =41[3.2] iff<a<?i
[2,1] if2<a<l,
Iz(a) N [07pf7,ljrl(a)] lf a < pfiLJrl(a)7
Ii+1(04) =< Li(a) N [pfigrl(a)vpfii1(a)] if p iL+1(04) <a< pfiil(a)a
Ii(a) N [pffi (a), 1] if a > pffi ().
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Then it can be verified that the proper inclusions I (a) 2 Iz(a) 2 I3(a) 2 ---
hold and also that the length of the interval I;(a) converges to 0 as ¢ — co. Since
a € I;(a) for any ¢ > 1, which can be proved by induction, we see that the intersection
Mooy Ii(@) is equal to the singleton set {a}.

Assume for the sake of contradiction that there exists an ig such that M;(a) =L
(resp. R) for all 4 > 4g. Then, by the definition of M;(«), we should have a < pf#(«)
(vesp. a > pfi(a)) for all i > ig. Write [[:L-, 2] for [;,41(a). Then induction shows
that - € [j(o) (resp. ;& € I;i()) for all i > io. Consequently, ;= (resp. J22)
€ N2, Ii(a) = {a}, contradicting the assumption that « is irrational.

To prove the opposite inclusion, take an arbitrary infinite sequence (x1, x2, z3, .. .)
over {L,M,R} that does not eventually accord with (L)> or (R)*°. Set pfi = (3, 2),
and define pf; 1 to be the left (resp. middle, right) child of pf; in the Mallows tree
if x; =L (resp. x; = M,R). Write pf} and pf/* for the left and right elements of pf;,

respectively. Also, define intervals I; (i > 1) inductively as follows:

[
Il = [%,%] leCl—M,
[2,1] ifa; =R,
Ii N [O,pfﬁq] if Ti+1 = L7
Liya = S Linpfieff] ifziga =N,
Ii N [pfilj-l’ 1] if Tit1 = R.

As before, we can show that the intersection ();-, I; is a singleton set, say {a}, for
a real number « € [0, 1].

We first prove that « is not rational. To do so, assume for the sake of contradiction
that « is rational. Then, as it follows from the assumption (z1, s, z3,...) #
(LY>°, (R)*° that « # 0,1, the rational number « should appear in MT;, for some
ip > 1 by Proposition 3 (i). In view of the definition of MT; 41, it is evident that
either o < pf ., or a > pf | should hold. As one can inductively show (by using
the way that MT;; was constructed from {%, %} UMT,UMTyU---UMT; and the
fact that pfiy1 is a child of pf;) that if a < pff ,; (vesp. a > pff ;) then a < pffy,
(resp. a > pffi,) for all i > ig, it follows that we should have either o < pf,; for
all i > ig or a > pfi, for all i > ig. However, if a < pff, (resp. a > pffi ) for all
i > ig then, because o does not belong to [pff, 1, pf{% 1] or [pf{1,1] (resp. [0, pfi ]
or [pff1,pff1]), it follows from the inductive definition of ;11 and the relation
a € ooy Ii C Ii41 that x;4q should be L (resp. R) for all i > i, contrary to the
assumption on the infinite sequence (x1,xo,x3,...).

Having proved that the real number « is not rational, it now makes sense to talk
about the intervals I;(a) (i > 1) defined in the first paragraph of this proof. Using the
equation (2, I;(«) = {a} =2, I;, one can show by simultaneous induction on i
that I; = I;(«), pfi = pfi(a), and z; = M;(«) for all ¢ > 1. Therefore, the arbitrarily
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Figure 5: Diagram depicting the relation from @; to @;41 with arrows labeled by
Zj.

chosen infinite sequence (z1,xa,xs,...) is equal to (M;(a), Ma(a), M3(a),...) =
M(«a) € M, completing the proof of the opposite inclusion. O

3. Linking Two Representations

In this section, we shall link the Stern—Brocot and Mallows representations. Instead of
directly linking the Stern—Brocot representations S5 and the Mallows representations
M, we link them via the ensuing intermediate set. Let Z be the set of all infinite
sequences (1, X2, T3, ...) over the quarternary set {0p, Eg, Oy, EL } that satisfy 21 = Oy
and do not contain an occurrence of any of the following:

(OL,0r), (Or,Er), (Es,Er), (Er, Er), (Or,0), (Og,Eg),
(Ev,Er), (Ep,Er), (Op,Er)*>, (Og,Er)®>°, (Op)>, (Og)>*.

Let us first link SB to Z. For (z1,29,23,...) € SB, define Q;((x1,x2,x3,...)) €
{0p,Egr, Og,EL} (j > 1) inductively as follows:

Q1({w1,22,23,...)) =0,

O if (Q;({x1,22,2s,...)),2;) € {(O,L), (Er,R), (Er,R)}
Qpar((an, enr s, .. ) =4 o0 (Qi((wn 2,25 0),25) = (O, B),
j+1({x1, T2, X3, ... Oz if (Qj((z1,22,3,...)),7;) € {(Er,L), (Og,R), (Er,L)},
By if (Qj((%1,72,23,...)),2;) = (Og,L).

(The inductive definition of Q;41({z1,x2,x3,...)) is depicted in Figure 5.) Write
Q(SB(a)) for the infinite sequence (Q1(SB(«)), Q2(SB(«)), Q3(SB(«)), .. .) over the
quarternary set {Op,Eg, Og,E.}. Then we have the following, which can be verified
readily.

Proposition 5. For any o € (0,1) \ Q, the infinite sequence Q(SB(«)) belongs to
Z. Moreover, Q: SB — T is bijective.
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Before presenting the next link, let us explain the reason for using the four letters
DL7 ER) 0R7 EL-

Proposition 6. For any a € (0,1)\ Q, the following two statements are true for
all j > 1:

(i) The numerator of fj(c) is odd (resp. even) if and only if Q;(SB(c)) is O or
Og (resp. Eg or Ep).
(ii) The fraction f;(c) is the left (resp. right) element of (Zk, L&) if and only if

mL’ mp

Q;(SB(a)) is O or Ey, (resp. Oy or Eg), where (2L "—’;) is the label from the

mrp’m

Mallows tree such that either of the two fractions is f;(c).

Proof. Take an arbitrary a € (0,1) \ Q. By induction on j, we shall prove the
correctness of the two statements for this a.

For j = 1, two statements are evidently correct. Assume that we have verified
the correctness of the two statements for some j > 1. To complete the proof of
the induction step, we do case analysis according as the value of Q,11(SB(«)) €
{0, Eg, Og, EL}. Before doing so, let us note that the parent and child relations used
in the remainder of this proof is the ones in the Stern—-Brocot tree.

Case 1: Q;+1(SB(a)) = Or. By the definition of ), there are the following three
possibilities: (Q;(SB(a)),SB,(a)) = (01,L), (Eg,R) or (Er,R). Let us thus divide the

argument further into these subcases. Write (Jte, T) (vesp. (;%, 70t)) for the
: R

labels from the Mallows tree such that either of the two fractions is f;(a) (resp.
fi+1(a)).

If Q;(SB(a)) = 0y, and SB;(a) =L then f;11(a) is the left child of f;(«). Also,
by the induction hypothesis, the numerator of f;(«) is odd and f;(«) = 2L, Since

mrL

‘pSBT(:TLL) = (;k, 72) by Theorem 1, the right child of f;(a) = .- should have
even numerator. As precisely one child of fj(a) = ;—LL has odd numerator by

Proposition 2 of [3], we conclude that f;y1(a) has odd numerator, which shows
that Statement (i) is true in this subcase. By the mediant construction, the right

child of f;+1(a) should have even numerator. Since pspr(fj+1()) = (:;,LL, ;i> by

Theorem 1, it thus follows from the definition of psgr that fj11(c) is the left element

::l,% of the pair (Z% , :Ablf,? ). Hence, Statement (ii) is also true in this subcase.
L L R
If Q;(SB(c)) = Eg (resp. Er) and SBj(a) =R then f;1(c) is the right child of
fj(a). Also, by the induction hypothesis, the numerator of f;(«) is even and f;(a) =
7 (resp. 7=). As both children of f;(a) have odd numerator by Proposition 2

mp
of [3], Statement (i) is true in these subcases. By the mediant construction, the right

child of f;11(c) should have even numerator. Since spr(fj4+1(a)) = <::L,§L, :1%,1> by

Theorem 1, it thus follows from the definition of psgr that fj11(c) is the left element

ZL of the pair (-4, Z&). Therefore, Statement (ii) is also true in these subcases.
L L R
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Case 2: Qj4+1(SB(a)) = Eg. In this case, by the definition of @, we have Q,;(SB(«))
= 0. and SB;(«) = R, which implies that f;i1(«) is the right child of f;(«). Also,
by the induction hypothesis, the numerator of f;(a) is odd and f;(a) = = Since
vser(fi(e)) = <%v%> by Theorem 1, we conclude that f;i1(a) is the right
element :Ti of the pair <;—i, ;;—LL> and has even numerator by the definition of @gpr.
Therefore, Statements (i) and (ii) are both correct in this case.

Cases 3 and 4: Q;4+1(SB(a)) = 0y or E;. The proofs closely parallel that for

Cases 1 and 2, respectively. O

To link Z to M, let us introduce one notation here. Observe that for any
(x1,29,23,...) € L, if xj is equal to Op or Og then at least one of ;41 and x4 is equal
to O or Og. Consequently, the set {j > 1| z; = Op or Oz} contains infinitely many
elements. Let us write 1 = 0z, 25,24,..) (1) < 012, 20.25,..)(2) < 0(z) 9.2, (3) < -+~
for the enumeration of the infinite set {j > 1| x; = O, or Og}. Whenever it is clear
which sequence (x1,x2,x3,...) € T is referred to, we shall henceforth suppress the
explicit dependence on it in the notation of the enumeration.

The ensuing proposition follows readily from the observation made in the last
paragraph.

Proposition 7. For any (x1,22,23,...) €Z and i > 1, we have o(i + 1) > o(i) + 1
if and only if o(i + 1) = o(3) + 2.

For (x1,x2,z3,...) € T and a positive integer i, define T;((x1,x2,235,...)) €
{L,M,R} as follows:

o If o(i+ 1) = o(i) + 1, then set

L when To(i) = 0 y
Ti(<xlax27$3,...>): { () L

R when z,; = Og.

o If o(i + 1) > o(i) + 1 (equivalently, by Proposition 7, o(i + 1) = o(z) + 2), then

set
L when xo(i) = xo(i+1) = OR,
Ti({(z1, 22, 23,...)) = ¢ R When 2,(; = To(i41) = Or,
M  when Zo(s) #+ LTo(i+1)-
Let us write T({x1,x2,23,...)) for the infinite sequence

(Th ((z1, 22,23, .. .)), To({x1, 2, T3, .. .)), T3({x1, X2, X3, ...)),...) over the ternary set
{L,M,R}. Then the following can be proved.

Proposition 8. For any (x1, 2,23, ...) € Z, the infinite sequence T'({x1, x2, x3,...))
belongs to M. Moreover, T: T — M is bijective.

To obtain the main theorem of this section, the next property is necessary.
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Lemma 1. For any o € (0,1)\ Q and i > 1, we have pspr(fo) (@) = pfi(a).

Proof. Take an arbitrary o € (0,1) \ Q. We shall prove by induction that the stated
equation holds for any ¢ > 1.

The correctness of the equation for ¢+ = 1 is plain. Assume that we have verified

the correctness of the equation for some i > 1. Since proofs for the two cases,
Qo(iy(SB(a)) = 0L and Q,(;)(SB()) = 0Og, run parallel to each other, we shall
consider the former case only. Let us further divide the argument into the following
cases.
Case 1: o(i 4+ 1) = o(i) + 1. In this case, we have Q,(;4+1)(SB(a)) = 0. and
SB, () () = L. The latter implies o < f,(;)(a). Also, it follows from the induction
hypothesis and Proposition 6 that f,;)(«) is the left element of pf;(c). These two
facts imply M;(«) = L, which in turn shows that pf;;1(«) is the left child of pf;(a)
in the Mallows tree.

Both fo(;)(c) and fo(;41)(a) have odd numerators by Proposition 6. Also, it
follows from the equation SB,;) () = L that fo;41)(c) is the left child of f,(;)(a) in
the Stern-Brocot tree. It can then be inferred from Theorem 1 that @spr(foqi+1)(c))
is the left child of wspr(foqi)(@)) in the Mallows tree.

The induction hypothesis and what we have shown above combine to prove the

correctness of the equation for 7 + 1 in this case.
Case 2: o(i+ 1) > o(i) + 1 and Q,(;4+1)(SB(a)) = O.. In this case, we have
Qo(i)+1(SB(a)) = Er, SBy(iy (@) =R, Qo(i)+2(SB(a)) = Or, and SB,(;)11(a) =R. It
follows that a > fo;)41(a) > fo(s)(c). The induction hypothesis and Proposition 6
imply pfi(a) = (fo@i) (@), fo(iy+1(a)). These prove M;(a) = R, which in turn proves
that pfi+1(a) is the right child of pf;(«) in the Mallows tree.

Since it follows from the equation SB,(;)41(a) = R that fo)42(a) is the right
child of f,;)41() in the Stern-Brocot tree, it can be inferred from Theorem 1 that
©ssr(fo(i)+2(a)) is the right child of pspr(foei)(a)) in the Mallows tree.

By combining what we have shown above with the induction hypothesis, we get

the desired equation for i + 1 in this case.
Case 3: o(i + 1) > o(i) + 1 and Q,(i4+1)(SB(a)) = 0. In this case, we have
Qo(i)+1(SB(OZ)) = ER, SB0(7)(01) = R, Qo(i)+2(SB(OZ)) = Opﬂ and SBo(i)+1(Oé) = L.
It follows that f,;)(a) < a < fo@iy41(a). Also, it can be seen from the induction
hypothesis and Proposition 6 that pfi(a) = (fo@) (@), fo@iy+1(c)). These imply
M, () =M, which in turn implies that pf;+1(«) is the middle child of pf;(«) in the
Mallows tree.

From the values of SB,(;)41(a) and SB,(;)(a), it is immediate that in the Stern—
Brocot tree, f,(;)42(c) is the left child of f,(;)41(c), which is the right child of fo;(c).
It can then be inferred from Proposition 6 and Theorem 1 that @spr(fo(i)42(r)) is
the middle child of Yspr(foqi)(@)) in the Mallows tree.

The combination of what we have shown above and the induction hypothesis
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proves the equation for 7 + 1 in this case. O

Having finished preparations, we can now prove that the composition of two
bijective maps Q: SB — Z and T: T — M links two representations as follows.

Theorem 2. For any o € (0,1) \ Q, we have T o Q(SB(«)) = M(«).

Proof. Take an a € (0,1)\ Q arbitrarily. To prove that T;(Q(SB(«))) = M;(«) holds
for any ¢ > 1, we do case analysis.

Case 1: Q,(;)(SB(a)) = O.. From Proposition 6 and Lemma 1, it follows that
fo(iy (@) is the left element of pf;(«) and has odd numerator. From the definition of
wspr and Lemma 1, it also follows that the right element pff(a) of pfi(a) has even
numerator and is the right child of f,(;)(c) in the Stern-Brocot tree.

If a < pff(a) = fou)(a) then SB,;)(a) = L; hence, Quxiy4+1(SB(a)) = Op.
Consequently, o(i + 1) = o(i) + 1. Thus, T;(Q(SB(«))) = L = M;(«).

If foy = pff(a) < a < pffi(a) (resp. a > pf{f(a)) then SB,;)(a) = R and

SBo(i)4+1(a) = L (resp. R). Hence, Qo(iy+1(SB(a)) = Eg and Q,(;)42(SB(a)) = Og
(resp. O.). Consequently, o(i + 1) = o(i) + 2. Thus, T;(Q(SB(«®))) = M (resp. R)
= Mi (Oé)
Case 2: Q,(;)(SB(a)) = Op. From Proposition 6 and Lemma 1, it follows that
fo(iy (@) is the right element of pf;(a) and has odd numerator. From the definition
of pspr and Lemma 1, it also follows that the left element pf/(«) of pfi(«) has even
numerator and is the left child of f,(;(c) in the Stern-Brocot tree.

If a < pff(a) (resp. pff(a) < a < pfff(a) = fou(a)) then SB,;) (o) = L and
SBy(i)41(a) = L (resp. R). Hence, Qu(i)+1(SB(a)) = Ev and Q,(;)42(SB(a)) = Og
(resp. Op). Consequently, o(i + 1) = o(i) + 2. Thus, T;(Q(SB(«a))) = L (resp. M)

If a > pfff(a) = fory(a) then SB,;)(a) = R and hence Qq(;)+1(SB()) = Og.
Consequently, o(i + 1) = o(¢) + 1. Thus, T;(Q(SB(«a))) =R = M;(«). O

4. Combinatorial Results

In this section, we shall present various combinatorial results on Mallows representa-
tions of irrational numbers. Specifically, in the first three subsections, we shall study
the relationship between the Mallows and Stern—Brocot representations in terms of
eventual periodicity, positive Poisson stability, and transitivity, respectively. Then,
in the fourth subsection, we characterize those irrational numbers whose Mallows
representations do not contain an occurrence of L,M, R, respectively. In the last
subsection, we study certain questions concerning the periodicity of the sequence of
parities of the numerators of fi(«a), fa(«), f3(a),....
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The following set of facts can readily be proved by induction but is worth stating
here explicitly because it will be used repeatedly in the ensuing subsections.

Lemma 2. Let o € (0,1)\ Q and £ > 1.

(i) For any positive integers ji1 < ja, the following two statements are equivalent:

e Both of the two equations <SBj(o¢)>§1:§f*1 — <SBj(a)>§2:§§71 and
Qj, (SB(a)) = Q;,(SB(c)) hold.
e The equation (Qj(SB(a))ylH (Q,(SB(a ))>12+£ holds.

J=I

(ii) For any positive integers i1 < ia, the following two statements are equivalent:

 Both of the tuo equations (T,(Q(SB(a)))it " = (T3(Q(SB(0)))) !
and Qo(zl)(SB( )) - Qo 22)(SB( )) hold.

o The equation (Q;(SB()))7U2 1) = (Q;(SB(a))) 22 o +9=0) holgs,

j=o(i1) j=o(iz)

Moreover, if any (hence, both) of the above two statements is correct, then
o(ia + k) — o(iz) = o(i1 + k) — o(i1) for all k € {0,1,...,¢}.

4.1. Eventual Periodicity

Theorem 3. For any o € (0,1)\Q, its Mallows representation is eventually periodic
if and only if its Stern—Brocot representation is eventually periodic.

Proof. Take an « € (0,1) \ Q arbitrarily.

Assume first that M(«) is eventually periodic. Then, by Theorem 2, there
exists an ig > 1 such that (T;(Q(SB(«))))72;, is periodic with period p. Clearly,
by the pigeonhole principle, there exist i1 < is € {ig, 40 + p,io + 2p} such that
Qo(i1)(SB(a)) = Qo(i,)(SB(a)) € {01,0r}. Then for any ¢ > 1, since we have

(Ti(Q(SB()))) ! LH1 = (T3 (Q(SB(av)))) 24! by the definition of p, an application

1=11 ; 1=12
of Lemma 2 proves (Q;(SB(a)))72 1) = (Q;(SB(a))) U2/t +970) " which in
turn implies (SBﬂa))j“éng ' = (SBj(a ));Zi%;‘;(“%)_o(“)_l by the same lemma.

Since this holds for any ¢ > 1, we conclude that (SB;())72 ;) = (SBj(@))52 ;.5
which clearly implies that SB(«) is eventually periodic.

Conversely, suppose that SB(«) is eventually periodic. Then there exists a jo > 1
such that (SB;(a))32;, is periodic with period p. By the pigeonhole principle, there
exist j1 < j2 € {Jo, Jo+P, Jo+2p, jo+3p, jo+4p} such that Q;, (SB(a)) = Q;, (SB(«)).
This equation and the periodicity of (SB;(«))72;, combine to imply, by Lemma 2,
that (Q;(SB()))7 2! = (Q;(SB(a ))>32+2z+1 holds for any £ > 1. Let i; be the

J=J1
smallest integer satisfying o(i1) > ji;. Then the inequality o(i; + ¢) < o(i1) + 2¢

holds for any ¢ > 1, which can be verified by induction. Observe also that if
Q;,(SB(c)) ¢ {01,0s} (equivalently, o(i1) # ji) then @Q;,+1(SB(a)) € {0y,08}



INTEGERS: 25 (2025) 17

(equivalently, o(i1) = j1 + 1), which can be readily seen from the definition of Q.
From these, we can derive the inequality o(i; + £) < j; + 2¢ + 1, which, along

with the above equation, shows that (QJ(SB(a)»;(:l;Zg = (QJ(SB(a)»;gZE:;Zg:i
As the integer jo + o(i1) — j1 can be written as o(is) for some iy > i1 because
Qjs+o(in)—j1 (SB(a)) = Qo1 )(SB(a)) € {0r,0r}, we can apply Lemma 2 to obtain

(Ty(Q(SB()))) Lt~ = (T3(Q(SB(w)))) 2471 Since this equation holds for any

1=11 =19

¢ > 1, we conclude (T;(Q(SB(w))))i2,;, = (T:(Q(SB(«)))):2;,, from which it can
readily be seen that (T;(Q(SB(«))))$2, is eventually periodic. An application of
Theorem 2 then finishes the proof. O

From Proposition 2, it can readily be inferred that SB(«) is eventually periodic if
and only if the elements of a are eventually periodic. Also, it is known [4] that the
elements of a are eventually periodic if and only if « is quadratic. From these and
the above theorem, we can deduce the following corollary.

Corollary 2. For any o € (0,1) \ Q, its Mallows representation is eventually
periodic if and only if it is quadratic.

4.2. Positive Poisson Stability

Let f: X — X be a continuous map on a metric space X. We say that a point of X
is positively Poisson stable [6] if its positive orbit and its w-limit set intersect. Thus,
in the shift dynamical system over a non-empty set 3, a point (x1,zs,z3,...) € 1™

is positively Poisson stable if and only if there exists an ng > 1 such that for each
no+~0—1 __ < >n0+P(Z)+Z*1

n=no ~ \"M/n=ng+p(l)

(equivalently, there exists an ng > 1 and a function p: Z~¢ — Z¢ such that this

equation holds for any ¢ > 1).

£ > 1, one can find a positive integer p(¢) satisfying (x,,)

By viewing the Mallows and Stern—Brocot representations as points of the shift
dynamical systems over {L,M,R}* and {L,R}>°, respectively, let us study the rela-
tionship between their positive Poisson stability.

Theorem 4. For any o € (0,1)\ Q, its Mallows representation is positively Poisson
stable if and only if its Stern—Brocot representation is positively Poisson stable.

Proof. Take an a € (0,1) \ Q arbitrarily.

To prove the “only if” part of the statement, suppose that M(«) is positively
Poisson stable. Then, by Theorem 2, there exists an iy > 1 and a function
p: Z~o — Z~¢ such that the equation

(TLQSB(@)) it~ = (TH(Q(SB(a)))) (0 (1)

holds for any ¢ > 1.
We first claim that there exists an i; > i .such that for each ¢ > 1, one can
find an iy > 4; satisfying both (T;(Q(SB(a))))'H = = (T;(Q(SB(w)))) 2t~ and

=11 i=ig
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Qo(i)(SB(a)) = Qo(ip)(SB(av)). If g stands as 41, then there is nothing to do. If
on the other hand ¢y does not stand as i, then there exists an ¢ > 1 such that
for each i’ > ig, we have either (Ti(Q(SB(oz))))j":if/*1 + (Ti(Q(SB(a)))X:»g/*l
or Qu(ie)(SB(a)) # Qo(i)(SB(a)). By substituting ig 4+ p(¢') into ', we get
Qo(ie)(SB(a)) # Qo(ig+pe)) (SB(a)). We shall show that ig + p(¢') stands as i;.
To do so, take an ¢ > 1 arbitrarily. By substituting p(¢’) + max{¢,¢'} into ¢ in
Equation (1) and then by taking the length max{¢,¢'} closing subsequences, we
obtain

(T(Q(SB(a))))otrt tmax{tlI=1 _ 1 ((SB(a)))) 2t matld=t - (g

i=ig+p(L’) =i
where iz := ig+p(p(¢')+max{f, £'})+p(¢'). From this equation and Equation (1) with
¢ substituted for ¢, we can deduce (T;(Q(SB())))t! ~1 = (T;(Q(SB(a)))) izt 1.

=10 1=12

This equation and the definition of ¢ combine to guarantee Q,;,)(SB(c)) #

Qo (i) (SB(a)). Since we also have Q,(;y)(SB(a)) # Qo(ig+p(er))(SB(cr)) as has been
mentioned already, we conclude that Q,i,+p())(SB(a)) = Qo) (SB()). Equa-
tion (2) and this equation show that ig + p(¢') has the desired property of ;.
Using the established claim, we shall prove the positive Poisson stability of SB(«)
as follows. Take an iy as in the established claim. Then, by Lemma 2, for each ¢ > 1,

one can find an iy > iy satisfying (Q;(SB(a)))2"2 1) = (Q;(SB(a)) o2 o0 7o),
O(il +€)—1

By applying the same lemma to this equation, we get the equation <SBj(Oé)>j:0(i1)
= (SBj(a));(:izzz())(iﬁe)_o(il)_l between two length o(i; + £) — o(i1) (> £) sequences.
As ¢ was chosen arbitrarily, this argument implies that SB(«) is positively Poisson

stable.

Having proved the “only if” part of the statement, we then substantiate the
“if” part. To do so, suppose that SB(«) is positively Poisson stable. Then there
exists a jo 2 1 and a function p: Z~¢ — Zsg such that the equation (SBj(oz)ﬂ-”:?f_l
= (SB; () P04 holds for any £ > 1.

Let us first substantiate the claim that there exists a j; > jo such that for each

¢ > 1, one can find a jo > j; satisfying both <SBj(o¢)>;gf71 = (SB,(«a )>§2J;f !

and Qj, (SB(a)) = Q;,(SB(«)). If jo already stands as ji, then there is nothing
to do. If on the other hand jo does not stand as ji, then there exists an ¢(1) > 1

such that for any j’ > jo, we have either (SB;(«a ))Z"tﬁ(l) ' £ (SB,(« )}; 'Ze(l) !

Qj,(SB(e)) # Q;/(SB(a)). If j(1) :== jo + p(£(1)) stands as ji, then there is nothmg
to do. If on the other hand j(1) does not stand as ji, then there exists an ¢(2) > 1

such that for any j > j(1), we have either (SB; (oz))?(:l;ag@)_l # (SB; (oz)}?!}li@)_l
or Q;1)(SB(a)) # @ (SB(e)). If j(2) = j(1) + p(j(1) + max{€(1), £(2)} — jo)
stands as ji, then there is nothing to do. If on the other hand j(2) does not

stand as ji, then there exists an £(3) > 1 such that for any j* > j(2), we have

either (SB; ()% 57" # (SB, ()] 5" or Qy(2)(SB(a)) # Qy(SB(a)). Set
J(3) = 7(2) +p(4(2) +max{l(1), £(2), £(3)} — jo). Then, it follows from the definition
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of the function p: Z~g — Z~( that the equation

j(m)-+max{¢ 1<n<m+1}-1 j(m~+1)+max{l(n)[1<n<m+1}—1
<SB'(Q)>;(:J'2:;) ax{€(n)| +1}- = (SB;(a )>;(:jz;n3r+1) ax{€(n)|[1<n<m+1}

holds for each m € {0, 1,2}, where we set j(0) := jp for notational convenience.
Combining these equations, we obtain

<SBj(a)>1(m1)+e(m1+1)—1 _ <SBj(a)>]:(m_,2)+Z(M1+l)—l 3)

Jj=j(m1) Jj=j(m2)

for any 0 < m; < mg < 3. The definitions of ¢(1),£4(2),£(3), and Equation (3),

imply that four elements Qo) (SB()), Q;(1)(SB(a)), Q;2)(SB()), Q;(3)(SB(c)) of
{01, Eg, Oy, EL} are pairwise distinct. We shall show that j(3) stands as j;. To do so,
take an £ arbitrarily. Then, by the definition of the function p: Z~og — Z~q, we have

<SBj(a)>]'(3)+max{€,é(1),2(2)75(3)}*1 _ <SBj(a)>j2+max{€,£(1),6(2),Z(3)}71 (4)

i@3) J=Jj2 )
where jo = j(3) + p(5(3) + max{¥, £(1),4(2),£(3)} — j(0)). From Equations (3)
and (4), we deduce that (SB;(« )>;(nj12:-f(m+l)— (SB, (« ))Jﬁamﬂ) ! for each

m € {0,1,2}, which, along with the definitions of £(1),¢(2),£4(3), implies that
Q;,(SB(a)) is distinct from Q) (SB(a)), Q;(1)(SB(«)), Q;(2)(SB(c)). Because four
clements Qo) (SB(). Qy(1) (SB(a), Q5 (2) (SB(a)), Qs (SB()) of {0y, En, On, B}
are pairwise distinct (as we mentioned already), it follows that Q;(3)(SB(a)) =
Qj,(SB(e)). From Equation (4) and this equation, we conclude that j(3) indeed
stands as ji.

Using the substantiated claim, we shall establish positive Poisson stability of M(«)
as follows. Let j; be as in the substantiated claim, and let i; be the smallest integer
satisfying o(i1) > j1. Take an ¢ > 1 arbitrarily. Then there exists a jo > j; such
that (B ()70 ™" = (5B, ())}25/" 07" and @, (SB(a) = Q. (SB(e)).
By applying Lemma 2, we obtain

QSB35 = (Q;(SB(a))) im0, (5)

It follows in particular that @, szi,)—j, (SB(a)) = Qo(i,)(SB()) € {0r, 0}, which
implies that jo + o(i1) — j1 is of the form o(iz) for some iz > i;. Being the
length o(iy + ¢) — o(1) + 1 closing subsequences of the left- and right-hand sides of
Equation (5), two sequences (Q;(SB(«a )));’(z;(tg and (Qj(SB(a))>?$i22§(i1+4)70(i1)

are identical, from which we obtain (T;(Q(SB(« )))>§1:ff_1 = <E(Q(SB(O¢)))>22J§§ !

by Lemma 2. As ¢ > 1 was chosen arbitrarily, we conclude that T(Q(SB(«))) is
positively Poisson stable. An application of Theorem 2 finishes the proof. O

One corollary is in order before going to the next subsection.

Corollary 3. For any « € (0,1)\ Q, its Mallows representation is positively Poisson
stable if and only if its CF-representation is positively Poisson stable.
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Here, we are identifying an infinite continued fraction [0;aq,as,...] with a point
(a1, as,as,...) of the shift dynamical system over Z~.

Proof. Suppose first that M(«) is positively Poisson stable. Then SB(«) is positively
Poisson stable by the above theorem. From this and Proposition 2, positive Poisson
stability of the CF-representation of o can readily be inferred.

Conversely, suppose that the CF-representation [0;aq,as,...] of a is positively
Poisson stable. Hence, there exists a kg > 2 and a function p: Z~q — Z~q such that
tl/le equation (a@i";ﬁfl = (a@ﬁiiﬁg;éf)fl
P Zso — Lo by

holds for any ¢ > 1. Define a function

p(f) if p(¢) is even,
p'(€) =< p(p(l) + £) if p(¢) is odd and p(p(£) + ¢) is even,
p(p(€) +¢) + p(£) if both p(¢) and p(p(£) + ¢) are odd.

Then it can readily be seen that p’(¢) is even for any ¢ > 1.

We claim that the equation (ak)z(’:z?l = <ak)£:,r£ ;E?,?f)fl holds for any £ > 1. To
substantiate this claim, take an £ > 1 arbitrarily. By the definition of the function
p: Zso — Z~g, we have

()Rt = () PO and (@) 2O = () O IO (6)
Hence, if either p(¢) or p(p(£) + ¢) is even, then the claimed equation is correct. If
both p(¢) and p(p(¢) + £) are odd then, as the length ¢ closing subsequence of the
left- (and hence, right-) hand side of the right equation of (6) is equal to <ak>k°+z !
by the left equation of (6), it follows that the claimed equation is correct also in this
case.

Having substantiated the claim, we can prove the positive Poisson stability of
M(«) as follows. Take an arbitrary ¢ > 1. Then, because p’(¢) is even, it can be
inferred from Proposition 2 and the substantiated claim that

k0+l/ 1. ko+p’ (£)+£—1 an

Zko 1, <SB ( )>J._Zk0+p -1,

{SBj(@))

Since the length of the above sequences is ag, + agy+1 + -+ + apg+e—1 + 1 (> ¢) and
since ¢ was chosen arbitrarily, we conclude that SB(«) is positively Poisson stable.
Thus, by the above theorem, M(«) is positively Poisson stable. O

4.3. Transitivity

Let f: X — X be a continuous map on a metric space X. We say that a point of
X is transitive if its orbit is dense in X. Thus, in the shift dynamical system over
a non-empty set X, a point (1,22, x3,...) € X is transitive if and only if every
non-empty finite sequence over ¥ appears in it.
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In this subsection, by viewing the Mallows and Stern—Brocot representations as
points of the shift dynamical systems over {L,M,R}*® and {L,R}°°, respectively, we
shall study the relationship between their transitivity. In doing so, we need the
ensuing finite version Q of Q. For an X € {0y, Eg,Og,EL} and a finite sequence
(x1,22,...,20) (£ > 1) over {L,R}, define Qf((xl,xg, coxe)) (e{l,2,...,04+1})
inductively as follows:

QX (x1, 29, ..,m0)) = X,

OL if (Q:i((<x17'r27 7I€>)7$j) € {(OLvL)’(ERvR)v(ELvR)}a
QX 1(<$1 T, ... .Z‘g>) _ Ep if (ij«xlvx% ,:C[>),£Ej) = (OLvR)v
i T ’ Or if (Q]X(<x17x27 ,;Cg>),1'j) € {(EﬁvL)v(DﬁvR)ﬂ(ELﬂL)}ﬂ
E, if (Q]X(<.Z’1,$2, ,l‘g>),$j) = <0R?L)'

We set QX ((z1, g, ..., 1z0)) == <QJX(<$1, o,y .. ,a:@))?ii. The following finite ver-
sion T of T is also necessary. Let (x1,29,...,2¢) (¢ > 1) be a sequence over
{0, Eg, Oy, Er} such that the set {j € {1,2,...,¢} | z; =0 or x; = Oz} contains at
least two, say 7, elements. Then define T;((z1,x2, ..., 2¢)) (i € {1,2,...,n—1}) as
in the definition of T; with o(-) replaced by o(-), where 6(1) < 0(2) < -+ < o(n)
is the enumeration of the set {j € {1,2,...,¢} | z; = O, or z; = Og}, and set

T((x1,22,...,20) = (T;({z1, 2o, . .. ,x@)}?z_ll.
The following property can readily be proved by induction.

Lemma 3. Let X be either Oy or Og, and let {x1,zo,...,2¢) (¢ > 1) be a finite
sequence over {L,R} such that the last letter of QX ({(x1,2,...,2,)) is either Op
or Og. Then for any a € (0,1) \ Q and iy > 1, the sequence (T;(Q(SB(«))))52

1=10

starts with T(QX ((x1, 2, ...,x¢))) and Qo(iy)(SB(a)) = X if and only if we have
io)+e _
(Qj(SB()) 1 = QX (wy, w2, ..., 34)).
Having finished preparations, we can go to the main result of this subsection.

Theorem 5. For any « € (0,1)\ Q, its Mallows representation is transitive if and
only if its Stern—Brocot representation is transitive.

Proof. Take an « € (0,1) \ Q arbitrarily.

To prove the “only if” part of the statement, suppose that M(«) is transitive.
Take a non-empty finite sequence w over {L,R} arbitrarily. Then construct finite
sequences w’, w” over {L,R} so that the following conditions are satisfied:

(i) the last letter of Q% (w™w’) is either Op or Og;
(ii) the last letter of Q% (w”) is O;

(i) T(Q% (w")) starts with T(Q% (w™w')).
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By the transitivity of M(a) and Theorem 2, there exists an ig > 1 such that
the infinite sequence (T;(Q(SB(a))))72;, starts with T.(QUR(w”))’“T(QDL (w™w')).
Let us note here that the sequence T(Q%(w"”))~T(Q%(w™w')) is identical to
T(Q% (w"~w™w')), which can be seen from the definitions of Q%, Q%, T, and
Condition (ii).
If Qo(iy)(SB(@)) = O then, because the infinite sequence (7;(Q(SB(«))))52
starts with 7'(Q% (w™w’)) by the definition of 4y and Condition (iii), one can apply

Lemma 3 to obtain (Q,;(SB(«a ))>O(Z°)+lh(w) Q% (w), from which it can readily be

j=o(io)
inferred that (SB;(a))7Uo M~ = .
If Qo) (SB(@)) = Og then, because the infinite sequence (T;(Q(SB(a))))7<;,
starts with T(Q% (w”~w™w’)) by the definition of iy and the equation T'(Q% (w"))
~T(Q™(w™w')) = T(QDR( "~w™w')), one can apply Lemma 3 to see that

(Q; (SB(a))>5(igz;l)h( b)) = Q% (w""w), from which it can readily be inferred

oli Ih(w Th(w)—1
that (SB;(«a )>J( 22;)+(1h(2vt>( e

Having proved the “only if” part of the statement, we then substantiate the “if”
part. To do so, suppose that SB(«) is transitive. Take a non-empty finite sequence
w over {L,M,R} arbitrarily. Then construct a finite sequence u over {L,R} such that
the last letter of Q% (u) is either Oy or Oy and the sequence T'(Q% (u)) starts with w.
Set

ZZ[)

v(0) = (L,L,L), wo(Eg)=(L,L,R), wv(0g) =(L,R,L), wv(Er)=(R,L,L),

—~ )~ o~ _ M~ o~ _ I~

and consider the sequence v v~ u"u" " u"u"" " u, where

= (th(u)( ))
(QQIh(u s(u"u ),
W = (leh(u)JrG(u U/AUAUUAU)).

By the transitivity of SB(a), there exists a positive integer jo such that (SB;(a))52
g~y M~~~

starts with v v v u" "u " uw"" " w. ‘
If Q,,(SB(a)) = 0O then jo = o(ig) for some iy > 1. As <Q<(SB(a))>?(lo)ﬂh(u)

: i=olio)
= Q% (u), Lemma 3 then implies that the infinite sequence (T;(Q(SB())))s2;, starts
with T(Q% (u)) and hence with w.

If Q;,(SB(a)) = Oy then (Q;(SB(«a )))J“Jr21h wEs — = Q%(u"w/"u). By the def-

R J=Jo
inition of u/, we have Qloh“(u)+3(u’“u’“u) = 0., which implies that the length

~

Ih(u) + 1 closing subsequence of Q% (u"u/~u) is equal to Q% (u). Therefore, we

have (Q;(SB(0)) 5 N7, = Q%(u). Since Qyinguy+3(SB(a) = Ou, the integer
Jo + Ih(u) + 3 is of the form o(ig) for some ig > 1. An application of Lemma 3
then implies that the infinite sequence (T;(Q(SB(«))))s2, starts with T'(Q% (u))

=10
and hence with w.
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If Qj,(SB(«v)) = Er (resp. Ep) then, by arguing as above, we can show that the
length 1h(u) + 1 closing subsequence of QEL(u’“u”\u”u”’\ ) (resp.
Q% (v v/ "u"u" " uTw ")) is equal to Q% (u). Thus, the sequence
(Q(SB(a))y 2 IS 6 (resp. (Q;(SB())) 1 IGES o) is equal to QP (u). Since
Qjo+21m(u)+6(SB()) (resp. Q4 31m(w)+9(SB(a))) = O, the integer jo + 21h(u) + 6
(resp. jo + 31h(u) + 9) is of the form o(ig) for some ig > 1. Then, by Lemma 3, the

infinite sequence (T;(Q(SB(a))))2, starts with 7(Q% (u)) and hence with w. [J

1=10

Before going to the next subsection, let us present one corollary. In the following,
as we did in Corollary 3, we identify an infinite continued fraction [0;a1, as,...]
with a point (a1, as,as,...) of the shift dynamical system over Z-.

Corollary 4. For any o € (0,1)\ Q, its Mallows representation is transitive if and
only if its CF-representation is transitive.

Proof. The proof for the “only if” part of the statement being analogous to that in
Corollary 3, we shall prove the “if” part of the statement only. Suppose that the CF-

representation [0; a1, az,...] of v is transitive. Take a non-empty finite sequence w
over {L,R} arbitrarily, and write (L) “w (L) as (L)¢* (R)2 (L) (R)®4 - . -~ (L)°2¢-1
for an £ > 1 and positive integers ey, ea,...,e20_1. By the transitivity of the CF-
representation of «, there exists a kg > 2 5uch that (a@ﬁozu 3 = (e1,€2,...,620-1)°.
If kg is odd, then it follows from the equatlon (a@i"ﬁe 2 = (e1,e2,...,e90—1) and
+2£ 2
Proposition 2 that (SB;(«)) 1;%,’“ 3 = (L) w™(L). If ky is odd, then it
=020 ak
follows from the equation (a@ﬁﬁkiﬂ;z L = (e1,€2,...,ez_1) and Proposition 2 that

<SBj(oz)>41;§0’12Z ; “ = (L)"w™(L). In either case, therefore, SB(a) contains
J k=1 ak

an occurrence of the arbitrarily taken sequence w. Since this implies that SB(«)
is transitive, an application of the above theorem proves that M(«) is transitive,
completing the proof of the “if” part of the statement. O

4.4. Not Containing a Particular Letter

In this subsection, we shall characterize those e € (0, 1) \ Q whose Mallows represen-
tations do not contain an occurrence of a particular letter. To do so, let us introduce
one notation here. For any o € (0,1) \ Q which satisfies the condition that both
0. and Oy appear infinitely many times in Q(SB(«)), we write e, ea, €3, ... for the
positive integers satisfying

(Qo(1) (SB(a)),Qo(2) (SB(@)),Qo(3) (SB(@)), - . .) = (00)“ "(0g) *(0r)“ "(0g) - - - .
(7)
Here, the explicit dependence on « is suppressed in the notation because, whenever
we use this notation later, it will be clear which « is referred to.
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Proposition 9. For any o = [0;a1,a2,...] € (0,1)\ Q, its Mallows representation
does not contain an occurrence of M if and only if asy, is even for all k > 1.

Proof. From the definition of T, it can be inferred that for any a € (0,1) \ Q,
its Mallows representation does not contain an occurrence of M if and only if
(Qo(1)(SB()), Qo(2) (SB()), Qo(3)(SB(e)),...) = (0)>°.  Suppose that an
a € (0,1)\Q satisfies the latter condition. Then it is immediate from the definition of
Q that for any i > 1, if o(i+1) = o(i)+1 then SB,;)(a) = L. Also, if o(i+1) > o(i)+1
then o(i + 1) = o(i) + 2 by Proposition 7 and SB,;y(a) = SBg(;y+1(c) = R. Being
not eventually constant, SB(«) should thus be of the form

(L)1 (R,R) (L) (R, R) T (L)S T (RR) T

for non-negative integers e, e, €4, . .., infinitely many of which are positive. Con-
versely, a calculation shows that if the Stern—Brocot representation of an « € (0,1)\Q
is of the above form then (Q,(1)(SB(a)), Qo(2)(SB(a)), Qo(3)(SB(a)),...) = (OL)>°.
Since the above form can equivalently be written as

(L) (R)>2 (L) (R)* 4 (L) T (R)> -

for a non-negative integer e/ and positive integers €}, €%, e}, ..., an application of
Proposition 2 finishes the proof. O

Remark 3. Even if only one k does not satisfy asx, € 2Z~(, the Mallows repre-
sentation can contain infinitely many occurrences of M. For example, the Mallows
representation of 2 — /2 = [0;1,1,2,2,2,2,...] is (M)> by Example 1.

Proposition 10. For any a = [0;a1,as,...] € (0,1)\ Q, its Mallows representation
does not contain an occurrence of R if and only if

(a1,az,as3,...) = (€], 1,2e5) " wi (2e5) "wy (2e)) "wy -+,
where €}, ¢e5, €4, ... are positive integers and wy, (k > 1) is either equal to (2) or of
the form (1,€},1) for some e} > 1.

Proof. Let a = [0;a1,a2,...] € (0,1)\ Q.

Suppose that M(«) does not contain an occurrence of R. Then, because SB(«) is
not eventually constant, if Q,;)(SB(a)) = Op then there should be an i’ > i such
that Q,(;)(SB(a)) = 0. Likewise, if Qo(;)(SB(c)) = Og then there should be an
i" > i such that Q;)(SB(c)) = O.. It follows that both Op and Og appear infinitely
many times in Q(SB(«)). Let e1,eq, es3,... be positive integers as in Equation (7).
Then, it follows from the assumption on M(a) = T(Q(SB(«))) that SB(«a) should
be the ensuing one:

(L) (R TR T (L) R TR R T (W) R T (R
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We then have (a1, a9, as,...) = (e1,1,2e3) " wi (2e4) w5 (2e6) w5 - - - by Propo-
sition 2, where wy, is equal to (2) or (1,es,+1 — 1,1) according as eggy1 = 1 or
eat1 > 1.

Conversely, suppose that the elements of « are as stated. Then

SB(a) = (L)1~ (R) (L) up (1) ug (B4 g

by Proposition 2, where u; = (R)? or (R)™ (L)'~ (R). A calculation then reveals
that M(a) = T(Q(SB(«))) does not contain an occurrence of R. O

Proposition 11. For any a = [0;a1,as,...] € (0,1)\ Q, its Mallows representation
does not contain an occurrence of L if and only if

(a1,az,as3,...) = (1,2¢] — 1) " wi (2e5) " ws (2e5) " wg -+,

where €}, €5, €4, ... are positive integers and wy, (k > 1) is either equal to (2) or of
the form (1,€},1) for some e}, > 1.

Proof. Arguing as in the proof of the foregoing proposition, we can show that for
any o € (0,1)\ Q, if M(«) does not contain an occurrence of L then both O and Oy
appear infinitely many times in Q(SB(«)).

Let a = [0;a1,a2,...] € (0,1)\ Q. If M(a) = T(Q(SB(«))) does not contain an
occurrence of L, then it can be verified that SB(«) is equal to

()21~ () ) R (L) TR T R T ®e T W)

where positive integers eg, s, €3, . .. are as in Equation (7). Along with Proposition 2,
this implies (a1, as,as,...) = (1,2e; — 1) " wi (2e3) " ws (2e5) w3 - - -, where wy, is
equal to (2) or (1,e9; — 1,1) according as eg, = 1 or egy > 1.

Conversely, suppose that the elements of « are as stated. Then

SB(a) = (R)?1 71wy (R)22 g (R)*5 ug -

by Proposition 2, where u; = (L)? or (L)™(RY*™(L). A calculation then reveals
that M(a) = T(Q(SB(«))) does not contain an occurrence of L. O

4.5. Parities of Numerators

In this subsection, we are concerned with periodicity of the sequence of parities
of the numerators of fi(«), fo(a), f3(a),.... Among various questions concerning
periodicity, what we shall study is the characterization (in terms of Mallows repre-
sentations) of those a € (0,1) \ Q for which the above parity sequence is eventually
periodic with a certain period. To do so, we need the following lemma, which can
readily be inferred from the definition of T'.
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Lemma 4. Let o € (0,1) \ Q be such that both Op and Oy appear infinitely many
times in Q(SB(«)), and define positive integers ey, ea, es, ... by Equation (7). Then
for any i > 1, we have T;(Q(SB(«))) =M if and only if i = e; +ea + -+ + ey for
some k > 1.

Let us first study those a € (0, 1) \ Q for which the parity sequence is eventually
periodic with period 1 (in other words, eventually constant).

Proposition 12. Let « € (0,1)\ Q. Then the sequence of parities of the numerators
of fi(a), fa(a), f3(a),... is not eventually constant.

Proof. In view of Proposition 6, it is sufficient to show that there is no j > 1 such
that (Q;(SB(a)), Qj+1(SB(e)), @;+2(SB(e)), .. .) consists of 0.’s and Og’s only (resp.
E.’s and Egr’s only).

Take a j > 1 arbitrarily. If Q;(SB(«)) = EL or Q;(SB(«)) = Er (equivalently,
by Proposition 6, the numerator of f;(a) is even), it is immediate from the def-
inition of @ that Q;41(SB(«)) is neither Ey nor Ex. If Q;(SB(a)) = 0. (resp.
Or), then the only way that we have Q;4+1(SB(«)) € {0.,0g} is that SBj(a) =L
(resp. R). And in that case, we have Q;11(SB(a)) = Q;(SB(a)). A similar ar-
gument shows that if Q;12(SB(«)) € {0.,08} then we have SB,ii(a) = L (resp.
R) and Q;+2(SB(@)) = Q,;+1(SB(a)). Continuing in this way, we can prove that
Q;(SB(@)), @5+1(SB(a)), . .-, Q;+(SB(a)) € {0y, O} implies SB () = SB; 41 (a) =
-+ =8Bj1¢_1(a) for any £ > 1. Since SB(«) is not eventually constant, this guar-
antees that Q; (SB(«)) ¢ {0r,0} for some ¢'. O

We then characterize those « € (0,1)\Q for which the parity sequence is eventually
periodic with period 2 (in other words, eventually alternating).

Proposition 13. For any o € (0,1)\Q, the following two statements are equivalent:

(i) The sequence of parities of the numerators of fi(a), fa(a), f3(a), ... is eventu-
ally alternating.

(ii) M appears infinitely many times in M(«), and there exists a k > 1 such that

’ / ’

(M (@) 2y = (M) (R)C1 ™ (M) ™ (L) %2 (M) ™ (R)S3 ™ (M) (LY -+

where €, eh, €%, ... are non-negative integers and m(1) < m(2) < m(3) <---
is the enumeration of the infinite set {i > 1 | M;(a) = M}.

Proof. Take an « € (0,1) \ Q arbitrarily.

To show that Statement (i) implies Statement (ii), assume that « is as in
Statement (i). Observe that for any jo > 1, if (Q;(SB(a)))72,, starts with the
length ¢ + 1 alternating sequence of 0.’s and Eg’s (resp. Og’s and Ep’s), then
SBj, () = SBj,+1(a) = -+ = SBj,+¢—1(a) = R (resp. L). The sequence SB(«)
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being not eventually constant, it follows from this and Proposition 6 that both Op
and Oy appear infinitely many times in M(«). Let e, eq, €3, ... be as in Equation (7).
Then it can be inferred from the assumption and Proposition 6 that there exists a
k > 1 such that

<Qj (SB(Q)»;O:o(el +62+"'+62k): <OR3 EL>A<0L7 ER>82k+lA<DRa EL>e2k+2A<OL7 ER>6%+3A’ .

A calculation then shows that (T;(Q(SB(®))))52e, teptotes, = M) (R)e2E+1717
(M) (L)ezr+2 =1 (M) (R)e2k+3 =1 . Since eg +eg ++ - - +egr, = m(2k) by Lemma 4,
we conclude that Statement (ii) is true.

Having proved one implication, it remains to show that Statement (ii) implies
Statement (i). If « is as in Statement (ii) then it can be seen from the definition of T
that both Op and Oy appear infinitely many times in Q(SB(«)). Let ey, ea,e3,... be
as in Equation (7). Then, by Lemma 4, we have m(2k) = e; + ea + - - - + eag, which,
together with Equation (7), implies Qo(m(2x))(SB()) = Og. From this equation and
the equation from Statement (ii), it can be inferred that

(Q;(SB(0))) 3% 2k = (OnEr) ™ (Op, E) 117 (Og, B )21 (0p, Br) 5T

This and Proposition 6 combine to show that the parities of numerators of
fo(m(Qk))(a)7 fo(m(2k))+1(a)v fo(m(2k))+2 (Oé), ...are alternating. O

Lastly, we characterize those o € (0,1) \ Q for which the parity sequence is
eventually periodic with period 3.

Proposition 14. For any « € (0,1)\ Q, the following two statements are equivalent:

(i) The sequence of parities of the numerators of fi(a), fa(a), fs(a), ... is eventu-
ally periodic with period 3.

(ii) At least one of the ensuing two statements is satisfied:

o M(a) eventually accords with (L,R)°.

o M appears infinitely many times in M(«) and, if we remove all occurrences
of M from M(«), then the resulting sequence eventually accords with (L,R)*°.
Moreover, there exists a k > 1 such that for all k' > k, the 2k'th (resp.
(2K’ + 1)st) occurrence of M is preceded by R (resp. L) and is succeeded by
L (resp. R).

Proof. Take an arbitrary « € (0,1) \ Q.

We first prove that Statement (i) implies Statement (ii). In the Stern-Brocot tree,
if a fraction has even numerator then both of its children have odd numerator [3,
Proposition 2]. Consequently, if « is as in Statement (i), then there exists a jo > 1
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such that the numerators of f;, (), fjo+1(), fjo+2(), ... are odd, odd, even, odd,
odd, even, .... There are then the following three cases:

Case 1: Oy appears only finitely many times in (Q;(SB(«)))32; . Let ig be such

that O does not appear in (Q;(SB(a)))52,(;,)- Then, from the definition of @ and
Proposition 6, it can be shown that <QJ’(SB(O‘))>?.;O(¢O) is equal to either (O, Or, Eg)*>
or (Op,Eg,0.)*°. A calculation then shows that, in the former (resp. latter) case,
(T:(Q(SB(a))))2;, = (L,R)> (resp. (R)(L,R)>). An application of Theorem 2
proves that, in either case, the former condition of Statement (ii) is satisfied.

Jo'ijo'
kind of reasoning to the above case, one can show that the former condition of
Statement (ii) is satisfied.

Case 3: Both Oz and Op appear infinitely many times in (Q;(SB(a)))52,,. Assume
without loss of generality that @, (SB(c«)) = O.. Then, from the definition of @ and

the assumption on the numerators of fj, (), fj,+1(), fjot+2(), ..., it follows that

Case 2: 0Op appears only finitely many times in (Q;(SB(«))) By the same

we have

(Q;(SB(a)))j2, = (O, O, ER>GI1A<0R, O, EL>6;A<OL7 O, ER>6[5A<DR, Or, EL>e:‘A e
(8)

for some positive integers e’ eh, eh,.... Then
12%2>%3»

(Ti(Q(SB(a))))s2;, = (L,R)1 ™17 (L, M)~ (R, L)2 1 (R, M)
(L, RYS I (L M) T (R, LTI R M) T

where ig > 1 is such that o(ip) = jo. Since Qu(io12¢;—1)(SB(ar)) = 0L by Equa-
tion (8) and since Qo(e,4eot-tesp)(SB(@)) = Og for any k& > 1, where posi-
tive integers e, eq, es,... are as in Equation (7), it follows from the equation
Tig42¢,-1(Q(SB())) = M and Lemma 4 that ig + 2¢j — 1 is of the form e; +
ez + -+ + egpyq for some k > 0. Thus, by the same lemma, the first occurrence
Tigt2¢;,-1(Q(SB(a))) of M in (T3(Q(SB(«))))72;, is the (2k + 1)st one. That the
latter condition of Statement (ii) is satisfied can now be verified readily.

Having proved that Statement (i) implies Statement (i), we now prove the
converse implication. If (M;(a))s2; = (T;(Q(SB(«))))2,, is identical to (L,R)>
and if Qo (i) (SB(a)) = Oy (resp. Or), then we have (Q;(SB(a)))72 ;) = (Or, Oc, Er)™
(resp. (Og,Er,0r)°°). An application of Proposition 6 then proves that the sequence
of parities of the numerators of fo(i) (), fo(ig)+1(), foig)+2(c), ... is periodic with
period 3.

If M(«) satisfies the latter condition of Statement (ii), then it can be seen from
the definition of T that both Oy and Oy appear infinitely many times in Q(SB(«)).
Let e1, es,e3,. .. be as in Equation (7). Then, for a sufficiently large positive integer
m, we should have
(M (@))3,= (R, M) (L, R (L, M) (R, )2 (R, M) (L, R)* (L, M) (R, L)** (R, M) --

=10
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for some non-negative integers e}, eb, e}, ..., where ig = —1+e; +ea+ -+ + eami.
Since Qo(ig+1)(SB(@)) = Qo(e, +ea+-+eamp) (SB(a)) = Or by Equation (7), it follows
from the above equation and Theorem 2 that

(Q;(SB())) 72 (ig4+1) = (Or,Er,00) " (Or, Er, O0)“t ™ (O, Eg, Op) ™ (O, Er, Op)“
~(On,Er,00) " (Op, g, 0p) ™ (Op, Ea, Op) " - .

An application of Proposition 6 then proves that the sequence of numerators of
fotio+1) (@), fotio+1)4+1(), fo(ig+1)+2(), . .. is periodic with period 3. O

5. Metric Theoretic Results

In this section, we shall present various metric theoretic results on Mallows repre-
sentations. The first one below is about three combinatorial properties studied in
the preceding section.

Proposition 15. (i) Almost no o € (0,1)\ Q has an eventually periodic Mallows
representation.

(ii) Almost every a € (0,1)\ Q has a positively Poisson stable Mallows representa-
tion.

(iii) Almost every a € (0,1)\ Q has a transitive Mallows representation.

Proof. Since there are only countably many quadratic irrationals, Part (i) is an
immediate consequence of Corollary 2.

Part (ii) being a consequence of Part (iii) (because transitivity implies positive
Poisson stability), we then prove the third part. To do so, observe that, for each
non-empty finite sequence w over Zsg, the set {a = [0;a1,a9,...] € (0,1)\ Q |
infinitely many k satisfy (ax,ar41,...,@pqinw)—1) = w} has full measure, which
follows directly from Birkhoff’s ergodic theorem. Since there are only countably
many finite sequences over Z~g, the set {a € (0,1) \ Q | the CF-representation

of av is transitive} = (), {& = [0;a1,a2,...] € (0,1) \ Q | infinitely many k satisfy
(ak, Gkg1, - -5 Qhpin(w)—1) = w} has full measure too. An application of Corollary 4
then finishes the proof. O

Before proving new results, let us present some immediate corollaries. The first
one is concerned with the complexity of Mallows representations. Recall that the
factor complezity of an infinite sequence is a function p: Z<g — Z¢ such that p(n)
is the total number of length n subsequences of the given infinite sequence. Since
every length n subsequence over {L,M,R} appears as a subsequence in M(«) if M(«)
is transitive, Part (iii) of the above proposition implies the following corollary.
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Corollary 5. For almost every « € (0,1) \ Q, the factor complezity of its Mallows
representation is p(n) = 3.

We say that an infinite sequence contains relatively dense occurrences of a finite
sequence w if there exists an £ > 0 such that in every length ¢ interval of the given
infinite sequence, one can find an occurrence of w.

Corollary 6. For almost every a € (0,1)\ Q, its Mallows representation does not
contain relatively dense occurrences of some finite sequence over {L,M,R}.

Proof. If M(a) is transitive then for any ¢ > 0, both (L)’ and (R)* appear as
subsequences of M(«), which implies that M(«) cannot contain relatively dense
occurrences of any finite sequence over {L,M,R}. This fact and Part (iii) of the above
proposition prove the assertion. O

From Proposition 15 (iii), we know that for almost every a € (0,1)\ Q, its Mallows
representation contains infinitely many occurrences of w for each non-empty finite
sequence w over {L,M,R}. However, we do not know the frequency that w appears
in M(«). Let us thus study this point.

Theorem 6. Let w be a finite sequence over {L,M,R} that contains either M or both

[{isn| (Mi(a), Mit1(e), o, Migm) 1 (a))=w}| _ 0 for

L and R. Then, we have lim,,_,
almost every o € (0,1) \ Q.

Proof. Take an arbitrary finite sequence w over {L,M, R}, and assume that the letter
at position ig in w is M. It is evident from the definition of T" that for any ¢ > 1,
we have T;(Q(SB(a))) = M if and only if Q,@;)(SB()) # Qo(i+1)(SB(a)). Also, if
Qo(i)(SB()) # Qo(i+1)(SB()) then SB, ;) () # SBo(iy41(). Moreover, we have
o(i) < 2i for any ¢ > 1, which can be verified by induction. Using these facts,
Theorem 2, and Proposition 2, we obtain

Hi <n | (M), Mig1(a), ..., M) —1(a)) = w}

< {i <n | Miji,—1(a) =M}
_ Hi <n | Qo(itio—1)(SB(@)) # Qo(ivin) (SB(a))}]

n
< H{i < | SBo(itio—1)(@) # SBo(itio—1)+1(a)}

{j <2(n+io—1) [ SBj(a) # SBj11 ()}
2n+ig—1) |{j <20 +io— 1) | SB(a) # SB,i (@)}
n 2(n+i9—1)
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n m(n) ngf) a

< 2(n+ip—1) m(n)+1 m(n)

for any o = [0; a1, a9,...] € (0,1)\Q and a large n, where m(n) is the largest integer
m > 1 satisfying the inequality > ;" ar < 2(n +ip — 1). Since lim,, % =
for almost every o = [0;a1,a2,...] € (0,1) \ Q, which is known in ergodic theory

and since m(n) — oo as n — 0o, the above inequality proves the asserted equation

e.¢]

for this w.

We then take up those finite sequences w that contain both L and R. If w contains
the letter M then the correctness of the asserted equation follows from the above
argument. If w does not contain the letter M, then there exists an iy such that
the letters at positions iy and iy + 1 of w are different. A calculation shows
that if (T1i,-1(Q(SB(@)), T, (QSB(@)))) = (L.R) and if Qu(iso1)(SB(a))
= Op (resp. Og), then (SBo(itiy—1) (@), SBo(itig—1)+1(a), SBo(itio—1)+2(a)) = (L, R, R)
(vesp. (L,L,R)). Also, if (Tisiy-1(Q(SB(@))): Titin (QSB(a)))) = (R,L) and if
Qo(i+ip—1)(SB(a)) = 0Op (resp. Og), then (SB,(iyio—1)(a),SBo(itio—1)+1(a),
SBo(itio—1)+2(c)) = (R,R,L) (resp. (R,L,L)). Together with Theorem 2, these
imply the following:

Hi <n | (Mi(a),Mit1(a),. .., Mijnw)-1(a)) = w}|
< i <n | Mitig—1(a), Miti, () = (L,R) or (R,L)}]
HZ < | (SBo(itio—1) (@), SBo(itio—1)+1(), SBo(itig—1)42()) H
< € {<L,R,R>,<L,L,R>,<R,R,L>7<R,L,L>}

£ < 2(n+ i — 1) | SBy(a) # SBy11(a) or SB(a) # SBjpa()})]

n
<2l =2(n+io—1) [SBj(a) #SBjyi(a)}| +1

n

Since the last line is, up to a convergent term %, twice the fifth line of the inequality
in the preceding case, an argument similar to the foregoing completes the proof. [

We next study matching fractions [7] of Mallows representations. For an infinite
sequence (1,%2,Ts,...), its £th matching fraction, £ > 1, is defined as the limit

limy, o0 W (if it exists).

Theorem 7. For almost every a € (0,1) \ Q, the ¢th matching fraction of M(«)
is 1 for all £ > 1.

Proof. 1t is sufficient to show that for each ¢ > 1, the /th matching fraction of
M(«) is 1 for almost every a € (0,1) \ Q. To do so, take an £ > 1 and an
a =1[0;a1,as,...] € (0,1) \ Q arbitrarily. In this proof, we shall use the following
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notation. For each positive integer m > 1, we write i,, for the integer i satisfying
the inequality o(i) < v, ar < o(i+1). Also, we let m,, denote the largest integer
m satisfying i, < n.

It can readily be seen that if ¢; > 1 then a; > 2. In that case, the length
a1 — 1 (hence, non-empty) sequence (SBj(a))?l:Il is a constant sequence of L’s
by Proposition 2. This and the definition of @ imply that (Qj(SB(a)»?l:l is a
constant sequence of 0p’s, which, along with the definition of 7', in turn implies that
(Ty(Q(SB(a))))i ! is a constant sequence. From this, the validity, when 4; > 1, of

the inequality
{ie{L.2,....i1} | T(Q(SB())) = Ti14(Q(SB(a))) }| = in — £ — 1 9)

follows at once. Let us note that this inequality is plainly valid even when ¢; = 1.
—14+>0L ax
J'=ZL";11 ak
constant sequence by Proposition 2. It follows that if i, > 4m_1 + 1 4then the
length 0(iy,) — 0(4m—1 + 1) (hence, non-empty) subsequence (SB; (a))o(“")_1

Similarly, for each m > 2, the length a,, sequence (SB;(«)) is a

j=o0(im—1+1)
is also a constant sequence, which, together with the definition of @, implies that
(Qj (SB(O‘)»?QZL(;%HA) is a constant sequence of 0.’s (resp. alternating sequence

of Og’s and Ep’s, alternating sequence of 0p’s and Eg’s, constant sequence of Og’s)
when (SBo,, ,+1)(®), Qo(ir,_,+1)(SB(a))) = (L,0) (resp. (L, 0g), (R, 00), (R, 0r)). A

calculation then reveals that the sequence (T;(Q(SB(«a))));™; ,}71 41 18, in either case,

a constant sequence, which in turn proves the validity, when i,, > i,,—1 + 1, of the
inequality

i € {im—1+ Lim—1+2,....im} | TH(Q(SB())) = Ti+,(Q(SB())) }|
> iy —ime1 — £ — 1. (10)

Plainly, this inequality is valid even when 4, = i,,_1 + 1.
Take a large n. If i,,, = n then
{i < n | Mi(a) = Mip ()}

n

= 711<|{7, €{1,2,...,i1} | T;(Q(SB(«))) = Ti+¢(Q(SB(a))) }|

1S € G + it 42, i} | THQ(SB(0))) = TH@(Q(SB(a)))})

m=2

<i1_€_1+ i(im_im—l_g_l)>

m=2

= 3l 3

(n—(+1)my,)

e+ 1)% (11)
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by Theorem 2 and Inequalities (9) and (10).
If 4,,,, < n then, as an argument similar to the one above shows that if ¢, 11 >
im, + 1 then (I;(Q(SB(a))))i;, 1 is a constant sequence, the inequality

{i € {im, + Lyim, +2,...,n} | TH(Q(SB(a))) = Tie(Q(SB(a))) }
>n =iy, —{ (12)

holds. From Theorem 2 and Inequalities (9), (10), and (12), we get

{i <n|Mi(e) = Miye(a)}]

= ,1L<|{i €{L,2,..., i} | TH(Q(SB(a))) = Tise(Q(SB(a))) |
JFZ {i € {im1+ Lim-1+2,...,in}| T:(Q(SB(c))) = T;1¢(Q(SB(x))) }|

+ i € {im, +1,im, +2,...,n} | Ti(Q(SB(e))) = E+z(Q(SB(a)))}>

1 =
— L=+ ma - 0)
l My,
:1—5—(f+1)7. (13)

Hi<n | M, (a) Mipe(e)} _ =1,

In view of Inequalities (11) and (13), to prove lim,_,
it is sufficient to show that “» — 0 as n — co. To do so, observe that if o(n+1)
were smaller than or equal to Zk:l ay then 7., should be at least n + 1, contrary
to the definition of m,,. Hence, o(n+1) > Y7"" ax. As we have 2(n+1) > o(n+1),

which can be verified by induction, it follows that 2(n 4+ 1) > >"7"" ay, and hence
%:”Il.%<@~zf’l’a Since m, — oo as n — oo and since
lim,,, # = oo for almost every o = [0; a1, az,...] € (0,1) \ Q, which is known
in ergodic theory, it follows that “= — 0 as n — oo for almost every a € (0,1) \ Q,
completing the proof. O

Recall from Proposition 15 that for each non-empty finite sequence w over {L, M, R},
the measure of the set of those a € (0,1) \ Q whose Mallows representations contain
w as a subsequence is 1. Then, what is the measure of the set of those « € (0,1)\ Q
whose Mallows representations contain w as the initial subsequence (in other words,
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whose Mallows representations start with w)? In the following theorem, by letting
w range over {L,M, R}’ for a fixed ¢, we study the maximum and minimum of the
measure.

Theorem 8. Let ¢ be a positive integer. Then

(i) welﬁiq},(li}f p({a € (0,1)\ Q | M(«) starts with w}) = L

(ii) wel{lﬁg}n}ﬂ p{a € (0,1)\ Q| M(«) starts with w})
4v2
(14+/2)242 — (1 — \/5)2”2'

Here and throughout, u stands for Lebesgue measure.

Proof. In this proof, we shall utilize the following set of notation. For a non-

. . S . (1) 7(i,2) . n('i,3i+1)
negative integer 7 > 1, we write Yy < ) < < Mo for the elements
of {9,411} UMT; UMT, U ---UMT;. Also, we let Im(i, k) and sm(i,k) (i > 1,k €

{2,3,...,3"+ 1}) denote the larger and smaller of m;,p—1y and m; i, respectively.
Let v: {L,M,R} — {0, 1,2} be a function defined by v(L) = 0,v(M) = 1, and v(R) = 2,
and extend it to a function © over |J;o,{L,M,R}" by setting 0({(z1,z2,...,7;)) =
1437 w(z1) + 3 2v(22) + - - - + 3% (x;). Then it can be readily seen that, when re-
stricted to {L,M,R}?, the function ¥ is a bijection between {L,M R}* and {1,2,...,3}.
Also, it can be proved by induction on ¢ > 1 that for any @ € (0,1) \ Q and

w € {L,M,R}’, the Mallows representation of a starts with w if and only if o belongs
N (i,0(w)) n(i,9(1u)+1)).
M0 (w)) " (0,0 (w)+1)

Take a positive integer ¢ arbitrarily. By using Theorem 1, we can inductively prove
that any adjacent fractions from {%, %} UMT; UMTyU---UMTy is also adjacent in
%, %} USBT1USBT,U---USBT for some ¢/ > £. It can also be proved inductively
that if :TLL < Z—’;‘? are adjacent fractions from {% %} USBT; USBTy U ---USBTy
then nympg — npmy = —1 and either my, or mp is at least ¢ + 1. Therefore,

to the open interval (

max pu({a € (0,1)\ Q| M(«) starts with w})

we{L,MR}*
C ax Neo(w)+1) e (w))
wE{LMRY | Mg p(w)+1)  M(L,p(w))
1
= max
wE{LMRY M0, p(w)+1) (8,0 (w))
1
= max -
ke{1,2,...,3¢} Mg, k4+1)M(¢, k)
1

< —.
—i+1
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: Nw,1)y 0 New2) _ 1
mece ——=— = = = 5=
S ce e 1 m(e.2) 7+1°

proof of Equation (i) is complete.

the last equality is indeed attained. Hence, the

To prove Equation (ii), we first validate the claim that for any ¢ > 1, the following
statement is true: for any 4 > 1 and k € {1,2,...,3""1}, we have

Im(i 4 £,371 (k — 1) + 3243)
(1+v2)' + (1 -v2)* (1+v2) = (1-v2)f
2

V2

lm(i, 3k) + sm(i,3k) and

sm(i+ €, 377 (k — 1) 4 3743)

1 ) — (1 —2)f
_A+v2) - (1-v2) (i, 3k)
2v2
The proof is by induction on ¢. To validate the claim for ¢ = 1, take an
i>1and ak € {1,2,...,371} arbitrarily. If n(i3k—1) is odd (resp. even) then
it is immediate from the definition of MT; 1 that m 1 9x—4) = 2m(ap—1) +
M(3,3k) = M(3,3k—1) T Mi,3k) = M(i+1,9k—3) (TESD. M(i41,0k—a) = M(i3k—1) T M(i,3k)
< Mak—1) + 2M(,3k) = M(i41,96—3))- Also, it can be inferred from Theorem 1 and

(1+v2) + (1 —v2)"
- 2

sm (i, 3k).

the mediant construction of the Stern-Brocot tree that m; 3,1y < m 3k (resp.
M(i3k—1) = m(i,3k)). Using these, one can verify the correctness of the claim for
¢ =1 by hand. To prove the induction step, assume that we have verified the
correctness of the claim for some ¢ > 1, and again take arbitrary integers ¢ > 1
and k € {1,2,...,3""1}. Then, by the already verified base case and the induction
hypothesis (more precisely, by combining the resulting equations obtained by substi-
tuting 1,4,k and ¢,7 4+ 1,3k — 1 into ¢,4,k in the statement, respectively), one can
verify the correctness of the claim for ¢ 4 1.

We next substantiate the claim that for any ¢ > 1, the ensuing statement is true:
for any i > 1 and k¥’ € {1,2,...,3""1}, we have

. 041 . 041 e
ke{ﬂ?}.‘.,se}lm(l + 0,3 (K — 1) + 3k) = Im(i + £,3°T (K — 1) + 2553)

and

e s 635K = 1) 4 3K) = sm(i + L3 - 1) + ),

The proof is by induction on ¢. To show the correctness of the claim for ¢ = 1, take
integers i > 1 and k' € {1,2,...,3""'} arbitrarily, and suppose that 1; 3,/ _2) is odd.
(The proof for the case n; 3i—2) being even is analogous and hence is not presented
here.) A calculation shows that

MG41,9%k'—7) = 4m(i,3k’72) + M 3k +1)) M+1,9k"—6) = 3m(i73k’72) + MG 3k +1)

M(i41,9k'—4) = 3M(i 3k —2) T 2M( 3k 41), (41,96 —3) = 4M( 387 —2) + 3M( 38741,
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M(i41,0k'—1) = 2M(i 3k'—2) T 3M(i 3k 41) M(i4+1,9%") = M(i3k'—2) T 2m(i,3k’+1()a )
14

from which the correctness of the claim for / = 1 can readily be seen. Assume
then that we have verified the correctness of the claim for some £ > 1, and take
integers i > 1 and k' € {1,2,...,3""1} arbitrarily. As before, we suppose that
n(i,3k'—2) 18 odd. Then, by the validated first claim and the induction hypothesis
(with ¢,3 4 1,3k — j (5 € {0,1,2}) substituted for ¢,14, k', respectively), we obtain

max  Im(i + €+ 1,32k — 1) + 3k)
ke{1,2,...,3¢+1}

= max max  Im(i + €4 1,32k — 1) + 3715 + 3k)
j'€{0,1,2} ke{1,2,...,3¢}

= max Im(i+1+£63" (3K —j—1)+ 3H21+3)

j€{0,1,2}
1 2)t + (1 — /2)¢
— max <( VIV o - 3))
j€{0,1,2} 2
1 2} — (1 —/2)¢
+( V) \/5( v2) sm(i+179k'—3j)>

_ (142 ; L=V 10k — 3)
Q+v2) = -v2)* . /
+ 7 sm(i +1,9%k" — 3)

= Im(i + 1+ 6,31 (3K — 2) + 3743
. 42
=1lm(i + £+ 1,32 (K — 1) + 53).

(The validity of the fourth equality sign can readily be seen from Equation (14).)
The second equation of the claim for £+ 1 can be proved in much the same way.

If £ > 2, then it is evident from the definition of MT, that for any
k e {1,2,...,32_1}, we have Mg3k—2) = M—1,k)s M(,3k+1) = M(0—1,k+1)> and
(My0,3k—1), M(e,3k)) equals to either (m_1 k) +M@—1 k+1), Me—1,k) + 2M—1,k+1))
or (21 (p—1 k) +M(0—1,k+1)s M (¢—1,k) TM(e—1,k+1))- I both cases, neither Im(¢, 3k —1)
nor Im(¢, 3k 4+ 1) (resp. neither sm(¢,3k — 1) nor sm(¢, 3k + 1)) exceeds lm(¢, 3k)
(resp. sm(¥, 3k)). These facts and the substantiated second claim (with £ —1,1,1
substituted for ¢, 4, k', respectively) imply

max  Im(4, k" +1)
kef1,2,...,3¢}

= ke{lg}?),(?,ffl} max{lm(¢, 3k — 1),1m(¢, 3k),lm(¢, 3k + 1)}

= max Im(¢, 3k)
ke{1,2,...,3¢1}

— Im(¢, 343). (15)
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Likewise, one can show that

4
e (X oy SR+ 1) = smll, 52). (16)

Note that Equations (15) and (16) are both valid even when ¢ = 1.
Using Equations (15) and (16) and the validated first claim, we can complete the
proof of Equation (ii) as follows:

min  u({a € (0,1)\ Q | M(«) starts with w})

we{L,MR}H

Nep(w)+1)  T(ep(w))

= min
we{LMRY | M (e p(w)+1)  T(,0(w)
. 1
= min
WELMRYE T (£,5(w)+1)T(£,0(w))
. 1
= min _—
k'€{1,2,...,3¢} Mg, k' +1)M (¢, k')
. 1
N k'e{{{lzl,r.l.q?,é} Im(4, k" +1)sm(¢, k' + 1)
B 1
Im (¢, 333) sm (¢, 333)

V2
((1 +V2)H (1 - \/§)£+1) ((1 +V/2)H — (1 - \/§)£+1)
42

- (1++/2)242 — (1 — \/5)2£+2' =

An implication of Equation (i) of this theorem is that for any integer n > 1 and
irrational numbers a,a’ € (0,1) \ Q, if d(M(a), M(a/)) < 27" then |a — o/ < 1,
where d is a metric on M defined by

2mmi U ) (1)) £ ()32,

0 if <xz>fil = <x;>$il

(i), (77)i21) = {

This fact in turn implies that the map M > M(a) — a € (0,1) \ Q is not
only continuous but even uniformly continuous. On the other hand, the inverse
(0,1)\Q > a — M(a) € M of the above map is continuous but not uniformly
continuous, which can be seen from the fact that, for any arbitrarily close pair a, o/
of positive irrational numbers satisfying o < 3 < o/, we have M; () # M (/') (see
Figure 4), and hence d(M(a), M(a')) = 1.

From Proposition 15, it follows that the set of those « € (0,1) \ Q whose Mallows
representations satisfy M;(a) = M for some ¢ has full measure. Then what is the
measure if we fix 4?7 Concerning this question, we have the ensuing result.
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Theorem 9. The inequality p({a € (0,1)\ Q | M;(a) = M}) < 3 — 2v/2 holds for
any © > 1.

Proof. In this proof, we shall use the notation used in the proof of the last theorem.

Since we have p({o € (0,1)\ Q | My(a) =M}) = & < 3 —2v/2, the inequality for
1 = 1 is correct. To complete the proof, take an arbitrary positive integer i > 2.
Then

{a e (0,)\ Q| M;(a) =M}
= U {ee(0,1)\Q|M(a) starts with w™ (M)}

we{L,MR}I—1

MU, p(w= () ”(i,a<wA<M>>+1>>
weinmyi-1 U™ () T (w0 (4)+1)
31'71

U (n(i,Skfl) N(i,3k) )

)
ke S (i3k—1)  T(i,3k)

It can be inferred from the definition of MT; that the interval (M M)

M(; 3k—1)  M(i,3k)

NGi—1,k)FTNG—1,k+1) M(i—1,k)T2N0G—1 k+1)
M1, k)M (-1, k+1) ) M(Gi—1,k) T2M (i1 k+1)
(Qn(i—l,k)+n(i—1,k+1) NGi—1,6)tNG—1,k41)
2m—1, k) FMG—1,k+1) T M(i—1,8) TN (i—1,k+1)
tioned already in the proof of the last theorem, we have ny kymir k1) =" k+1)M (" k)

= —1forany i’ > 1 and k € {1,2,...,3"}. Hence,

is equal to ( ) if ng_1,k) is even and to

if n(;_1) is odd. Also, as has been men-

(n(i,kal) 1(;,3k) ) 1
M@ 36—1) M(i,3k) (M(i—1,k) + M(i—1,k+1)) (M—1,k) + 2M (-1 k41))
1 1
MG MGkt 3+ mn:i(:_:i)l) 2mn(;(:i’1k:)l)
< 1 1
TOM(i—1,k)M(i—1,k+1) Mingso3 + % + 2z
_ 3-2V2
M(i—1,k) M (i—1,k+1)
if ng_1x) is even and
i ( N 3k—1) T(:,3k) ) _ 1
M(i3k—1) M(i,3k) (2mi—1k) + M= 1k41)) (M= 1k) T M- 1 k41))
1 1
MG—1,k)M(i-1,k+1) 3+ sz(ill,;i)l) mﬁgii?
1 1
<

- 5
M(i—1,k)M(i—1,k+1) Milgse3+ 2 +x
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3—2V2

M(G—1,k)M(i—1,k+1)

if n(j—1 k) is odd. In either case, because the minimum of 3+ % +2x (resp. 3+ % +x)
. . _ L m(i,17k) . .

is attained at x = 7 (resp. v/2) and because e sa rational number, the
above equality is not attained. Therefore,

p{ere (0,1)\ Q| Mi(a) = M})

Sifl

_ H( U (n(uzzkil) N (i,3k) ))

9
i1 T(i,3k—1) T(i,3k)

I
7

(n(i,Skfl) N (i,3k) )
M(;,3k—1) ’ mM(;,3k)

. 3-22
>

ey G—1,k) TV —1,k+1)

37571

12D 3 (Rt st

)
| M(i—1,k) ™M(i—1,k+1)

i—1
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