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Abstract

We say that two sets of patterns B and C are A-Wilf-equivalent if the number of
ascent sequences of length n that avoid all the patterns in B equals the number
of ascent sequences of length n that avoid all the patterns in C, for all n > 0.
Similarly, WA-Wilf-equivalence refers to weak ascent sequences. Here, we show that
the number of A-Wilf-equivalence classes among quadruples of length-3 patterns is
74 and the number of WA-Wilf-equivalence classes among quadruples of length-3
patterns is either 228 or 229. The main tool is generating trees; bijective methods
are also sometimes used.

1. Introduction

An ascent, short for ascent index, in an integer sequence s1Ss---S,, is an index
1 <j <m —1 such that s; < sj41. An ascent sequence ajas - --a, is a sequence
of non-negative integers that satisfies a1 = 0 and a; < asc(ajag---a;—1) + 1 for
1 < 7 < n, where asc(ajas - - - ax) is the number of ascents in the sequence ajas - - - ai.
For example, the sequence 0102310401 is an ascent sequence, whereas 010300 is not.
Bousquet-Melou, Claesson, Dukes, and Kitaev [4] linked ascent sequences to (24 2)-
free posets. Since that discovery, ascent sequences have been explored in numerous
papers, revealing connections to various other combinatorial structures (see, for
instance, [9-12,14-16] and [13, Section 3.2.2]).

Let s = s189---5s, be any sequence of nonnegative integers and 7 = 71 -+ -7,
be any pattern, that is, a word in {0, ..., ¢} which contains each letter 0,1,...,¢
for some m > 1 and ¢ > 0. The reduced form of s is obtained by replacing each
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occurrence of the smallest entry in s with 0, each occurrence of the next smallest
entry with 1, and so on. Thus the reduced form of 24542744 is 01210311, and a
reduced form is always a pattern. We say the sequence s contains the pattern 7 if
s has a subsequence that is order isomorphic to 7, that is, there is a subsequence
Siys Sigs - -+, Si,, such that its reduced form is 7. Otherwise, s is said to avoid T.
For instance, the ascent sequence 01013043351 has two occurrences of the pattern
110, namely, the subsequences 110 and 331 whose reduced forms are both 110,
but avoids the pattern 3120. We denote the set of all ascent sequences that avoid
a list of patterns 7, ... 7 by A,(zM, ..., 7)) or A,({7MV, ..., 7)), We
say that two sets of patterns P and @ are A-Wilf-equivalent, denoted P ~ Q, if
|An (P)| = |An(Q)] for every n.

There are 13 patterns of length 3: 000, 001, 010, 100, 011, 101, 110, 012, 021,
102, 120, 201, and 210. The number of A-Wilf-equivalence classes among single
patterns of length 3 is 9 [12]. The number of A-Wilf-equivalence classes among
pairs of patterns of length 3 is 35 [1]. The number of A-Wilf-equivalence classes
among triples of length-3 patterns is 62 (see [7]). Here is the first of our two main
results.

Theorem 1. The number of A-Wilf-equivalence classes among quadruples of length-
3 patterns s 74.

The concept of ascent sequence has been extended to weak ascent sequences.
Bényi, Claesson, and Dukes [2] described a connection between weak ascent se-
quences and permutations avoiding a bivincular pattern of length four, restricted
upper-triangular binary matrices, and factorial posets that are weakly (3+1)-free. A
weak ascent sequence is a sequence a = ajas - - - a, of nonnegative integers such that
a1 =0 and a; < 1+ wasc(arag---a;—1) for i = 2,...,n, where wasc(ajazs - - a,) is
the number of weak ascents in the sequence aias - - - an,, defined as the number of
positions j such that a; < a;y1. The set of all weak ascent sequences of length n is
denoted by WA,,. For example, the weak ascent sequence 00203413 € WAg contains
the pattern 011 and avoids the pattern 321. We denote the set of weak ascent se-
quences of length n that avoid = by WA, () and similarly for sets of patterns. We
say that two sets of patterns P and @ are WA-Wilf equivalent, denoted P ~ Q, if
|WA,,(P)| = |WA,(Q)| for every n > 0. The WA-Wilf-equivalence classes for single
patterns of length three are considered in [3]. The number WAS, of WA-Wilf-
equivalence classes among pairs of patterns of length 3 satisfies 59 < WAS, < 61
and the number WAS3 of WA-Wilf-equivalence classes among triples of patterns of
length 3 satisfies 150 < WAS3 < 155, see [8]. Here is our second main result.

Theorem 2. The number WAS, of WA-Wilf-equivalence classes among quadruples
of length-3 patterns is either 228 or 229.

The slight ambiguity in Theorem 2 is because the status of Class 215 is left open
in Table 2 below.
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In the last section, we state some results for the number of A-Wilf-equivalence
and WA-Wilf-equivalence classes among sets of k length-3 patterns for k > 5.

2. Generating Trees and the Strategy for the Proofs

Let P be any set of patterns such that the length of each pattern is at least
two. Define A(P) = U2 A,(P) and WA(P) = US WA, (P). We will con-
struct a pattern-avoidance generating tree 7 (P) (see [7,8]) for the class of pattern-
avoiding ascent sequences A(P) and a pattern-avoidance generating tree 7'(P) for
the class of pattern-avoiding weak ascent sequences WA(P). Starting with the
root 0 which stays at level 1, we construct in a recursive manner the non-root
nodes of the tree 7(P) (resp. T'(P)) such that the nth level of the tree con-
sists of exactly the elements of A, (P) (resp. WA(P)) arranged so that the par-
ent of an ascent sequence ay---a, € A,(P) (vesp. ai---a, € WA,(P)) is the
unique ascent sequence aj - --ap—1 € Ap_1(P) (resp. a1 -an_1 € WA,_1(P)).
The children of a3+ an—1 € Ap_1(P) (resp. aj---an—1 € WA,_1(P)) are ob-
tained from the set {a;---an—1an, | an = 0,1,...,asc(ar - an—1) + 1} (resp.
{a1 - ap—1an | an, = 0,1,...,wasc(ay - an—1) + 1}) by applying the pattern-
avoiding restrictions of the patterns in P. We arrange the nodes from the left
to the right so that if a3 ---a,_17 and @’ = a1 ---a,_1¢ are children of the same
parent ay - - - a,_1, then a appears on the left of o’ if i < i’. Clearly, the cardinality
of A,(P) (resp. WA, (P)) equals the number of nodes in the nth level of T (P)
(vesp. T'(P)).

For a given set of patterns P, let T (P;a) (resp. T'(P;a)) denote the subtree
consisting of the ascent sequence a as the root and its descendants in T (P) (resp.
T'(P)). For any a,b € T(P) (resp. T(P)), we say that the subtrees T(P;a) and
T (P;b) (resp. T'(P;a) and T'(P;b)) are isomorphic, and write 7 (P;a) = T (P;b)
(resp. T'(P;a) = T'(P;b)), if these subtrees are isomorphic in the sense of plane
(ordered) trees. We define an equivalence relation on the set of nodes of 7 (P)
(resp. T'(P)) as follows. Let a and b two nodes in T(P) (resp. T'(P)), we say
that a is equivalent to b, denoted by a ~ b, if and only if T(P;a) =& T (P;b) (resp.
T'(P;a) = T'(P;b)). Define V[P] to be the set of all equivalence classes in the
quotient set T (P)/ ~ (resp. T'(P;a)/ ~). We will represent each equivalence
class [v] by the label of the unique node v which appears on the tree T (P) (resp.
T'(P)) as the left-most node at the lowest level among all other nodes in the same
equivalence class. Let T[P] (resp. T'[P]) be the same tree T(P) (resp. T'[P])
where we replace each node a by its equivalence class label.

Define L = {000,001, 010,011,012, 021, 100, 101, 102, 110, 120, 201, 210} to be the
set of all length-3 patterns. Since the number of subsets P of L with |P| =4 is 715,
it seems impossible to reach our goals by constructing explicit bijections between
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classes of ascent sequences or weak ascent sequences. The way out is to combine
several steps as follows:

Step 1: We find all the sequences {| A, (P)|}1%, and {|WA, (P)|}12,, forall P C L
with |P| = 4. Table 4 in the Appendix below, referring to ascent sequences, divides
the 715 4-subsets of L into 74 classes, where the first column of this table assigns
the number of the class. Theorem 1 is equivalent to proving that the classes in
Table 4 are exactly the A-Wilf-equivalences among quadruples of length-3 patterns.
Table 5 in the Appendix below, referring to weak ascent sequences, divides the
715 4-subsets of L into 228 classes, where the first column of this table assigns the
number of the class. Theorem 2 is equivalent to proving that the classes in Table 5
are exactly the WA-Wilf-equivalences among quadruples of length-3 patterns.
Step 2: Let C be any class in Table 4 (Table 5). We say that C is trivial if C
contains exactly one quadruple. Otherwise, C' is nontrivial. Since each trivial class
in Table 4 (Table 5) forms an A-Wilf-equivalence class (WA-Wilf-equivalence class),
we need to consider only the nontrivial classes in Table 4 (Table 5). There are
exactly 34 trivial classes, denoted by T in the first column in Table 4 and there
are exactly 134 trivial classes, denoted by T in the first column in Table 5. Thus,
it remains to consider 74 — 34 = 40 nontrivial classes for ascent sequences and
228 — 135 = 93 nontrivial classes for weak ascent sequences.

Step 3: Let B be any set of patterns in P. We say that B is reducible if there
exists C' G B such that A,(B) = A, (C) in case of ascent sequences and WA,,(B) =
WA, (C) in case of weak ascent sequences, for all n > 0. In this context, we write
C ~, B. Clearly, C ~, B implies C ~ B and C' ~ B in the respective cases. The
following result is shown in [5].

Theorem 3. We have
(1)
e {001} ~, {001,101},

{001} ~, {001,102},

{001} ~, {001,201},

{011} ~, {011,101},

{011} ~, {011,110},

{012} ~,. {012,102},

{012} ~, {012,120},

{021} ~, {021,201},

{021} ~, {021,210}.
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)
e {000,001} ~, {000,001,100},

e {000,011} ~, {000,011, 7}, for any T = 100,201, 210,

o {000,012} ~, {000,012, 7}, for any T = 201, 210,

e {000,021} ~, {000,021, 100},

e {001,010} ~, {001,010, 7}, for any T = 021,100,110, 120, 210,
o {001,011} ~, {001,011,021},

o {001,012} ~, {001,012,021},

e {001,110} ~, {001,110,210},

o {001,120} ~, {001,120,210},

e {010,011} ~, {010,011, 100},

o {010,012} ~, {010,012, 7}, for any T = 101,201,

o {010,021} ~, {010,021, 7}, for any T = 100, 101, 102, 110, 120.
3)

e {001,011,012} ~, {001,011,012, 210},

e {001,011,100} ~, {001,011,100,210},

e {001,012,100} ~, {001,012, 100,210}.

Step 4: For each nontrivial class either in case of ascent sequences or in case of weak
ascent sequences, we apply the following basic algorithm for guessing the generating
tree T[P] or T'[P], respectively:

(1) Let P be any set of patterns and let D be any positive number (here we use
D =38).

(2) We find the first D levels of the generating tree 7 (P) (resp. T'(P)).
(3) By (2), we guess all the succession rules of 7 (P) (resp. T'(P)).

(4) Based on (3), we try to prove these succession rules. If we fail, then we
increase D by 1 and go back to Step (2). Otherwise, the succession rules of
the generating tree T[P] (resp. T'[P]) are found.

We refer the reader to [7,8] for many examples of ascent sequences avoiding
a triple of length-3 patterns, or weak ascent sequences avoiding either a pair or
a triple of length-3 patterns. In the next two sections, we present in tables the
succession rules (if found) for each quadruple of patterns in a nontrivial class of
ascent sequences, respectively weak ascent sequences.
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3. Ascent Sequences

By applying the strategy of the previous section, we obtain Table 1 for ascent
sequences. From Table 4, we see that the classes 7, 11, 17, 23-26, 29, 36-41, 4345,
47-51, 54, 55, 58, 59, 63-68, 70, and 74 are trivial. Using Theorem 3, each reducible
quadruple is marked with a star.

Beginning of Table 1

Class | B quadruple Rules of T(B) G g (z)/Reference
1 000,001,010,012 0 ~» 00,01; 01 ~~ 011

000,010,011,012 0~ 00,01; 00 — 01

000,001,011,012 0 ~ 00,01; 01 ~» 010 z + 222 + 23
2 000,001,010,011 0 ~ 00, 01; ap ~ ams1, whore

am =01---m
{001,010,011,012) | 0 ~ 00,01; 00 ~ 00 s

3 1000,011,012,100}

{000,011,012,021}*
{000,011,012,101}*
{000,011,012,102}*
{000,011,012,110}*
{000,011,012,120}*
{000,011,012,201}*

000,011,012,210}* | 0 ~» 00, 01; 00 ~ 001; 01 ~~ 001
000,001,012,110 0 ~ 00, 01; 01 ~ 010, 010 z + 222 + 223
1 000,010,012,021

{000,010,012,100}

{000,010,012,101}*
{000,010,012,102} *
{000,010,012,110}

{000,010,012,120}*
{000,010,012,201}*
{000,010,012,210}* | 0 ~» 00,01; 00 ~» 01; 01 ~» 011
{000,001,012,100} "
{000,001,012,101}*
{000,001,012,021}*
{000,001,012,102}*
{000,001,012,120}*
{000,001,012,201}*

{000,001,012,210}* | 0 ~» 00,01; 01 ~» 010,011; x + 222 + 22 + 24
011 ~ 010
5 {001,011,012,100} 0 ~» 00, 01; 00 ~» 00; 01 ~ 010
{000,001,011,120} ag ~» 00, a1; a1 ~ 010, az; 2+ 2% +2?

Ay~ Qy1, Where a,, =01---m

6 7000,001,010,0211
{000,001,010,100}*
£000,001,010,101}*
{000,001,010,102}*
{000,001,010,110}*
{000,001,010,120} *
{000,001,010,201}*
{000,001,010,210}™ Am ~> by, @41, Where

Ay =01---m, by, =amm

7000,010,011,021]
{000,010,011,100}*
{000,010,011,101}*
{000,010,011,102}
{000,010,011,110}*
{000,010,011,120}
{000,010,011,201}*
{000,010,011,210}* ag ~ 00,a1; 00 ~ a1; am ~> Gm1,
where a,, =01---m

{001,010,011,021}7
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Continuation of Table 1

Class

B quadruple

Rules of 7 (B)

G g (z)/Reference

{001,010,011,100} "
{001,010,011,101}*
{001,010,011,102}*
{001,010,011,110}*
{001,010,011,120}*
{001,010,011,201}*
{001,010,011,210}*

ag ~» 00,a1; 00 ~> 00; apm ~> Gm41,
where a,, =01---m

{001,010,012,021}"
{001,010,012,100}*
{001,010,012,101}*
{001,010,012,102}*
{001,010,012,110}*
{001,010,012,120}*
{001,010,012,201}*
{001,010,012,210}*
{001,011,012,021}*
{001,011,012,101}*
{001,011,012,102}*
{001,011,012,110}*
v001,011,012,120}*
{001,011,012,201}*
{001,011,012,210}*

0 ~» 00,01; 00 ~+ 00; 01 ~ 01

{010,011,012,021}

{010,011,012,100}*
{010,011,012,101}*
{010,011,012,102}*
{010,011,012,110}*
{010,011,012,120}*
{010,011,012,201}*
{010,011,012,210}

0~ 0,01

{000,001,011,102}"
{000,001,011,100}*
{000,001,011,021}*
{000,001,011,101}*
{000,001,011,110}*
{000,001,011,201}*

{000,001,011,210}

A~ by 41, Where
am =01---m, by, = a0

2
24
A

7000,012,100,101}

{000,012,021,101}*
{000,012,101,102}*
{000,012,101,120}*
{000,012,101,201}*
{000,012,101,210}*

0 ~~ 00,01; 00 ~~ 001;
01 ~~» 010,001;001 ~~ 010

1000,012,100,110F
{000,012,021,110}
{000,012,102,110}*
{000,012,110,120}*
{000,012,110,201}*
{000,012,110,210}*

0 ~~ 00,01; 00 ~~ 001;
01 ~» 001,011;001 ~~ 011

x + 222 + 323 + 224

{000,011,102,120}

ag ~ 00,a1; 00 ~~ 001;
a1 ~ 010, az; 001 ~~ as;
A ~* Qm41, Where a,, = 01---m

{001,011,100,120}

ag ~» 00,a1; 00 ~~ 00; a; ~ 010, as;
Ay ~ Gy 1, Where ap, =01---m

{001,012,100,110}

0 ~~ 00, 01; 00 ~ 00; 01 ~ 010,011;
011 ~~ 011

2
a 3
121: x

10

{000,012,021,100}

{000,012,100,102}*
{000,012,100,120}*
{000,012,100,201}*
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Continuation of Table 1

Class

B quadruple

Rules of 7 (B)

G g (z)/Reference

7000,012,100,210} "
{000,012,021,102}*
{000,012,021,120} *
{000,012,021,201}*
{000,012,021,210}*
{000,012,102,120}*
{000,012,102,201}*
{000,012,102,210}*
{000,012,120,201}*
{000,012,120,210}*
{000,012,201,210}*

0 ~~ 00,01; 00 ~~ 001;
01 ~» 001, 001; 001 ~~ 0011

z + 222 + 323 + 324

12

{000,011,021,102}

{000,011,100,102}*
{000,011,101,102}*
{000,011,102,110}*
{000,011,102,201}*
{000,011,102,210}*

Qm ~> b7n; Am+15 Cm ~* Cm+1,
where a,, = 01---m, by, = a0,
Cm = 0am

{000,011,100,120} "
{000,011,021,120}

{000,011,101,120}*
{000,011,110,120}*
{000,011,120,201}*
{000,011,120,210}*

ag ~ 00,a1; a1 ~» 001, az;
00 ~» 001; 001 ~~ ag, where
am =01---m

{001,011,100,102} "
{001,011,021,100}*
{001,011,021,120}*
{001,011,100,101}*
{001,011,100,110}*
{001,011,100,201}*
{001,011,100,210}*

Ay~ b, @mg1; bo ~» bg, where
am =01---m, by, = a0

{001,011,102,120} "
{001,011,101,120}*
{001,011,110,120}*
{001,011,120,201}*
{001,011,120,210}*

ag ~ 00,a1; a1 ~ 010, az; 00 ~~» 00;
010 ~» 010; am, ~ am41, where
am =01---m

{001,012,100,101} "
{001,012,021,100}*
{001,012,100,102}*
{001,012,100,120}*
{001,012,100,201}*
{001,012,100,210}*

0 ~» 00,01; 00 ~» 00; 01 ~~ 010,01

{001,012,101,110}"
{001,012,021,110}

{001,012,102,110}*
{001,012,110,120}*
{001,012,110,201}*
{001,012,110,210}*

0 ~» 00, 01; 00 ~ 00; 01 ~» 010, 010;
010 ~ 010

{011,012,021,100}
{011,012,100,101}*
{011,012,100,102}*
{011,012,100,110}*
{011,012,100,120}*
{011,012,100,201}
{011,012,100,210}

0 ~ 0,01; 01 ~ 010

{000,001,110,120}
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Continuation of Table 1

{000,011,100,101}*
{000,011,100,110}*
{000,011,100,201}*
{000,011,100,210}*
{000,011,021,101}*
{000,011,021,110}*
{000,011,021,201}*
{000,011,021,210}*
{000,011,101,110}*
{000,011,101,201}*
{000,011,101,210}*
{000,011,110,201}*
{000,011,110,210}*
{000,011,201,210}*
{001,011,021,101}*
{001,011,021,110}*
{001,011,021,201}*
{001,011,021,210}*
{001,011,101,110}*
{001,011,101,201}*
{001,011,101,210}*
{001,011,110,201}*
{001,011,110,210}*
{001,011,201,210}

am ~ bmy Gmt1; bm ~ by,
where a,, =01---m, by, = 0am

{001,010,021,100} "
{001,010,021,101}*
{001,010,021,102}*
{001,010,021,110}*
{001,010,021,120}*
{001,010,021,201}*
{001,010,021,210}*
{001,010,100,101}*
{001,010,100,102}*
{001,010,100,110}*
{001,010,100,120}*
{001,010,100,201}*
{001,010,100,210}*
{001,010,101,102}*
{001,010,101,110}*
{001,010,101,120}*
{001,010,101,201}*
{001,010,101,210}*
{001,010,102,110}*
{001,010,102,120} *
{001,010,102,201}*

Class | B quadruple Rules of 7 (B) G g (x)/Reference
{000,001,021,110} ap ~+ 00,a1; @m ~ (bm)?, ams1, x + 222 + %
where a,, =01---m,
b = am (m —1)
13 1000,001,101,1201"
{000,001,100,120}*
{000,001,102,120}*
{000,001,120,201}*
{000,001,120,210}* ag ~> bo,a1; Am ~> Cm, b, Am1;
bm ~ Cm, where a,, =01---m,
b = QmM, Cpy = @y (m — 1)
{000,001,021,102}"
{000,001,021,101}*
{000,001,021,100}*
{000,001,021,210}*
{000,001,021,201}* | ao ~> bo, @15 Gm ~> Cms bm, Gmi1; z + 222 + 32 + 143‘;
b ~ ¢m, where a,,, = 01---m,
b = QmM, Cm = @y (m — 1)
12 1000,011,021,1001"
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10

Continuation of Table 1

Class

B quadruple

Rules of 7 (B)

G g (z)/Reference

{001,010,102,210} "
{001,010,110,120}*
{001,010,110,201}*
{001,010,110,210}*
{001,010,120,201}*
{001,010,120,210}*
{001,010,201,210}*

A~ by @15 by~ by, where
am =01---m, by, = amm

{001,011,021,102} "
{001,011,101,102}*
{001,011,102,110}*
{001,011,102,201}*
{001,011,102,210}*

Am ~ b, Gmg1; b~ by,
where a,, =01---m, by, = a0

{001,012,021,101}~
{001,012,101,102}*
{001,012,101,120}*
{001,012,101,201}*
{001,012,101,210}*
{001,012,021,102}*
{001,012,021,120}*
{001,012,021,201}*
{001,012,021,210}*
{001,012,102,120}*
{001,012,102,201}*
{001,012,102,210}*
{001,012,120,201}*
{001,012,120,210}*
{001,012,201,210}*

0 ~> 00,01; 00 ~ 00; 01 ~~ 010, 01;
010 ~ 010

{010,011,021,100} "
{010,011,021,101}*
{010,011,021,102}*
{010,011,021,110}*
{010,011,021,120}*
{010,011,021,201}*
{010,011,021,210}*
{010,011,100,101}*
{010,011,100,102}*
{010,011,100,110}*
{010,011,100,120}*
{010,011,100,201}*
{010,011,100,210}*
{010,011,101,102}*
{010,011,101,110}*
{010,011,101,120}*
{010,011,101,201}*
{010,011,101,210}*
{010,011,102,110}*
{010,011,102,120}

{010,011,102,201}

{010,011,102,210}

{010,011,110,120}*
{010,011,110,201}*
{010,011,110,210}*
{010,011,120,201}

{010,011,120,210}

{010,011,201,210}

ag ~» ag, @13 Am ~> Gm41, Where
am =01---m

{010,012,021,100}~
{010,012,021,101}*
{010,012,021,102}*
{010,012,021,110}*
{010,012,021,120}*
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Class

B quadruple

Rules of 7 (B)

G g (z)/Reference

{010,012,021,201}~
{010,012,021,210}*
{010,012,100,101}*
{010,012,100,102}*
{010,012,100,110}

{010,012,100,120}*
{010,012,100,201}*
{010,012,100,210}

{010,012,101,102}*
{010,012,101,110}*
{010,012,101,120}*
{010,012,101,201}*
{010,012,101,210}*
{010,012,102,110}*
{010,012,102,120}*
{010,012,102,201}*
{010,012,102,210}*
{010,012,110,120}*
{010,012,110,201}*
{010,012,110,210}

{010,012,120,201}*
{010,012,120,210}*
{010,012,201,210}*
{011,012,021,101}*
{011,012,021,102}*
{011,012,021,110}*
{011,012,021,120}*
{011,012,021,201}*
{011,012,021,210}*
{011,012,101,102}*
{011,012,101,110}*
{011,012,101,120}*
{011,012,101,201}*
{011,012,101,210}*
{011,012,102,110}*
{011,012,102,120}*
{011,012,102,201}*
{011,012,102,210}*
{011,012,110,120}*
{011,012,110,201}*
{011,012,110,210}*
{011,012,120,201}*
{011,012,120,210}*
{011,012,201,210}

0~ 0,01; 01 ~ 01

{000,001,102,110} "
{000,001,101,110}*
{000,001,100,110}*
{000,001,110,201}*
{000,001,110,210}*

Ay~ (bm)m'H, Qm+1, where
Ay =01---m, by, = am0

—_—r
(1-2)2

15

7000,001,102,210} "
{000,001,101,210}*
{000,001,100,210}*

{000,001,201,210}*

m .
Am ~> (bM) 3 Cmy Am415

Cm ~> (bym)™, where a,, =01---

bm = am0, ¢;n = amm

z(1423)
(1—x)2

16

7000,010,021,100} "
{000,010,021,101}*
{000,010,021,102} *
{000,010,021,110}*
{000,010,021,120}*
{000,010,021,201}*
{000,010,021,210}*
{000,010,100,101}
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Class

B quadruple

Rules of 7 (B)

G g (z)/Reference

7000,010,100,102}
{000,010,100,110}
{000,010,100,120}
{000,010,100,201}
{000,010,100,210}
{000,010,101,102}
{000,010,101,110}
{000,010,101,120}
{000,010,101,201}
{000,010,101,210}
{000,010,102,110}
{000,010,102,120}
{000,010,102,201}
{000,010,102,210}
{000,010,110,120}
{000,010,110,201}
{000,010,110,210}
{000,010,120,201}
{000,010,120,210}
{000,010,201,210}

Qm ~> bm; Am+15 b~ Am+1,
where a,, =01---m, b, = amm

{000,001,100,102} "
{000,001,101,102}*
{000,001,100,101}*
{000,001,102,201}*
{000,001,101,201}*
{000,001,100,201}*

Am ~ bm 0y bmom,y Gmt1;
bm‘j ~5 b0y - - - ,bm,j_l, where
Ay = 01---m, bm,j =amJj

z(1+z)

R —

18

{011,100,102,120}

ag ~> ag, a1; a1 ~» 010, az;
Ay ~ Qm41, Where a,, =01---m

{012,100,101,110F

0 ~ 0,01; 01 ~ 010, 011; 011 ~ 011

{001,100,110,120}
{001,021,100,110}

ag ~ €, a1; Gm ~* b, Comy g1
Cm ~> Cm, where a,, = 01---m,
by = am(m —1), ¢y = amm

1001,021,100,120F
{001,021,110,120}

A~ by Gmt15 by~ by, where
Ay =01---m, by, = amm

z(1+z2—23)
(1—x)2

19

{011,021,100,102}
{011,100,101,102}*
{011,100,102,110}*
{011,100,102,201}
{011,100,102,210}

ap ~> g, @1; Gm ~> bm, @my1, where
am =01---m, by, = a0

{011,021,100,120F
{011,021,102,120}
{011,100,101,120}*
{011,100,110,120}*
{011,100,120,201}
{011,100,120,210}
{011,101,102,120}*
{011,102,110,120}*
{011,102,120,201}
{011,102,120,210}

ap ~> ap,a1; a1 ~ 010, ag;
010 ~» a2; am ~* Gm41, Where
am =01---m

{012,021,100,1017
{012,100,101,102}*
{012,100,101,120}*
{012,100,101,201}
{012,100,101,210}

0 ~ 0,01; 01 ~» 010, 01

{012,021,100,110}
{012,100,102,110}*
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Class | B quadruple Rules of 7 (B) G g (x)/Reference

{012,100,110,120}~

{012,100,110,201}

{012,100,110,210} 0~ 0,01; 01 ~» 010, 010;

010 ~» 0101; 0101 ~~ 0101

{012,021,101,110}

{012,101,102,110}~

{012,101,110,120}*

{012,101,110,201}

{012,101,110,210} 0 ~ 0,01; 01 ~» 010, 010; 010 ~ 010

{001,100,102,120}~

{001,100,101,120}*

{001,100,120,201}*

{001,100,120,210} ag ~> b, a1; bo ~ bo;

Am ~ Cmy b, Am+41; bm ~ Cms b,
where a,, =01---m, by, = amm,
Cm = am(m — 1)

{001,102,110,120}"

{001,101,110,120}*

{001,110,120,201}*

{001,110,120,210}™ ag ~ 00, a1; 00 ~ 00;
am ~ (bm)?, Gmt1; bm ~ b,
where a,, =01---m,
bm = am,(m _ 1)

{001,100,102,110}7

{001,100,101,110}*

{001,100,110,201}*

{001,100,110,210}* am ~ (bm)™, Cm s Gm41; Cm ~> Cm,
where a,, =01---m, by, = a0,
Com, = QM

{001,021,101,120}~

{001,021,102,120}*

{001,021,120,201}*

{001,021,120,210}* ag ~ bo,a1; a; ~ 010, b1, as;

010 ~» 010; @y ~ by, Am+1;
b ~ by, where a, = 01---m,
by = amm

{001,021,100,102}7

{001,021,100,101}*

{001,021,100,210}~

{001,021,100,201}* ag ~ bg,a1; bg ~ bo;

Am ~ Cmy by @15 b~ Cmy bin,
where a,, =01---m, by, = amm,
Cm = a0

{001,021,102,110}~

{001,021,101,110}*

{001,021,110,210}*

{001,021,110,201}* | ag ~ bo,a1; am ~ (bm)?, amt1; %
by ~ by, where a,, = 01---m, S
bm = am0

20 {001,021,201,210}~

{001,101,102,120}*

{001,021,101,102}*

{001,021,102,210}*

{001,021,102,201}*

{001,021,101,201}~

{001,021,101,210}* ag ~ bo,a1; Gm ~> b, Cmy A1
b ~ bm; ¢m ~> bm, Cm, Where
am =01---m, by, = a0,

Com, = QM

{011,021,100,101}~

{011,021,100,110}*

{011,021,100,201}*

{011,021,100,210}*

{011,100,101,110}*
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Rules of 7 (B)
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{011,100,101,201}~
{011,100,101,210}*
{011,100,110,201}*
{011,100,110,210}*
{011,100,201,210}

ag ~ ag,a1; a1 ~ 010, as;

010 ~» b2; am ~ by, Gm41;

bm ~> bm41, where a,, =01---m,
by, = 01023 ---m

{011,021,101,102} "
{011,021,102,110}*
{011,021,102,201}*
{011,021,102,210}*
{011,101,102,110}*
{011,101,102,201}*
{011,101,102,210}*
{011,102,110,201}*
{011,102,110,210}*
{011,102,201,210}

ag ~ g, a1 Gm ~ by Qg1
bm ~> by, where a,,, =01---m,
bm = am0

{012,021,100,102}~
{012,021,100,120}*
{012,021,100,201}*
{012,021,100,210}*
{012,100,102,120}*
{012,100,102,201}*
{012,100,102,210}*
{012,100,120,201}*
{012,100,120,210}*
{012,100,201,210}

0 ~ 0,01; 01 ~ 010, 01;
010 ~ 0101; 0101 ~ 0101

{012,021,101,102}"
{012,021,101,120}*
{012,021,101,201}*
{012,021,101,210}*
{012,101,102,120}*
{012,101,102,201}*
{012,101,102,210}*
{012,101,120,201}*
{012,101,120,210}*
{012,101,201,210}

0~ 0,01; 01 ~ 010,01; 010 ~ 010

{011,021,101,120}"
{011,021,110,120}*
{011,021,120,201}*
{011,021,120,210}*
{011,101,110,120}*
{011,101,120,201}*
{011,101,120,210}*
{011,110,120,201}*
{011,110,120,210}*
{011,120,201,210}

ag ~» ap,a1; a1 ~> ai, az;
Ay ~ Gy 1, Where ap, =01---m

{012,021,102,110} "
{012,021,110,120}*
{012,021,110,201}*
{012,021,110,210}*
{012,102,110,120}*
{012,102,110,201}*
{012,102,110,210}*
{012,110,120,201}*
{012,110,120,210}*
{012,110,201,210}

0~ 0,01; 01 ~ 01,011; 011 ~» 011

{001,101,102,110} "
{001,102,110,201}*
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Continuation of Table 1
Class | B quadruple Rules of 7 (B) G g (x)/Reference
1001,102,110,2101"
{001,101,110,201}*
{001,101,110,210}*
{001,110,201,210}* | am ~ (brn)™ Y, @mi1; b ~ bom,
where a,, =01---m, by, = a0
7001,101,120,201}~
{001,101,120,210}*
{001,102,120,201}*
{001,102,120,210}*
{001,120,201,210}* | ag ~ bo, a1; bo ~ bo;
Am ~ Cmy Dy @415 b ~> €y bins
Cm ~> Cm, where a,;, = 01---m,
bm = amM, Cm = am(m — 1)
1001,100,102,210}
{001,100,101,210}*
{001,100,201,210}* | am ~> (bm)™, Com» Qo1 T(:%:)ﬁ%
Cm ~> (bm)™, ¢m, where v
Ay =01---m, by, = an,0,
Cm = GmmMm
21 {000,101,102,120}
{000,102,110,120}
{000,021,101,102} ag ~ cp,ay; co ~ di;
Am ~ bm,y Cmy Gmp1;
cm ~ b,y dmt1; A ~ e, Gmyt;
em ~* dmy1, where a,, =01---m,
bm = am(m — 1), cm = amm,
dp = Cr(m+1), €, = Cp—1mm
{000,021,101,120} | ag ~ bo, a1; a1 ~ 010,001, as; sQtzta?ysh)
bo ~» 001; am ~> bum, Gm41; o
b~ am+1; 001 ~» 019, az;
010 ~» a2, where a,, =01---m,
b = amm
22 7001,100,101,102)°
{001,100,102,201}*
{001,100,101,201}* | @m ~> bm,0, -5 bm,ms Gm+1;
bm,m ~> bm,05- - bm,m;
bm,j ~* bm,0,. .., bm j—1, where
Ay, =01---m, by j = amJ
{000,101,102,110} m ~ (b)), Comymsy Amt 15
Cmj ~ (b)) ™" 7 oy Cmt 1,5
where a,, =01---m, by, = a0,
Cmj =ajj(g+1)---m
{000,021,101,110} ag ~ bo, a1; bo ~ c1; T p——
am ~ (bm)?, Gmt1; bm ~ Cmt1; (mm@me=e®)
Cm ~* bm, ¢m41, where
am =01---m, by, = a0,
cm = 0an,
27 1000,021,102,201} "
{000,021,102,210}*
{000’021’100’102}* ao ~ co, ar; co ~ 001; I(1+I+212+2z3271;471;5)
c1 ~» 0110, a2; c2 ~~ 0101, as; e
010 ~» 0101; am ~ b, Cms Gm1;
Cm ~ b, @15 001 ~~ dy, eo;
dm ~> €m+1; Em ~> dnz7€m+17
where a,, =01---m, by, = an0,
Cm = QmM, dpy, = 0ap, €y = dpym
28 7000,100,102,120]
{000,102,120,201}
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Am ~ bmy Cmy Gmg1;

Cm ~ dm—1, €m; bm ~> dm;
em ~ fm, @m42; fm ~ €my1,
where a,, =01-:-m,

bm = am(m — 1), c;m = amm,
dpm = bmm, €y = cm(m + 1),
fm =em(m+1)

Class | B quadruple Rules of 7 (B) G g (x)/Reference
T 5.3
{000,102,120,210} @o ~ Co,a1; co ~ eo; 1~ 0110, ex; %

30 7000,021,120,201} "
{000,021,120,210}*

{000,021,100,120}*

ag ~ bo,a1; a1 ~ 010,001, az;

Am ~ b, @13 bo ~» 0015

010 ~~ ¢1, az; 001 ~» 0011, az;

0011 ~~ ag; by, ~> dm,+1;

C1 ~* C2,a3; Cm ~ dms Cmt1, G425
dm ~ Cm+41, @mt2, Where

Ay, =01---m, by, = amm,

cm = 0lam, dm = cmm

z(1—z2—22%—25)
(1—z—x2)2

31 1000,100,102,1107
{000,102,110,210}

A ~ (Cm)™ bmms Gmts

bm,m ~ bm+1,m§ .

bin,j ~ (€m)™ 17 by, Bt 1,55
Cm ~> dp, where a,, =01---m,
bmvj = ajj(j + 1) Ceemy e = a0,
dm = am01

x(1+z3)
(1—z)(1—z—x2)

32 {001,101,102,210} "
{001,102,201,210}*

{001,101,201,210}*

m .
A ~ (€m)™ by Gmop1;

b ~ (em)™, bm; Cm ~> ¢m, where
apm =01---m, by, = amm,

Cm = @m0

z(1—2x42x2)
(1—2)%

33 7000,021,101,201} "
{000,021,101,210}*
{000,021,100,101}*

ag ~> bo, ap; bo ~+ do;

Am ~ Cmy Oy Gmp1;

b~ Cm; Am+15 Cm ~> d7n+1;
dm ~* Cm, dm+1> where

Ay =01---m, by, = amm,
Cm = am0, diy = 0aym,

{000,021,110,210} "
{000,021,110,201}*
{000,021,100,110}

ag ~> bOy ap; Gm ~> Cm, bm,y Am+13
bm ~ fm41; Cm ~ dm,y fmt1;
dm ~ €m, fmt2;

€m ~ dm, €m41, fm+2;

fm ~ bmyfm+17 where

A = 01---m, by, = amm,

cm = am0, dpm, = am0m,

em = 0lam, fm = 0an,

{000,101,102,210}

Am ~> (dm)my Cm,—15@m+41;

bm,j ~ (dm) ™" 7 m gy b1,
Cm,j ~ (dm)™ 17 bttt
where a,, =01---m,

b, =a;j(j+1)---m,

Cm,j = bm,jm

z(1—a2)
(171'7.7:?)2

34 1000,100,101,120}
{000,101,120,201}
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{000,101,120,210}

ag ~ bo, @15 am ~> Cmy bm, Gmy1;
bo ~» 001; 001 ~ c1,as;

bm ~ Cm,y dm+1; Cm ~ dm1;

dm ~* Cm, Gm41, Where

am =01---m, by, = amm,

Cm = am(m —1), dm = cm(m +1)

z(l+zt+z2+x°)
122223 _2%

l—z—xz%—z°—x

35

{001,101,102,201} "

Qm ~> an,h ey b'm,'nu Am+13
bm,j ~ bm,0,...,bm,j, where
Ay, =01---m, by j = amJ

{010,021,100,101}"
{010,021,100,102}*
{010,021,100,110}*
{010,021,100,120}*
{010,021,100,201}*
{010,021,100,210}*
{010,021,101,102}*
{010,021,101,110}*
{010,021,101,120}*
{010,021,101,201}*
{010,021,101,210}*
{010,021,102,110}*
{010,021,102,120}*
{010,021,102,201}*
{010,021,102,210}*
{010,021,110,120}*
{010,021,110,201}*
{010,021,110,210}*
{010,021,120,201}*
{010,021,120,210}*
{010,021,201,210}*
{010,100,101,102}
{010,100,101,110}
{010,100,101,120}
{010,100,101,201}
{010,100,101,210}
{010,100,102,110}
{010,100,102,120}
{010,100,102,201}
{010,100,102,210}
{010,100,110,120}
{010,100,110,201}
{010,100,110,210}
{010,100,120,201}
{010,100,120,210}
{010,100,201,210}
{010,101,102,110}
{010,101,102,120}
{010,101,102,201}
{010,101,102,210}
{010,101,110,120}
{010,101,110,201}
{010,101,110,210}
{010,101,120,201}
{010,101,120,210}
{010,101,201,210}
{010,102,110,120}
{010,102,110,201}
{010,102,110,210}
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{010,102,120,201}
{010,102,120,210}
{010,102,201,210}
{010,110,120,201}
{010,110,120,210}
{010,110,201,210}
{010,120,201,210}
{011,021,101,110}
{011,021,101,201}*
{011,021,101,210}*
{011,021,110,201 } *
{011,021,110,210}*
{011,021,201,210}*
{011,101,110,201}*
{011,101,110,210}*
{011,101,201,210}*
{011,110,201,210}* Ay ~ A, A1, Where
am =01---m
{012,021,102,120}"
{012,021,102,201}*
{012,021,102,210}*
{012,021,120,201}*
{012,021,120,210}*
{012,021,201,210}*
{012,102,120,201 }*
{012,102,120,210}*
{012,102,201,210}*
{012,120,201,210}* | 0 ~» 0,01; 01 ~ 01,01
{000,100,101,102}
{000710171027201} Am ~> bm,07 ey b7n,7n7 Am+15
bm,m ~* bm .05+ bm m—1, Cm+1,0;
bm,j ~* bm,0s- - bm j—1;
Cm,j ~ bm.,0s- -+ bmm—2—j,
d7n,jac7n+1,j;
dm,j ~ an,O; ey bnz,nL727j;
dm41,5, where
Ay, = 01---m, by j = amJ,
Cm,j =0011---5j(j+1) - m,
d7n,] = Cm,jMm
7000,100,101,110}
{000,101,110,201}
{000,101,110,210} | am ~* (bm,0)™ Y, ama1; =5
bim,j ~ (bmyo)m_j,bm+1,j, where
Ay, =01---m,
bm,]‘ = ajo(j + 1) s
42 {000,021,100,201}7
{000,021,100,210}*
{000,021,201,210}* | < {000,021}
16 {000,101,201,210}
{000,100,101,210} | ag ~ bo, as; az ~ €11, 1,0, az; T
am ~ (Cm,m)™ bm, Gm1;
bm ~ (Cm,m)™ s Cm+1,0;
Cm,m ~? Cm+1,m;
Cm,m—1 ~ Cm,m; Cm+1,m—1;
Cm,i ~ (Cm,m) ™ T d iy Cmt 1,53
dim,j ~ (Cm,m)™ 279 Cmt1, 41,
where a,, =01---m, by, = amym,
Cm,j =01---50(j+1)---m,
dnl,j = Cm, ;M
52 {021,100,102,120} ag ~ ag,a1; a1 ~ 010, a1, as;
010 ~~ 0101; 0101 ~» 0101;
Am ~ Qm, Gm+1, Where
am =01---m
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7021,101,102,1207

ag ~ ag, a1; a1 ~» 010, a1, az;
010 ~» 010; @m, ~> Am, @m+1, Where
am =01---m

{021,102,110,120}

ag ~ ap,a1; a; ~ 010,011, az;
010 ~» 010,0101; 0101 ~~ 0101;
011 ~ 011, a2; am ~* @m, Qm+1,
where a,,, =01---m

{021,101,102,110}

ag ~ @, a1; Qm ~> Cm, bm, Am1;
bm ~ bm, bm41; Cm ~> Cm, Where
apym =01---m, by, =0112---m,

Cm = a0

1(173m+4m27313)
(1—z)3(1—2a)

53

{100,101,102,120}
{021,100,101,102}

ag ~» ag, a1; am ~* bm, Gm, Gm41,
where a,, =01---m,
bm = am(m —1)

{100,102,110,1207

ap ~ o, a1;

A2m+1 ~ C2m+1, b2m+1, A2m+2;
a2m+2 ~ d2m+41, b2m42, A2m+3;
bim ~ b, Gm415 C2m+41 ~> Cam+41;
dam41 ~ Cam+1, where

am =01---m, by, = amm;

Cm = am(m —1), dm = cmm

{101,102,110,120}

ag ~* aQ, a1; Gm ~> Cm1bmuam+1§
bm ~ bm, @Gmy1; Cm ~ Cm, Where
am =01---m, by, = amm,

Cm = a'm(m_ 1)

1100,101,102,110}

am ~> (em)™, bm,m7am+l§

bmJ ~ (cm)M7]7bm,m; bm+1,m7
where a,, = 01---m,

b, =a;j(G+1) - -m, cm = am0

{021,100,101,120}

ap ~> ap,a1; a1 ~ 010, a1, az;
010 ~» a2; aGm ~* Gm, @m41, Where
am =01---m

{021,101,110,120}

ag ~ ag,a1; a1 ~ (010)%, az;
010 ~~ 010, az; Qm ~> Gm, Am+1,
where a,,, =01---m

{021,100,101,110}

ag ~ ap,a1; a1 ~ b1,011, as;

011 ~» 011, 25 Am ~ b, Cms Gt 1;
bm ~> Cm+1; Cm ~> Cm41, Where
am =01---m, by = am0,

cym =0102---m

w(—wta?)
T (1-22)

56

{021,102,110,201} "
{021,102,110,210}*

021,102,110

57

{021,100,102,201} "
{021,100,102,210}*

£021,100,102

60

{100,102,120,201 }
{100,102,120,210}

ap ~> ap, a1;

A2m+1 ~ C2m+41, A2m+1, A2m+2;
a2m42 ~* d2m41, A2m+42, A2m 433
Cam+1 ~ dam+1; dam+1 ~ dam+1,
where a,, =01---m,

Cm = am(m — 1), dpyy = Crnm

{101,102,120,201}
{101,102,120,210}

ag ~ ag, @15 Qm ~ bm, Am, Am41;
bm ~> by, where a,, =01---m,
bm = am(m — 1)

{101,102,110,201}
{101,102,110,210}

am ~ (bm)™, Cm,ms Gm1;

b ~ b .

Cm,j ~> (bm)M7jycm,m7 Cm+1,5
where a,, =01---m, by, = an0,
by = agi(G+1) - m

{102,110,120,201}
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Continuation of Table 1
Class | B quadruple Rules of 7 (B) G g (x)/Reference

{102,110,120,210} ag ~* @0, 15 Gm ~ Cm,y bm, Gmy1;
bim ~ b, Gm415 Cm ~ Cm,y dim;
dyy ~ dp, where a,,, =01---m,
bm = QmM, Cm = apm(m — 1),

dm = cmm

{021,102,120,201}~

{021,102,120,210}*

{021,101,120,201}*

{021,101,120,210}* | ag ~ ag,a1; a1 ~ 010, a1, as;

010 ~» 010, a2} Gy ~> G, Amr1,
where a,, =01---m

{021,101,102,201}"

. 2

{021,101,102,210}* | ao ~ @0, a1; Gm ~ bm, Gm, Gmt1; %
by ~> by, where a,, =01---m,
bm = am0

61 {100,101,102,210F | @m ~ (bm) "> Gm, Gm11, Where
am =01---m, by, = amm

{021,100,120,201}"

{021,100,120,210}* | ag ~ ao,a1; a1 ~ 010, a1, as;
010 ~~ c1,a2; am ~> Am; Am+1;
Cm ~ Cmy Cm+1, Am+2, where
am =01---m, ¢y = O0lam

{021,101,110,201}"

{021,101,110,210}* ag ~ ag,a1; Am ~ Cm, b,y Gmg1;
b, ~ bm7b7n+1§ Cm ~ Cm, Am+41,
where a,, =01---m,
by =0112---m, ¢ = a0

{021,100,101,201}7

{021,100,101,210}* ag ~> A, a1; Am ~* Cm, Gm, G415
Cm ~> dm+1§ Ao, ~ d7n7dm+l7
where a,, =01---m, ¢y = a0,
dpy, = 0102---m

{021,100,110,201}7

{021,100,110,210}* ag ~ ag,ai; ay ~ c1,011, as;

011 ~» 011, b2; am ~ Cm7b7n7am+1;
b ~ by bint15 Cm ~ b,y b1,
where a,, =01---m, ¢,y = am0,
b = 0102--- (m — 2)m

{021,110,120,201}"

{021,110,120,210}~ ag ~ ag,a1; a1 ~ 010,011, az; %
010 ~~ 010, c1, az; 011 ~» 011, as;
A ~ Ay Q15
Cm ~* Cm, Cm41, Am42, Where
am =01---m, ¢y =0lap

62 {100,101,120,201}

{100710171207210} ag ~* ao, @15 Gm ~> bnnanua'ln«i»l;
b ~ Cm+t1; Cm ~* Cm, Gm41, Where
am =01---m, by, = am(m — 1),
Crmy = Am—1(m — 2)m

{101,110,120,201}

{101711071207210} ag ~ g, a1; Gm ~* bm, Cm, Am+13
b ~ b, Cimt15 Cm ~ Cms Gmt 1,
where a,, =01---m,
bm = am(m — 1),

Cm, = Gm—1(m — 2)m

{100,101,110,201}
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Continuation of Table 1

Class

B quadruple

Rules of 7 (B)

G g (z)/Reference

{100,101,110,210}

ag ~ ag,a1; ap ~» bi1,c1,az,

€1 ~* C1, C2,

am ~> (bon,m )™ bmym—1, Gm41;
bm,,m, ~ bm#»},m? bm,j ~
Brm,m)™ T b m—1s bt
cm ~ (Bm,m)™  bmym—1s Cmt1,
where a,, =01---m,

bm‘j = ajO(j + 1) ceem,

cym =0112---m

z(1—z+x2)
1—3z+2x2 23

69

{101,102,201,210}

am ~ (b)), Am, Gmtg1; bm ~> by,
where a,, =01---m, by, = a0

{102,120,201,210}

ag ~> ap, a1;

a2m ~ C2m—1;Am; Am+1;

a2m+1 ~* bam41, Gm, AGm41;

b ~ b, Cmy Cm ~> (cm)2, where
am =01---m, by, = am(m — 1),
Cm = bmm

z(1—3z+322)
(1—z)(1—2x)2

71

{021,100,201,210}"

ag ~> a0, 15 Gm ~ by, Gm, Gmp1;
b~ dnman+1; Cm ~* Cmy Cm415
dm ~ dip, dm+17 Cm+2, where

am =01---m, by = am0,

dyy = 0lam,, ¢y = dpm—2m

{021,110,201,210}*

ap ~ ag,a1; a1 ~» b1,011, as;

011 ~~ 011,0112; 0112 ~~» 0112, co;
Am ~ bm,y Cm, Am+15
b~ b Ay Gt 1

Cim ~* Cms Cm41;

dm ~ dm, dm41, Cmy2, Where

am =01---m, by, = am0,

dm = 0lam, c;m = dm—2m

1(174m+5m27;n3)
(1—2x)3

72

{100,101,201,210}

A ~> (b7n,7n)m7 Amy Gm+13

bm,m ~ bmi1,m; )

bmv] ~ (bm,m)milijvbmr.jy brn+1,j,
where a,, = 01---m,

bm,; = a]'O(j + 1) ceem

{101,110,201,210}

ag ~ ag, a1;

Am ~> (bm,m)’m*»la Am41;

b, ~ (Bmym) ™7 by 5,
where a,, =01---m,

bm,j = ajo(j + 1) R 101

{021,101,201,210} "

ag ~> ag, a1 @m ~ bm, G, Gm1;
bm ~ bm, @my1, where
Ay =01---m, by, = am0

{021,120,201,210}*

0~ 0, ba;
bam ~ bam+t1,b2m,a2,m,as,m,

cey @mg1,15 bamp1 M
bam—+1;b2m+2,02,m,a3,m; - - -
Am+1,1, Where ap, ; = (01)72---m,

z(l—x)
1-3z+ax2

73

{100,120,201,210}
{110,120,201,210}

bam = (01)™, bam+y1 = bam0
?

?

See note below

End of Table 1

Table 1:
patterns

Rules of generating trees for ascent sequences avoiding a quadruple of

of length three.

Class 73: Note that only for Class 73 did we fail to find the succession rules of the
generating trees 7 (100, 120, 201, 210) and 7 (110, 120, 201, 210). But the equivalence
{100,120,201, 210} < {110,120, 201, 210} follows from the bijection in Section 4.8
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of [7] where it is shown that {110, 120,201} ~ {100,120, 201}. Clearly, this bijection
preserves 210 avoiding sequences. O

4. Weak Ascent Sequences

For weak ascent sequences, we similarly obtain Table 2. From Table 5, the classes
3, 7,9, 13, 20-26, 28-39, 41, 50, 53, 54,59, 60, 62, 66, 71, 72, 74, 75, 77, 78, 80,
81, 84, 85, 91, 96, 98, 100, 103, 104, 106-108, 110-112, 116-118, 122, 124, 126, 128-
144, 146, 147, 148, 150-161, 163-172, 175-177, 179-184, 187-189, 198-200, 202-204,
207-210, 212, 213, 216-218, 220-225, and 228 are trivial. Again, using Theorem 3,
each reducible quadruple is marked with a star. Note that Class 215 is the only
unresolved case, leading to the conclusion of Theorem 2 that 228 < WAS,; < 229.

Beginning of Table 2

Class | B quadruple Rules of 7' (B) G'; (z) /Reference
1 000,001,010,012 0 ~~ 00,01; 01 ~~ 011
000,001,011,012 0 ~ 00, 01; 01 ~» 00 z + 222 + 2°
2 000,001,010,011 ag ~+ 00,a1; @m ~ Gm41,
where a,, =01---m
{001,010,011,012} a1 ~> a2,01; Gy ~ Gmid, 2+ 2?
where a,, = 0™
4 {000,010,011,012} 0 ~~ 00,01; 00 ~ 001, 002;
002 ~ 001

{000,001,012,100}

{000,001,012,101}*
{000,001,012,021}*
{000,001,012,102}*
{000,001,012,120}*
{000,001,012,201}*

{000,001,012,210}* | 0 ~» 00,01; 01 ~+ 00,011; x + 222 + 222 + 24
011 ~ 0110
5 {001,011,012,100} a1 ~ az2,01; G ~> Gmii;
01 ~~ 010, where a,, = 0™
{000,001,011,120} ao ~ 00, ar; a1 ~ 00, az; 22 2?4 12

Am ~> Am41, where
am =01---m

6 {000,001,010,021}7
{000,001,010,100}*
{000,001,010,101}*
{000,001,010,102}*
{000,001,010,110}*
{000,001,010,120}*
{000,001,010,201}*
{000,001,010,210}* A ~> by, Gm41, Where

am =01---m, by, = amm

{001,010,011,021}"
{001,010,011,100}*
{001,010,011,101}*
{001,010,011,102}*
{001,010,011,110}*
{001,010,011,120}*
{001,010,011,201}*
{001,010,011,210}*
{001,010,012,021}*
{001,010,012,100}*
{001,010,012,101}*
{001,010,012,102}*
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Continuation of Table 2

Class B quadruple

Rules of 7' (B)

G'p (x) /Reference

{001,010,012,110}*
{001,010,012,120}*
{001,010,012,201}*
{001,010,012,210}*
{001,011,012,021}*
{001,011,012,101}*
{001,011,012,102}*
{001,011,012,110}*
{001,011,012,120}*
{001,011,012,201}

{001,011,012,210}*

ay ~* a2,a2; Gm ~* Gm+1,
where a,, = 0™

{000,001,011,102} "
{000,001,011,100}*
{000,001,011,021}*
{000,001,011,101}*
{000,001,011,110}*
{000,001,011,201}*

{000,001,011,210}*

ag ~ 00,a1; a1 ~ 00, aqz;
Ay~ by @41, Where
am =01---m, by, = a0

2
2
x4+ £

B {000,011,012,100}"
{000,011,012,101}*
{000,011,012,102}*
{000,011,012,110}*
{000,011,012,120}*
{000,011,012,201}*
{000,011,012,210}*

0 ~» 00, 01; 00 ~ 001, 002;
01 ~» 010; 002 ~ 001

m+2$2+3x3+z4

10 7001,011,100,120}
{001,012,100,110}

a1 ~+ a2,01; am ~ amy1;
01 ~~ 010, a3, where

A = om

P 2
3 22
T+ x” + 5

11 {000,010,012,100}

0 ~ 00, 01; 00 ~ 001, 002;
01 ~» 011; 001 ~ 0011;
002 ~~ 011, 0022

{000,010,012,110}

0 ~~ 00, 01; 00 ~~ 001, 002;
01 ~~ 011; 001 ~ 0011;
002 ~~ 001,0011

w+2w2+3w3+3w4+w5

12 {000,010,012,101}"
{000,010,012,102} *
{000,010,012,120}*
{000,010,012,201}*
{000,010,012,210}*

0 ~ 00,01; 00 ~ 001, 002;
01 ~~ 011; 001 ~> 0011;
002 ~ 001, 0022;

0022 ~ 00221;

00221 ~ 002211

z + 222 + 323 + 32 + 225 + 25

14 {001,011,100,102}
{001,011,021,100}*
{001,011,100,101}*
{001,011,100,110}*
{001,011,100,201}*
{001,011,100,210}*

ay ~ az,b1; Gm ~ Gm41;
bm ~* Cm, b1, where
am = 0™, by, =01---m,
Cm = bm0

{001,011,102,120}"
{001,012,101,110}*
{001,011,021,120}*
{001,011,101,120}*
{001,011,110,120}*
{001,011,120,201}*
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Continuation of Table 2

Class B quadruple

Rules of 7' (B)

G'p (x) /Reference

{001,011,120,210}
{001,012,021,110}*
{001,012,102,110}*
{001,012,110,120}*
{001,012,110,201}*
{001,012,110,210

ay ~+ a2,01; 01 ~» asz,as;
Qm ~> Qm+41, Where
A = 0"

{001,012,100,101}"
{001,012,021,100}*
{001,012,100,102}*
{001,012,100,120}*
{001,012,100,201}*
{001,012,100,210}*

ay ~ az,b1; Gm ~ Am41;

bm ~ Cm, bm 41, where
m m

am = 0™, by = 01",

Cm = b, 0

1000,001,110,120}
{000,001,021,110}

ap ~ bo,a;

Am ~ bm—1, bm, Gm41,
where a,, =01---m,
by = amm

z + 222 + 325

-2

5 {000,001,101,120}"
{000,001,100,120}*
{000,001,102,120}*
{000,001,120,201}*
{000,001,120,210}*

ag ~> bo, ar;

ay ~ bo, b1, az;

Am ~ Cm—1,bm, Am413
b ~> ¢, where

Ay, =01---m,

by, = amm,

Cr = by (m — 1)

{000,001,021,102}"
{000,001,021,101}*
{000,001,021,100}*
{000,001,021,210}*

{000,001,021,201}*

ag ~ bo, ar;

a1 ~ bo, b1, az;

Qm ~* Cm—1, bm,s Gmt1;
by ~> Cm, Where

am =01---m,

bm = amm, cm = bm0

4
ac+2902+3903’+{1%‘aD

16 {000,010,011,021}

0 ~ ao, 01; 01 — ba;
Qm ~ Am41, bmt2;
bm ~ b1, where
Ay =0™, by, =01---m

{010,011,012,0217

A~ A1, (Om)T,
where a,, = 0™,
by, = aml

{001,010,021,100} "
{001,010,021,101}*
{001,010,021,102}*
{001,010,021,110}*
{001,010,021,120}*
{001,010,021,201}*
{001,010,021,210}*
{001,010,100,101}*
{001,010,100,102}*
{001,010,100,110}*
{001,010,100,120}*
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Continuation of Table 2

Class

B quadruple

Rules of 7' (B)

G'p (x) /Reference

{001,010,100,201}*
{001,010,100,210}*
{001,010,101,102}*
{001,010,101,110}*
{001,010,101,120}*
{001,010,101,201}*
{001,010,101,210}*
{001,010,102,110}*
{001,010,102,120}*
{001,010,102,201}*
{001,010,102,210}*
{001,010,110,120}*
{001,010,110,201}*
{001,010,110,210}*
{001,010,120,201}*
{001,010,120,210}*
{001,010,201,210}*
{001,011,021,102}*
{001,011,101,102}*
{001,011,102,110}*
{001,011,102,201}*
{001,011,102,210}*
{001,011,021,101}*
{001,011,021,110}*
{001,011,021,201}*
{001,011,021,210}*
{001,011,101,110}*
{001,011,101,201}*
{001,011,101,210}*
{001,011,110,201}*
{001,011,110,210}*
{001,011,201,210}*

a1 ~ az,b1; am ~ @my1;
bm ~ @m41,bmy1, where
am =0, by, =01---m

{001,012,021,101}"
{001,012,101,102}*
{001,012,101,120}*
{001,012,101,201}*
{001,012,101,210}*
{001,012,021,102}*
{001,012,021,120}*
{001,012,021,201}*
{001,012,021,210}*
{001,012,102,120}*
{001,012,102,201}*
{001,012,102,210}*
{001,012,120,201}*
{001,012,120,210}*
{001,012,201,210}*

ay ~ az,b1; Gm ~ Am41;
by ~ Am+1, b'm+1» where

am =0", by = 01™

{000,001,102,110} "
{000,001,101,110}*
{000,001,100,110}*
{000,001,110,201}*
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Continuation of Table 2
Class | B quadruple Rules of 7' (B) G'p (x) /Reference
000,001,110,2101° | am ~ =
(bm—1)",bm, Gmt1,
where a,, =01---m,
b = amm
17 {000,010,011,102} Qo ~ Do, A1 Gm ~> Gma1;
bm ~ bimt1, Cmt2;
Cm ~* dm, g1, Where
am =01---m, by, = 0am,
cm = 0am—_om,
dpy = Cp(m — 1)
7000,010,011,1207 | 0 ~ co, 01; 01 ~ 012;
012 ~ az; am ~ Am41;
by ~ 012, as;
b ~ b,y @m1;
Cm ~ Cm41, bm42, Wwhere
¢m = 001---m,
bm = cm—2m,
Am = am_3(m —1)m
1000,001,102,2101"
{000,001,101,210}*
{000,001,100,210}*
{000,001,201,210}* | ag ~» bo, ar; %;;)
ai ~ bo, b1, az; am ~
(em—1)",bm, Gmy1;
by ~ (¢m )™, where
ay =01---m,
bm = amm, cm = bm0
18 1000,010,011,1001"
{000,010,011,101}*
{000,010,011,110}*
{000,010,011,201}*
{000,010,011,210}* ag ~> €, A1} Am ~> Amt1;
b ~ am, bm+1§
Cm ~* Cm41,bmi2, where
Ay =01---m,
by = 0am_1m, ¢y = 0am
{010,011,012,210} A~ “(1%:);3)
Am41,bm, 15 bmom;
b ~ (bm,1)? 71
19 {010,011,012,100}7
{010,011,012,101}*
{010,011,012,102}*
{010,011,012,110}*
{010,011,012,120}*
{010,011,012,201}* | am ~
Am4150m, 15+ bm,ms;
bm.,j ~ bm,1,- - bm -1,
where a,, = 0™,
bm,j = amj
{000,001,100,102}"
{000,001,101,102}*
{000,001,100,101}*
{000,001,102,201}*
{000,001,101,201}*
{000,001,100,201}* | ag ~ co,a1; am ~> elta)
l—xz—x
bmfl,(h ceey bm,fl,rn—Zy
Cm—1;Cm, Am+1;
bm,j ~ bm,o,- ., bm j—1;
Cm ~* bm,0,. s bmom—1,
where a,, =01---m,
Cm = Am MM, bm,j =cCcm]
27 {000,010,101,120}
{000,010,110,120} Following from Section 4.5 in [8]
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Continuation of Table 2

Class B quadruple

Rules of 7' (B)

G'p (x) /Reference

40 7000,012,021,101}~

0 ~ 00, 01; 00 ~ 001, 001;
01 ~~ 010, 001; 001 ~ 0011

{000,012,021,110}

0 ~ 00,01; 00 ~ 001, 001;
01 ~~ 010,011;
001 ~ 0011; 010 ~> 011

x + 222 —+ 43 + 3zt

12 7000,012,100,110}

0 ~ 00, 01; 00 ~ 001, 002;
01 ~> 010,011;

001 ~ 0011;

002 ~ 011, 0011;

010 ~ 011

1000,012,021,100}

{000,012,021,102} *
{000,012,021,120}*
{000,012,021,201}*
{000,012,021,210}*

0 ~ 00, 00; 00 ~ 001, 001;
001 ~- 0011

z + 222 + 42° + 424

13 {000,012,100,101}

0 ~ 00, 01; 00 ~ 001, 002;
01 ~~ 010, 001;

001 ~ 0011;

002 ~ 0021, 0022;

0022 ~ 0011

{000,012,102,110}"
{000,012,110,120}*
{000,012,110,201}*
{000,012,110,210}*

0 ~» 00,01; 00 ~~ 001, 002;
01 ~» 010, 011;

001 ~ 0011;

002 ~~ 001,0011;

010 ~ 011

w+2z2+4w3+4m4+z5

11 {000,012,101,102} "
{000,012,101,120}*
{000,012,101,201}*
{000,012,101,210}*

0 ~~ 00,01; 00 ~~ 001, 002;
01 ~~ 010,001;

001 ~ 0011;

002 ~~ 001, 0022;

0022 ~» 00221;

00221 ~ 002211

w+2z2+4w3+4a:4+2a:5+w6

15 7000,012,100,102}*
{000,012,100,120}*
{000,012,100,201}*
{000,012,100,210}*

0 ~ 00,01; 00 ~ 001, 002;
01 ~~ 010, 001;

001 ~ 0011;

002 ~ 0021, 0022;

010 ~~ 0021; 0022 ~+ 0011

1:+2:v2+4m3+5934+:05

16 {000,012,102,120} "
{000,012,102,201}*
{000,012,102,210}*
{000,012,120,201}*
{000,012,120,210}*
{000,012,201,210}*

0 ~~ 00, 01; 00 ~~ 001, 002;
01 ~~ 010, 001;

001 ~ 0011;

002 ~~ 001, 0022;

010 ~~ 0101;

0022 ~ 00221;

00221 ~+ 002211

z + 222 + 423 + 52 + 225 + 25
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Continuation of Table 2

Class B quadruple

Rules of 7' (B)

G'p (x) /Reference

a7 7000,011,102,120}

0 — 00, 01; 01 ~ 010, 012;
00 ~ 01, ba; 012 ~~ d3;
Am ~ Qm41, bmy2;

bm ~ Cm, dmy1;

dy ~> di41, where

Ay, =001 -m,

bm = am—2m,

Cm = Gm—om(m — 1),

dpy = am—3(m —1)m

{000,011,021,102}

Am ~> bm7am+1§

b1 ~ di, c25 Cm ~ Cmt1;
dm ~ dm+1, Cm42, Where
Ay, =01---m,

bm = am-10,

Cm = 0am—_om, dpy, = 0an,

000,011,021,120}

0 ~ agp, 01; 01 ~» 010, bo;
A ~ Amg 1, bmy2;

010 ~~ bz; bm ~> bm+17
where a,, = 001---m,
bm = am—2am

{001,100,110,120}

aip ~* a2,C1; Gm ~> Am41;
Cm ~ b,y Gy 2, Cmt1,
where a,, = 0™,

Cm =01---m,

bm = awn(m - 1)

{001,021,100,120}

a1~ a2, d1; Gm ~ Amyt;
bm ~ Cmy b1

d1 ~ c1, b2, az;

dm, ~ @mt2, dm41, Where
Am = om; bm = 01m7

Cm = bm0, dm =01---m

{001,021,110,1207}

a1 ~ az,b1; am ~ am41;
b1 ~ a2, as, ba,

b ~ @my2, b1, where
am :om; bm =01---m

{001,021,100,110}

a1 ~ az,b1; am ~ am41;
bm ~ Cmy Gmt2, by,
where a,, = 0™,

by =01---m, ¢y = b0

z(14x2—z3)
-2

18 {000,011,100,102}"
{000,011,101,102}*
{000,011,102,110}*
{000,011,102,201}*
{000,011,102,210}*

0 ~~ ag,01; 01 ~» 010, ba;
Am ~ Am1, bmyo;

bm ~ Cm, bm41, where
Ay =01---m,

bm = am—2am,

Cr = by (m — 1)

{000,011,100,120}"
{000,011,101,120}*
{000,011,110,120}*
{000,011,120,201}*
{000,011,120,210}*
{000,011,021,100}*
{000,011,021,101}*
{000,011,021,110}*
{000,011,021,201}*
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Continuation of Table 2

b1 ~» az, bz, ba;
b ~ @41, bm41, Where
Am = 0™, by = 01"

Class | B quadruple Rules of 7' (B) G'p (x) /Reference

{000,011,021,210}" | 0 ~ ao, 01; 01 ~ 010, 012;
010 ~~ 012; 012 ~> c3;

Am ~ Qm41, bmy2;
bm ~ Cmy Cmt1;
Cm ~* Cm41, Where
Ay, =001 -m,
bm = am—_2am,

Cm = bm_1m

{011,012,021,100} U~ g1, (Om) s
by, ~> Cm, where
am = om; bm = aml,

Cm = bm0

{001,100,102,120} "

{001,100,101,120}*

{001,021,100,102}*

{001,100,120,201}*

{001,100,120,210}

{001,021,100,101}*

{001,021,100,210}*

{001,021,100,201}* | aj ~» az2,b1;
b1 ~» c1, b2, dz;

Am ~* Am+41;

bm ~ Cmy b1

dim, ~ Cmy b1, dmt1,
where a,, = 0™,

b = 01™, cm = b0,
dmy =01---m

{001,102,110,120}~

{001,101,110,120}*

{001,021,102,110}*

{001,110,120,201}*

{001,110,120,210}*

{001,021,101,110}*

{001,021,110,210}*

{001,021,110,201}* ay ~ az,b1; Gm ~> Ami1;
bm ~ Qm+41; Gmt2, bmt1,
where a.,, = 0™,
by, =01---m

{001,100,102,110}"

{001,100,101,110}*

{001,100,110,201}*

{001,100,110,210 aiy ~ a2,b1; Gm ~> Amg1;
b~ (C7n)m7 Am+2, b7n+17
where a,, = 0™,
bm =01---m, ¢y = by, 0

{001,021,101,120} "

{001,021,102,120}*

{001,021,120,201}*

{001,021,120,210}" | a1 ~ 2,15 am > amey; | 2D

19 {000,011,100,101}"
{000,011,100,110}*
{000,011,100,201}*
{000,011,100,210}*
{000,011,101,110}*
{000,011,101,201}*
{000,011,101,210}*
{000,011,110,201}*
{000,011,110,210}*
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Am ~> Am+41; dwt,l ~r
(an)m; dm,,2; dnL+1,1;
dm,j ~
(emtj—1)" dm 41,
where a,, =0,

cm = 010, )
dji=01---(j —1)j*

Class | B quadruple Rules of 7' (B) G'p (x) /Reference
7000,011,201,210}" | 0 ~ ao, 01; 01 ~ 010, bz;
010 ~~ ca;
Am ~ Am41, Dmy2;
bm ~ Cmy bmg1;
Cm ~* Cm41, Where
Ay =001 -m,
bm = am—_2am,
Cr = by (m — 1)
1010,012,021,100]
{010,012,021,101}*
{010,012,021,102}*
{010,012,021,110}*
{010,012,021,120}*
{010,012,021,201}*
{010,012,021,210}*
{011,012,021,101}*
{011,012,021,102}*
{011,012,021,110}*
{011,012,021,1201*
{011,012,021,201 }*
{011,012,021,210}* Am ~ Amt1s (bm)™
by~ b1, where
A, = 0™, by, = a1
{001,021,201,210}"
{001,101,102,120}*
{001,101,120,201}*
{001,101,120,210}*
{001,102,120,201}*
{001,102,120,210}*
{001,021,101,102}*
{001,021,102,210}*
{001,021,102,201}*
{001,021,101,201}*
{001,021,101,210}*
{001,120,201,210}* ay ~ a2, C1; Gm ~* Am41;
bm ~ @mt1, bmt1;
Cm ~ Gm41,0m+1, Cm41,
where a,, = 0™,
by, =01", ¢, =01---m
T00T,101,102,110}"
{001,102,110,201}*
{001,102,110,210}*
{001,101,110,201}*
{001,101,110,210}*
{001,110,201,210}* ai ~> a2,b1; Am ~> Amg1;
by~
(am+1)™, @mt2, bm1,
where a,, =0,
by, =01---m
T00T,100,102,2101"
£001,100,101,210}*
2
{001,100,201,210}* | a1 ~ a2, d1 1; sk
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Class B quadruple

Rules of 7' (B)

G'p (x) /Reference

51 {011,012,100,201}

Am ~

Amt1,0m 1,5 bmm;
bm,j ~
Cmy bm 1y ooy bm -1,
where a,, = 0™,

bm.,j = @mJ, Cm = am 10

{001,100,101,102} "
{001,100,102,201}*
{001,100,101,201}*

ay ~* a2,C1,1;
Am ~ Gm+41; Cm,1 V>

di,my -y dm,1,Cm,2,
Cm+1,15 Cm,j ~

A1 mtj—15-->dm.j,
Cm,j+1; dm,j ~
dimaj—1s-+>dm—1j+1,
where a,, = 0™,

Cm,; =01---(m — 1)m?,

dm,j = Cm j(m —1)

52 {011,012,100,101}"
{011,012,100,102}*
{011,012,100,110}*

{011,012,100,120}*

A ~

Am+1, b7n,17 ceey bm,m;
bm,1 ~ Cm,1;

bm,2 ~ (bm,1)%; bm,j ~
Cm,,jvb"m,,h ceey bm,j—l?
Cm,j ~
Cm+1,150m41,15- -+,
bm+1,j72, where

am = 0", bm,j = amj,

Cm.j =bm.j

1(17m27z3)
(1—z—22)2

55 {010,012,100,210}
{011,012,101,210}*
{011,012,102,210}*
{011,012,110,210}*
{011,012,120,210}*

A ~>
Amt1,0m, 155 bmm;
bin,j ~ (€m)? ™1 bt
where a,, = 0™,

bm.j = @mJ, Cm = am21

{010,012,110,210}

am Ead
Amt1,bm 1,5 bmm;
P
bm,j ~ (bm,1)? " bmt1,1,
where a,, = 0™,

bm.,j = amj

{001,101,102,210}"
{001,102,201,210}*
{001,101,201,210}*

Am,1 ~*

m .
(a0,m+1)" Gm,2, Gm+1,1;
am,j ~

m
(ao,m+1) s Am41,541,
where )
A, =01---(m —1)m’

z(1—2x4222)
(1-=2)%

56 {010,012,100,101} "
{010,012,100,102}*
{010,012,100,120}*
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bm,1,bm, 1, bm -1,
m

where a,, = 0™,

bm,j = amj

Class | B quadruple Rules of 7' (B) G'p (x) /Reference
{010,012,100,201}" | am —
Amt1,0m 1,5 bmm;
bm,j ~
Cm,2,- > Cm,j>Om+1,5;
Cm,j ~* Cm,25---,Cm,j—1,
where a,, = 0™,
bm,j = amj,
Cmg =bm,(G—1)
{010,012,101,110}
{010,012,102,110}*
{010,012,110,120}*
{010,012,110,201}* | am ~
Am 41, bm,17 S b7n,7n;
an.j ~>
bm,1,- s bmi—1,bm+1,1,
where a,, = 0™,
bm,j =amJj
{011,012,101,201}*
{011,012,102,201}*
{011,012,110,201}*
* z(l—ztad)
{011,012,120,201}* | am ~ —zl-otz?)
) (1—z—=22)(1—2)2)
Amt1,0m 155 bm m;
bm,j ~

57 {010,012,101,210} "
{010,012,102,210}*
{010,012,120,210}*

{010,012,201,210}*

QAm ~>
Amt1,0m, 155 bm m;
i—1
b, i~ (bm,1)? "7 bmt1,js
where a,, = 0™,

bm,j = amJ

z(1—3z44z2 223 12%)

FEL

58 {010,011,021,100} "
{010,011,021,101}*
{010,011,021,102}*
{010,011,021,110}*
{010,011,021,120}*
{010,011,021,201}*
{010,011,021,210}*

am el

Am41;bm, 15 bm,m;
bm,j s

bma1,15 5, bmi1,mt1,

m
where a,, = 0™,
bm,j = am]

{010,012,101,102}"
{010,012,101,120}*
{010,012,101,201}*
{010,012,102,120}*
{010,012,102,201}*
{010,012,120,201}*

Ay ~>

Am 41, bm,,lv s bTrL,TrL;

bm,j ~s

bm,1y- 3y bm, i, bmt1,j,
m

where a,, = 0™,
bm,j = amJj

{011,012,101,102}"
{011,012,101,110}*
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Class B quadruple Rules of 7' (B) G'p (x) /Reference
{011,012,101,120}*
{011,012,102,110}*
{011,012,102,120}*
{011,012,110,120}* | am ~> Gmstts b1y - - -
bm,m; bm,j ~
bm,jsbm, 1, s bm, j—1,
where a,, =0,
bm,j =amj
{001,101,102,201} | Gm.1 — o5
A0, mA41s- -+ @m—1,2; Am,2, Qoo 41,13
A, j ~
a0, m+j5> A1, m+j5—15---50m—1,5+1,
am,j41, where
am =01---(j—1)j™
61 {010,011,102,201}
{010,011,120,201} Theorem 6
63 {010,011,100,102}"

{010,011,101,102}*
{010,011,102,110}*

~010,011,102

64 {000,010,021,100}*
{000,010,021,101}*
{000,010,021,102} *
{000,010,021,110}*
{000,010,021,120}*
{000,010,021,201}*
{000,010,021,210}*

~000,010,021

65 {010,011,100,120}*
{010,011,101,120}*
{010,011,110,120}*

~010,011,120

67 {010,011,100,201}*
{010,011,101,201}*
{010,011,110,201}*

~010,011,201

68 {010,011,100,210}"
{010,011,101,210}*
{010,011,110,210}*

~010,011,210

69 {010,011,100,101}"
{010,011,100,110}*
{010,011,101,110}*

~010,011

70 {012,021,100,101}

A~ A1, ()™
bm ~ Cm, bmy1, where
Am =0, by = aml,
Cm = b0

{012,021,100,1107}
{012,021,101,110}

am ~ am1, (bm)™;
b ~ (Cm—1)7;

Cm ~ Cm41, Where
U =0, by = am1,
Cm = bm1

z(lfm+2:c2)
1—2)3

73 {012,021,100,102} "
{012,021,100,120}*
{012,021,100,201}*
{012,021,100,210}*
{012,021,101,102}*
{012,021,101,120}*
{012,021,101,201}*
{012,021,101,210}*

Am ~ Amg1, (bm)™;
bm ~ Cmy b1

Cm ~* Cm41, Where
am = 0™, by, = am1,
cm = b0

{012,021,102,110}~
{012,021,110,120}*
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Class B quadruple

Rules of 7' (B)

G'p (x) /Reference

{012,021,110,201}"
{012,021,110,210}*

Am ~ Amg1, (bm)™;
bm ~ Cmy bmg1;

Cm ~* Cm41, Where
am = 0™, by, = am1,
Cm = b1

z(1—2z43z2—23)
(1—=z)%

76 {012,100,102,110}7
{012,100,110,120}* }5012,100,110
79 {012,100,101,201} Ay, ~>
Am+1, b7n,17 ceey bm,m;
bm’j ~>
Cm,1y-++5>Cm,j>Om+1,5;
Cm,j ~ CTn,,lv - 7Cm,j—17

where a,, = 0™,
bm.j =amJj,
Cm,j =bm,;(J—1)

{012,101,110,201}

Ay~
Am41;bm, 15 bm,m;
b1,1 ~» 010, c1; 010 ~» c1;

bm,j ~
Cm—1,bm,1,..
Cm ~ Cm41, Where

m .
am =0, bm,j =amj,
Cm = am1l

sy bm i1, Cm;

z(l—z+z2+a3)
(1—x)2(1—x—x2)

82 {012,100,101,102}"
{012,100,101,120}*

A, ~>

Amt1,bm,1, -
bm,1 ~ Cm,1,bm+1,1;
~

<y bm,m;

an,j
adm,j7 b

-y Cm,j—1;

Cm,jsCm,2, dm,B; e
Cm,j ~* Cm 1, -
dm,j ~>

2
(cm,2)" dm,3,- .-
where a,, = 0™,
bm.j =amj,
Cm,j = bm,;0,

dm,j =bmj(G—1)

s dm,j—1,

z(1—2x4ax2+23 —2%—25)

(1—z)2(1—z—x2)2

+1,55

33 {011,021,100,102}

am el
Amt1,0m,1, -
~n

< bm,ms
an,j
Crmy b4 1,j+15 - - -
where a,, = 0™,

bm.j = amj

) b1n+1.m+17

{011,021,100,1207

Ay, ~>
Am41:bm,1, - -

bim,1 ~

s bmm;

Cm,05Cm,2, - - -
~

s Cmym413
bm’]‘
Cm—1,55Cm,j+15---5Cm,m+1
Cm,0 ¥ Cm,2,--+,Cm m+1;
Cm,j ~>
Cm+1,541s-++3Cm+1,m+2,
where a,, = 0™,

bm,j = amJj, Cm,j = amlj

{012,101,102,110}"




INTEGERS: 25 (2025)

35

Continuation of Table 2
Class | B quadruple Rules of 7' (B) G'p (x) /Reference
{012,101,110,120}* | @y ~ e(—ata?)
—2)(1-22)
Amt1,0m 1,5 bmm;
bm,1 ~ Cm—1,Cm; bm,j ~
dm,jy bm 15«5 bm j—1,Cm;
Cm ~ Cmt1; Am,j ~
dm+1,5,bm+1,1,- -5 bma1,5,
where a,, = 0™,
bm,j = amJ, ¢m = am1l,
dm,j = bm ;0
36 7000,021,101,120} : :
{000,021,101,102}
{000,021,110,120} See Subsection 4.1
87 {012,100,201,210} | am ~
Am+1, b7n,17 cos bmom;
bm’j ~> )
Cm s (dnl)]ilabmﬁ»l,j?
Cm ~* Cm+41, Where
am =0", bm,j =amj,
Cm = am 10, dyy, = am21
{012,110,201,210} A~ Mi)
a'rrz+1;b7n,17~'~7b7n.7n§ =
bm’]‘ ~> )
bm,la (crnfl)]ilvcm;
Cm ~* Cm41, Where
am =0m, bm,j =amj,
Cm = am 1l
38 7000,021,102,2011"
{000,021,102,2101*
{000,021,100,102}* | *000,021,102
39 {012,100,102,210}"
{012,100,120,210}*
{012,101,201,210}
{012,102,110,210}*
{012,110,120,210}* See Subsection 4.2
90 {012,100,102,201 1"
{012,100,120,201}* | *012,100,201
{012,102,110,201}"
{012,110,120,201}* | *012,110,201 See Section 4.2 in [8]
92 {012,101,102,210}"
{012,101,120,210}* | 2012,101,210
93 {011,102,120,201}
{011,102,120,210} Theorem 7
{011,021,101,102}"
{011,021,102,110}*
{011,021,102,201 }*
{011,021,102,210}* | *011,021,102
{012,101,102,201 1
{012,101,120,201}* | *012,101,201
{012,102,110,120}* | 2012,110
{012,021,102,120}
{012,021,102,201}*
{012,021,102,210}*
{012,021,120,201}*
{012,021,120,210}*
{012,021,201,210}* ~012,021 See Class 45 in Table 2 and Section
3.2 in [8
94 {000,021,120,201}" il
{000,021,120,210}*
{000,021,100,120}* | *000,021120
95 {011,101,102,120}"
{011,102,110,120}* | 2011,102,120
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B quadruple
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{011,021,100,101}"
{011,021,100,110}*
{011,021,100,201}*
{011,021,100,210}*

~011,021,100

{011,021,101,120}"
{011,021,110,120}*
{011,021,120,201}*
{011,021,120,210}*

%011,021,120 See Section 4.3 in [8]

97

{000,021,110,210}"
{000,021,110,201}*
{000,021,100,110}*

~011,021,110

99

{011,100,102,201}
{011,100,120,201}

Theorem 5

101

{011,100,101,102}*
{011,100,102,110}*

~011,100,102

102

{011,100,101,120}~
{011,100,110,120}*

~011,100,120

105

{000,021,101,201}"
{000,021,101,210}*
{000,021,100,101}*

~000,021,101

109

{012,102,201,210}"
{012,120,201,210}*

~012,201,210

113

{012,102,120,201}*

w

012,201

{012,102,120,210}*

w

~012,210 See Section 3.3 in [§]

114

{011,101,102,210}~
{011,102,110,210}*

~011,102,210

115

{011,101,102,201}~
{011,102,110,201}*

~011,102,201

119

{000,021,100,201}*
{000,021,100,210}*
{000,021,201,210}*

~000,021

120

{011,101,120,201}~
{011,110,120,201}*

~011,120,201

121

{011,100,201,210}
{011,101,102,110}*

See Section 4.3

123

{011,101,120,210}"
{011,110,120,210}*

~011,120,210

125

{011,100,101,201}*
{011,100,110,201}*

~011,100,201

{011,021,101,110}"
{011,021,101,201}*
{011,021,101,210}*
{011,021,110,201}*
{011,021,110,210}*
{011,021,201,210}*

28

011,021 See Section 4.4 in [8]

127

{011,100,101,210}"
{011,100,110,210}*

28

011, 100, 210

145

{011,101,201,210}"
{011,110,201,210}*

~011,201,210

149

{010,021,100,101}*
{010,021,100,102}*
{010,021,100,110}*
{010,021,100,120} *
{010,021,100,201}*
{010,021,100,210}*
{010,021,101,102}*
{010,021,101,110}*
{010,021,101,120}*
{010,021,101,201}*
{010,021,101,210}*
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010,021,102,110}"
{010,021,102,120}*
{010,021,102,201}*
{010,021,102,210}*
{010,021,110,120}*
{010,021,110,201}*
{010,021,110,210}*
{010,021,120,201} *
{010,021,120,210}*
{010,021,201,210}* | am ~
Am+1, b7n,17 ceey bm,m;
brm,j ~
b1,y bmt1,m+1,
where a,, =0,
bwn,j =amj
{011,101,110,201}* | ~ 011,201 1=2z=yI-iz
162 {010,100,101,120}
{010,100,110,120} Theorem 8
173 {010,100,120,201}
{010,110,120,201} Followed from Subsection 4.7 in [5]
172 {010,100,110,201}
{010,101,110,201} Followed from Subsection 4.6 in [8]
178 {010,101,120,210}
{010,110,120,210} Followed from Subsection 4.5 in [8]
185 {010,100,201,210}
{010,101,201,210} Followed from Subsection 4.6 in [8]
186 {021,100,102,120}
{021,101,102,120}
{021,102,110,120} Followed from Subsection 4.7 in [8]
190 {021,100,101,120}
{021,101,110,120}
{021,100,110,120} | am ~
Amt1,0m 155 bm m;
bm,j ~
Cm—1,55Cm,j5 -5 Cm,m+1;
Cm,j ~*
Cm41,55 ) Cm+41,m+1,
where a,, = 0™,
bm,j = amJ, Cm,j = amlj
{021,100,101,102) | am ~ iel(-vizde) .z
Amt1,0m 1,5 bmm;
bm,j ~
Cmsbmt1,5, - bmt1,m+1,
where a,, = 0™,
an,j = amJ, Cm = am 10
191 {021,102,110,201}*
{021,102,110,210}* | % 021,102,110
192 {021,102,120,201 1"
{021,102,120,210}* | X 021,102,120
193 {021,100,102,201 1"
{021,100,102,210}* | % 021,100, 102
194 {021,101,102,201}"
{021,101,102,210}* | ~ 021,101,102
195 {021,100,110,201}"
{021,100,110,210}* | ~ 021,100,110
196 {021,101,120,201}
{021,101,120,210}*
{021,100,120,201}*
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Continuation of Table 2
Class | B quadruple Rules of 7' (B) G'p (x) /Reference
{021,100,120,2101° | am ~
Amt1,0m 1,5 bmm;
bm,1 ~
Cm,0,bm41,1,Cm, 25+ -+ s Con il 15
bm,j ~>
Cm—1,j50m+1,55Cm j+1y- - Fm,m+1;
Cm,0 ~*
Cm+41,05 Cm41,25 -+ s Crf1,m 425
Cim,j ~
Cm+41,55--+5Cm+1,m+2;
where a,, = 0™,
bm.j = @GmJ, Cm,j = amlj
{021,110,120,201}7
22 _ =
{021,110,120,210}* | a,, ~ 2 7”4”2;(393)”“ iz
Am+1;0m, 15+ bm,ms;
bm.,1 ~ Cm,05- 5 Cm,m+1;
bm,j ~
Cm—1,j—15Cm,js- -5 Cm,m+1
Cm,0 ~
Cm+1,0,Cm,15---5Cm,m+13
Cm,j ~
Cmd1,5s s Cmt1l,m+2,
where a,, = 0™,
bmwj =amj, Cm,j = amlj
197 {021,101,110,201}7
{021,101,110,210}* | ~ 021,101,110
201 {021,100,101,201}"
{021,100,101,210}* | X 021,100,101
205 {100,102,120,201}
{102,110,120,201} Theorem 9
206 {100,102,120,210}
{101,102,120,201}
{101,102,120,210
{102,110,120,210 Theorem 10
211 {101,102,110,201
{021,120,201,210}* Subsection 4.5
214 {100,101,120,201}
{101,110,120,201} Following from Lemmas 13 and 14
in [5]
215 7100,101,110,201}
{021,101,201,210}* Open
219 {100,101,102,201}
{100,110,120,201} Theorem 11
226 {101,110,201,210}
{100,110,201,210} Subsection 4.6
237 {100,120,201,210}
{110,120,201,210} Followed by Section 4.8 in [8]
End of Table 2

Table 2: Rules of generating trees for weak ascent

of length-3 patterns.

sequences avoiding a quadruple

Proposition 1. (i) The number of weakly increasing weak ascent sequences of
length n is the Catalan number C,; (it) The number of weakly increasing weak
ascent sequences of length n that avoid the pattern 000 is the Motzkin number M,,.

Proof. (i) A Dyck n-path is a lattice path of n upsteps (1,1) and n downsteps
(1,—1) that starts at the origin and stays weakly above the z-axis. Dyck n-paths
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are counted by C),. Define a map ¢ from a Dyck n-path P to a length-n nonnegative
integer sequence {(w;)"_,} by letting w; be the distance from the ith upstep of P
northwest to the diagonal line y = x. Then ¢ is a bijection from Dyck n-paths to
weakly increasing weak ascent sequences of length n.

(ii) The restriction of ¢ to Dyck n-paths with no 3 (contiguous) upsteps UUU is
a bijection to weakly increasing weak ascent sequences of length n that avoid the
pattern 000. The comments on A001006 in OEIS give a short proof that UUU-free
Dyck paths are counted by the Motzkin numbers M,,. O

4.1. Class 86
Let P = {000, 021,101,120}, @ = {000,021, 101, 102}, and R = {000,021, 110, 120}.
Theorem 4. We have

WA, (P)| = |WA,(Q)| = |[WA,(R)| = M, + My,_2,  forn >3.

Proof. First note that a weakly increasing weak ascent sequence that avoids 000
also avoids all of the other patterns in question and so is a P, @, and R avoider.In
each of cases P,Q, R, we give a bijection from the length-n avoiders that are not
weakly increasing to the length-(n — 2) weakly increasing weak ascent sequences
that avoid 000. The theorem then follows from Proposition 1(ii).

A weak ascent sequence that avoids 021 can only have 0 as a descent bottom and
if it also avoids 000, then 0 can occur only once as a descent bottom. So all of our
avoiders have a unique descent bottom O.

A case P avoider w = (w;)}~, of length n > 3 that is not weakly increasing must
begin 010 or 0110 for if it begins 012 or 0112, the descent bottom would end a 120;
also, all later entries must be at least 2 or a 000 or 101 would be present. The map
Yp defined by

0 (wz — 1)?:4 if w3 = 0,

00(w; =iy ifws=1,

Yp(w) = {

is the desired bijection.

A case @) avoider w = (w;)?_; of length n > 3 that is not weakly increasing must
end with a descent to 0, say a0 because a0b would be a 102 if b > a and a 101 if
b = a while if 0 < b < a, then 0ab would be a 021, and b = 0 would produce a 000.
The interior entries of w are all positive to avoid 000. Here the map v¢ defined by
Yo(w) = (w; — 1)7=; is the desired bijection.

A case R avoider w = (w;)}_; of length n > 3 that is not weakly increasing must
begin 010. For otherwise, there are at least two entries between the two 0’s and they
must be distinct or a 110 is present. Since they are increasing, they must form an
initial segment of the positive integers because w is a weak ascent sequence, and so a
forbidden 120 would be present. Here the map v defined by ¢ g(w) = 0 (w; — 1)1,
is the desired bijection. O
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4.2. Class 89
By Theorem 3, we have
{012,100, 102,210} ~ {012, 100,120,210} ~ {012,100, 210}

and
{012,102,110, 210} ~ {012,110, 120, 210} ~ {012,110, 210}.

Thus, by Section 4.1 in [8], we obtain

> WA, (012,100, 102, 210) 2" = [WA, (012,100, 120,210)[«"

n>0 n>0
=Y |[WA,(012,102,110,210)[z" = _ |WA, (012,110,120, 210)[="
n>0 n>0
x(z* — 323 + 522 — 3x + 1)

= = =z 4222 + 523 + 1224 + ... .
(1—x)°

Note that this generating function corrects the generating function in Section 4.1
in [8] which begins 2x + 222 + 523 + 122* + ... (the difference between the two
is only an 2 summand). Thus, it remains to find the generating function F(x) =
> om0 |WARL(012,101,201,210)|z™. By our strategy, we find the the generating tree
77(012,101, 201, 210) satisfies the following rules:

Gy~ g 15,015+ 2 Dy
bm,j ~ (Cm)j;bm—&-l,jy
Cm ~ Cm+1;,

where an, = 0™, b j = @mJ, Cm = an10.

Define A,,(x) (resp. B, ;(x), Cm(x)) to be the generating function for the num-
ber nodes at level n in the subtree 77(012,101,201, 210; a,,) (resp. 7'(012, 101, 201,
210; by, ), 7'(012,101,201, 210; ¢, ) ), where the root stays at level 1. The rules lead
to the following recurrence relations:

Ap(z) =z +zAn1(2) + 2 Z B, j(z),
j=1

By, j(z) =z + joCh(x) + 2By j(x),

Cm(z) = 2 4+ 2Cpy1(2).

Hence, by induction on m, we have that C,(z) = t%. Thus, By, j(z) =  + ffi, +

Byq1,5(x). Define B(xz,u,v) =), Z;n:l By j(x)u™Jv™ =1 Then, B(z,u,v)
satisfies

xT (Ez x

+*(B(CE,U,U)*B(IC,O,U)).

Blrwo) = i) "o 0P —w)
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Taking u = 2 /v, we obtain

z(1 — v+ vx)
B(z,0,v) = ——————%5
which leads to,
1—
Bla,u,v) = (1 — v+ vx)

(1—2)2(1 —v)2(1 —wv)’

Define A(z,v) =3, 5, A (x)v™ L. By the recurrence for A,,(x), we have

Aw,v) = —— + Z(A(2,v) = A(2,0)) + 2B(w,1,0).
—v v
Taking v = z, we obtain
A, 0) = z(z* — 323 + 522 — 3z + 1)

(1—2)°

4.3. Class 121
Note that {011,101,102,110} ~ {011,102}. By Section 3.4 in [8], we have

Z |WA,,({011,102})|z" = z(l—x)

=
et 1-3x+=x

Thus, the aim of this section is to show
z(1— )

WA, ({011,100, 201,210})[z" = ———~_
> WAL ({ Dl 132+ 22

n>1

(1)

A descent pair in a sequence w is a pair of consecutive entries w;, w;4+1 with
w; > w41 and w; is a descent top. For a weak ascent sequence w, we say wy, is a big
entry if k > 2 and wy, is equal to 1 plus the number of the weak ascents in (w; )"~} (so
wg > 1 has its maximum allowed value). Let W,, denote WAS,, (011, 100, 201, 210).
A weak ascent sequence (w;)"_; is in W, if and only if its positive entries are
distinct (to avoid 011) and, after a descent w; > w;1, all later entries are greater
than w; (to avoid the other three triples). The following lemma is evident from this

characterization and the definition of weak ascent sequence.

Lemma 1. For w € W,, and 2 < k < n — 1, if wy is a big entry, then either
Wi1 5 also a big entry, or wy,wr4+1 15 a descent pair and w; is a big entry for
j>k+2. O

Let W), ,, denote the subset of W,, for which the last descent top occurs in position
k (taken to be 0 if there are no descents). For example,

Wy = {0010,0020, 0021, 0120}.

Set u,, = |W,| and let u, = |Wy, k|. The first few values of u,, j, are given in Table
3.
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o~

n\NEl o 123 4 5 6 7
1T [ 1 0

2 | 2 o0

3 |4 01

4 |8 01 4

5 116 0 1 5 12

6 |32 0 1 6 17 33

7 164 0 1 7 23 50 88
8 128 0 1 8 30 73 138 232

Table 3: Table of values of u,, j

4.3.1. The Recurrence

We will show that wu, j satisfies the following recurrence:

Up,0 = on—1 forn > 1,
Up1 =0 forn > 1,
Up2 =1 for n > 3,
Unk = Un—1k + Un—1,k-1 for2<k<n-—1,

Up,k = Up,n—2 + Up—1n—2 + N — 2 fork=n-1.
This recurrence leads to the generating function
T 23y?

U = ok = .
(z,y) le;m“"”“x Y 1—2z * (1—2—2y)(1 —3zy + 22y?)

Note that U(x,1) = lf(;;fgz, which completes the proof of 1.

To establish the recurrence, the case k = 0 is known. For n > 1, W, ; is clearly
empty. For n > 3, W, o consists of the singleton (0,1,0) when n = 3 and the
singleton (0,1,0,2,3,...,n —2) when n > 4.

Next suppose 2 < k < n — 1. By Lemma 1, if w € W, ; has a big entry,
then w, is a big entry. So the map “delete last entry” is a bijection from {w €
W,k + w contains a big entry} to W,_1 . For example, 00103245 — 0010324. To
reverse the map, given w € W, _1 1, append to w the entry 1+ # weak ascents
in w. Contrariwise, the map “delete first entry” is a bijection from {w € W, :
w has no big entry} to W,,_1 x—1. For example, 0001243 — 001243. To reverse the
map, given w € Wy_1 1, prepend 0 to w. Hence u, 1 = Up—1,% + Un—1,k—1, aS
claimed.
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Now suppose k =n — 1, n > 4. Partition W,, ,_; into 5 subsets:

By :={w € W, ,,—1 : w has no big entry},
By :={w € W, ,,—1 : w has a big entry and first n — 2 entries are all 0’s},
Bs :={w € W, ,,—1 : w has a big entry, first n — 2 entries
not all 0, wy,—1 =n — 2, wp_o > wy},
By :={w € Wy, 1 : w has a big entry, first n — 2 entries
not all 0, wy—1 =n — 2, wp—o < wy},
Bs :={w € W, ,—1 : w has a big entry, first n — 2 entries
not all 0, wy,—1 # n — 2},

Note that in the subsets B3 and By, the first condition is implied by the third
condition w,,_1 =n — 2.

The map “delete first entry” is a bijection from By to W, _1 ,_2. For example,
0001342 — 001342.

An element w of By must have w, 1 = n — 2 since w has a big entry, and
wy, € [0,n — 3] since wy,—1 is a descent top. Hence |Bz| = n — 2, a summand in the
recurrence.

The map “switch last 2 entries” is a bijection from Bs to {w € Wy p—2 @ wy =
n — 2}. For example, 0002453 — 0002435. Also, the map “change wy,_; from n — 2
to 07 is a bijection from By to {w € W,, 5,2 : w, < n—3, w,_1 = 0}. For example,
0002354 — 0002304.

Hence, it remains to show that Bs renamed as U, (to take account of sequence
length) and

Vo ={weW, 2 w, <n-—3, wy_1 #0}

are equinumerous.

4.3.2. The Case of U,, and V,,

We refine U,, and V,, according to the size of the last descent: U, ; := {w € W, 1 :
w has a big entry, first n — 2 entries not all 0, w,—1 #n — 2, w,—1 — w, = j} for
1 < j <n—5. Similarly,

Voji={we Wy o wp <n—3, w1 #0, Wp_o—Wp_1 =3}

for 1 <j<n-5.

We first show that |Upi1 41| = 2|Un ;| and [Vig1 jy1| = 2|V, 4], both for 1 <
Jj <n—6. Given w € U, ;, form two new sequences as follows: increment w,,_;
by 1 and prepend 0 as in 0001042 — 00001052, or insert w,_1 + 1 in position n as
in 0001042 — 00010452. This is a 1-to-2 map from U, ; onto Uy4q jy1. Similarly,
given w € V,, 5, form two new sequences: increment each of w,_o and w, by 1 and
prepend 0 as in 0001324 — 00001425, or increment w, by 1 and insert w,_o + 1
in position n — 1 as in 0001324 — 00013425. This is a 1-to-2 map from V,, ; onto
Vot1,j+1-
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These observations reduce our problem to showing that U, ; and V,, 1 are equinu-
merous. Set f(n,a) = min(n —3 —a, [(a — 1)/2]).

Proposition 2. We have
(i) For alln > 1,

[n/3]—1
n—k—4 n—k—4
U — 27173](:74 277,731673.
[Un.1] ; < 2k > T\ ok

(ii) For alln > 1,

n—4

[Voil = Z 297%(n — a — 3)

a=2

+§f§) a—2 9u—2k=2 4 a—2 ga—2k—1 (n—k—a—2)
2k 2k —1

a=2 k=1
_ 2n74 —n4+ 3

+§f§f) a—2 ga—2k=2 | a—2 ga—2k—1 (n—k—a—2)
2k 2k —1 '

a=2 k=1

Proof. (i) Let w € Uy, 1. So the last descent top of w is in position n — 1 and w has
a big entry. Let j denote the position of the last big entry in w. If j < n — 2, then
by Lemma 1, w,, would be a big entry, contradicting the fact that w,_; is a descent
top. Hence j =n —1 and w,_; is a big entry. Since w,_1 # n —2 and and w,,_1 is
a big entry, there must be at least one descent in (wi)?:_f for otherwise w,,_1 would
be n — 2.

Suppose there are k descents in (wi);’:_f. Then there are (n —3) — k weak ascents
in (wi);:f and since w,,_1 is big, w,_1 = n—k—2. Hence, w, = w,_1—1=n—k—-3
and all other entries of w are at most n — k — 4.

It is now clear that w is determined by a (2k)-element subset X of [0,n — k — 4]
to form the descent pairs in (w;)}~;? and an arbitrary subset Y of [1,n —k — 4]\ X
to give the remaining nonzero entries in (wi)?;f. For example, when n = 11 and
k=2,if X ={0,1,2,4} and Y = 0, then w19 = n—k—2 = 7 and w = 00000104276,
while if Y = {3}, then w = 00001034276 and if Y = {3,5}, then w = 00010342576.

If 0 ¢ X, there are ("_2]2_4) choices to select X and Y, is a subset of a set of
(n—k —4) — 2k = n — 3k — 4 elements—2""3~* choices. On the other hand,
If 0 € X, there are ("2;’“__14) choices to select X, and Y is a subset of a set of
(n—k—4)— (2k — 1) =n — 3k — 3 elements—2"~3*=3 choices. Part (i) follows.

(ii) Let w € V,, 1. Since w,—_2 is a descent top, we have w,_o < wy, and by
hypothesis, w, < n — 3. Since w,_1 # 0 and w,_2 = w,_1 + 1, it follows that a :=
Wp—2 € [2,n —4]. To meet the weak ascent condition, there are some restrictions
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on k and an additional condition on w,, presented in the next paragraph. Then w
is determined by a (2k)-element subset X of [0,a — 2] to form the descent pairs in
(w;)"=3, an arbitrary subset Y of [1,a—2]\ X to give the remaining nonzero entries
in (wi)?;f, and a single element of [a + 1,n — 3] to serve as w,. For example, with
n=11,a=6,k=1,iff X =2,3 and Y = §) and w,, = 8 (which are all permissible),
then w = 0632658 while if Y = 1,4, then w = 0% 1324658.

With & descents in (w;)!=}%, there are (n —4) — k weak ascents in (w;)?-> and
s0oa=wy_o <n—k—3, whence k < n—a— 3. In the interval [0,a — 2] there
is room for at most (a — 1)/2 disjoint pairs and so k < (a — 1)/2. Also, there are
n — k — 3 weak ascents in (w;)?~;' and we have w, < n —k — 2 in addition to
w, < n—3. When k = 0, there are 22 choices for Y, and w,, € [a + 1,n — 3],
so n — a — 3 choices for w,. When 1 < k < f(n,a) := min(n —3 —a, [(a — 1)/2]),

1) when 0 ¢ X, there are (%,%) choices for X and 2%~2%~2 choices for Y, and (2
2k

when 0 € X, there are (2‘1,;21) choices for X and 202~ (2k=1) = 9a=2k—1 chojices for
Y. In both cases (1) and (2), a+ 1 < w, <n—k—2 and so there are n —k —a — 2
choices for w,,. Part (ii) follows. O

Lemma 2. Let u, = |U,1| and v, = |Vp1|. Then, u, and v, both satisfy the
recurrence relation fn, = 5fn—1 — Tfp—2 + 2fn_3 with fo =1 and f; = 0 for all
J <.

Proof. Let uy, = |Up 1| and v,, = |Vj,1]. By Proposition 2, we have

[n/3]-1
B n—k—4 n—k—4 n—3k—4

k=1
n4f(na) a—2 a—2
=204 — 3 2 —k—a—2)2072k=2
v n+ +;§(< 2k>+ <2k_1>)(n a—2)

Let us show that ug,i+¢ = buspye—1 — TUspir—2 + 2usnie—3 with £ = 0,1,2. By
definitions, we have

—U3y + OU3p—1 — TUZp—2 + 2U3,—3

. +”§ (_ (Sn —QZ —4> B 2<3n2;f;4)> ——
<3n —lez - 5) 410 (3n2;f; 5>> o3n—1-3k—1
(371 —2: - 6) wu <3n2;fz 6)) o3n—3k—6
2(3n —2: - 7) N 4<3n2;f; 7)) o3n—3k—T

+
]

roon N N
i
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. "i:? 4y 22736 (3n — k — 7)!
B — (3n—3k—3)I(2k-1)! ’

where ay, ), = 5k3 — 15k%n — 81kn? +27n3 + 36k% + 360kn — 108n% — 413k +93n + 36.
By mathematical programming (such as Maple), we have that

niz an 12373630 — k — 7)! B
= (3n—3k - 3)!(2k — 1)! B

Hence, the sequence u,, satisfies uz, = dugn_1 — Tuzn—2 + 2us,—3. By using same
argument, we obtain that u,, satisfies ug,4+¢ = duspye—1 — TUSn40—2 +2Usp4¢—3 With
¢ = 1,2, which completes the proof for the sequence wu.,.

By considering the same arguments, we can show that vo,4¢ = Svopye—1 —
TVan40—2 + 2U2n+g_3 with ¢ =0, 1. O

Proposition 3. Both sums in Proposition 2 evaluate to Fa,_7 — 274,

Proof. Let uy, = |U, 1| and v, = |V, 1|. By Lemma 2, we have that u,, and v,, both
satisfy the recurrence relation f,, =5f,—1 — 7fn—2 + 2fn—3 with fs =1 and f; =0
for all j < 5. Hence, u,, = v,.

Define F(z) =3, < fnz". Then the recurrence leads to

6

T
F =
@) = o0 =3+ 29

2% T 39x 207 1 L 13-34

2 4 8 16 16(1 —2z) 1—3z+ 22’
which, using m = D n>0 Font22™ (£, denotes the nth Fibonacci number)
gives

fn = 13Fpn19 — 34Fp, — 274 = Fp 7 — 2774,

for all n > 6. O]

4.4. Classes 61, 93, 99, 162, 205, 206, and 219

A left to right maximum, LRmax for short, in a sequence of nonnegative integers
a = aasz - - - Gy is an entry a; such that a; > a; for all j < ¢. Thus for a = 011033101,
the LRmax entries are ai,as,as with values 0, 1,3, respectively. Any sequence
of nonnegative integers can be decomposed uniquely as mim™) - muw®*) where
ma,...,my are the LRmax entries in a, m; < ms < --- < my, and m; > 7@
(entrywise). We call this the LRmax decomposition of a. If a € WA, then also
my = 0 and so 71 is all 0’s, and my <n — 1.
We begin with Class 99.
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Theorem 5 (Class 99). We have {011,100, 102,201} ~ {011,100, 120, 201}.

Proof. Suppose a € WA,, and mimrWmar@ ... kar(k) is the LRmax decomposition
of a. Then a € WA, (011,100, 102, 201) if and only if

e the nonzero entries in a are distinct;
7 =0, foralli=23,....k—1;
e 7" is decreasing.
Also, a € WA, (011,100, 120, 201) if and only if
o m; > >m;_y fori=3,4,...,k, and my > 7 > m(=0);
o 7" is decreasing for i = 2,3,..., k.

To prove our theorem, we exhibit a bijection f from a € WA, (011,100,102, 201) to
b € WA, (011,100, 120,201). For a, we can express 7(%) as §*) (k=1 ... 3(2) wwhere
m; > O > m;_y for i = 3,4,...,k and ms > 32 > my = 0 and each B is
decreasing. Then define

b= f(a)=f (m1ﬂ(1)m2m3m4 ooy R gD L 5(2))

= mirWmeB® ...y B
We leave the reader to verify that f is a bijection. O
Theorem 6 (Class 61). We have {010,011,102,201} ~ {010,011, 120, 201}.

Proof. This class is related to Class 99. It is easy to check that WA, (010,011,102,
201) = {a € WA,,(011,100,102,201) : 0 is not a descent bottom in a} and WA,,(010,
011,120,201) = {a € WA, (011,100, 120,201) : 0 is not a descent bottom in a}. The
bijection f of Theorem 5 for Class 99 preserves the “0 is not a descent bottom”
property, and the theorem follows. O

It follows from the observations at the start of the preceding proof that Classes
99 and 61 are related by

|WAn(011a 100, 102, 201)| = |WAn(Q)| + ‘WAn—l(Q)‘ -1

for n > 2, where @ is the first quadruple in Class 61.

w

Theorem 7 (Class 93). We have {011,102,120,201} ~ {011, 102,120,210}. More-
over, the generating function for the number of weak ascent sequences of length n

that avoid {011,102,120,201} is given by g@gi;%*;)
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Proof. Let A = {011,102,120,201} and B = {011,102,120,210}. We define f :
WA, (A) — WA, (B) by mapping 7 € WA,,(A) to n’ € WA,,(B), where 7’ is obtained
from 7 by reversing the letters to the right of the first occurrence of the max letter
of 7. For example, if 7 = 000012543 then 7’ = 000012534. Clearly, f is a bijection,
which shows that A ~ B.

Now, we find the generating function F(z) := )", -, |WA, (A)|z™. The sequences
in U,>1WA, (A) can be characterized and counted ‘directly by partitioning them
into 3 subsets as follows:

e No descents: Clearly, the contribution to the generating function F(z) is

1-2x"

At least one descent, exactly one ascent: These avoiders are a string of
0Os followed by a decreasing sequence of 1 or more positive integers followed by
a (possibly empty) string of Os. It is easy to calculate that the contribution
3

to the generating function F(z) is %

At least one descent, at least 2 ascents: These avoiders are weak ascent
sequences that consist of a string of 0s of length ¢ > 2, followed by an increasing
sequence of j > 1 positive integers ending at some integer a, followed by a
decreasing sequence of r > 2 positive integers all greater than a. Hence, the
contribution for the generating function F'(z) is given by the sum

itji—2 a-1\ i, i+i—a iti—a\
Yy () ()

i>2j>1 a=1 r=2

T T (7)) e

5251 a=1 M T

:ZZZ (j:i)xzﬂ (A+2)™ = (i+j—a)z—1)

j>1a=1:>2

a—1\ .. L o
+;a;”>(§+2 (jl)xﬂ ((1+x)1+1 a_(l-i-j—a)x—l)

x° 28

(1—2)31—z—2a?) + (1—2)3(1 —2z)(1 —xz — a?)

°

(1-—2)2(1 -z —22)(1 —2x)

By adding all the contributions, we obtain that

o 23(1 + ) x°
T TP —z—2) (=220 -z —22)(1—22)

F(x)
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~x(22? -2z +1)
C(1-22)(1—2)?’

as claimed. O

Theorem 8 (Class 162). We have {010,100, 101,120} ~ {010,100, 110, 120}.

Proof. Suppose a € WA,, and mimMmayn® ... my7*) is the LRmax decomposition
of a. Then a € WA, (010,100, 101, 120) if and only if

o 7 >m;_, fori=23,...,k;
o ) =my;...m;B® such that m; > B > m;_1, fori=2,3,... k;
e 3% avoids {00,120} for i = 2,3,..., k.
Also, a € WA, (010,100, 110, 120) if and only if
o 7 >m, 4 foralli=23,... k
o 7 = B, ...m; such that m; > B >m,_q, forall i =2,3,...,k;
e 3% avoids {00,120} for i = 2,3,..., k.

These two decompositions permit an obvious bijection between WA, (010, 100,101,
120) and WA,,(010, 100, 110, 120). O

Theorem 9 (Class 205). We have {100, 102,120,201} ~ {102,110, 120,201}.

Proof. Suppose a € WA,, and mimMmyn® ... my7*) is the LRmax decomposition
of a. Then a € WA,,(100, 102,120, 201) if and only if

e (1) =m? (superscripts denote repetition) with s; > 0 for i = 1,2,...,k — 1;

o 1(F) cither (i) = my* with s, > 0 or (ii) = m*b; . ..bTmZ’“ with my > by >
co>bp >my_q,r>1, 5, >0, s, >0and sj, =0 unless r = 1.

Also, a € WA, (102,110,120, 201) if and only if
o 7)) =m? with s; >0 fori=1,2,...,k—1;

o (8 either (i) = mj* with s, > 0 or (ii) = by ...b._1b5*m;* with my > by >
o> b > by >myp_g, 7> 1,5, >1,s; >0and sj, =0 unless r = 1.

We can now define a bijection f from a € WA,,(100,102,120,201) to b € WA, (102,
110,120,201). Given a, if its 7(F) falls in case (i) or case (ii) with s, = 0, then a
avoids 110 and f(a) = a, otherwise a contains 110, so delete the initial factor m;*
from 7(*) and insert a factor bJ* next to b, to change the 110s into 100s. This gives
the 7(¥) for b = f(a). For example, 000320 — 000320, 00011444321 — 00011432111,
and 00011444244 — 00011422244. The inverse is clear. O
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Theorem 10 (Class 206). We have

{100, 102, 120,210} ~ {101,102,120,201} ~ {101, 102, 120,210}
~ {102, 110,120, 210}.

Proof. Let B = {100,102,120, 210}, {101, 102,120,201}, or {101, 102,120, 210}. By
our algorithm, the generating trees 7'(B) has the following succession rules

Am ~ Am+1, bm,ly sy bm,m;
bm’j ~ Cm)j, ey Cm,17 bm+1,j; dm,j7j+17 e ,dm,j,erl;
Cm,j ~7 Cm41,5—15+++5Cm+1,1, Cm+1,5;
i ~ Cmj—ir e s Cont 1,15 At 10,5 Gmt1,5,5415 - - - > Gmt1,5,m+25

where a,, = 0™, by j = amd, Cm,j = amj0, dm,i; = amij. Hence, the first 3
quadruples are WA-Wilf equivalent:

{100,102, 120,210} ~ {101, 102,120,201} < {101,102, 120,210}.

Now, we show that {101,102,120,210} ~ {102,110,120,210}. Suppose a €
WA, and mirWmon@ ... mu7*) is the LRmax decomposition of a. Then a €
WA,, (101,102,120, 210) if and only if

o 7)) =m% with s; >0 fori=1,2,...,k—1;

o 7b) = m;* B where s, > 0 and § forms a nondecreasing sequence such that

mg > > myg_1.
Also, b € WA, (102,110,120, 210) if and only if the following hold:
o 1) =m with s; >0fori=1,2,...,k—1;

o 7k = pm;*, where s, > 0 and § is a nondecreasing sequence such that
my > B> my_;.

Clearly, mapping the LRmax decomposition of a € WA, (101,102,120,210) to
the LRmax decomposition of b € WA, (102,110, 120,210) by suitably rearrang-
ing the entries of 7(F), we obtain a bijection between WA, (101,102, 120,210) and
WA, (102, 110, 120, 210). 0

Theorem 11 (Class 219). We have {100, 101,102,201} ~ {100, 110, 120,201}.

Proof. Suppose a € WA,, and mimMman® - .. my7(®) is the LRmax decomposition
of a. Then a € WA,,(100,101,102,201) if and only if

o 70 =m?® where s; > 0fori=1,2,...,k—1;
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o 1(k) = mzkﬂ(k)ﬂ(k_l) - B3 where s, > 0 and m; > 8 > m,_; and S@ is
a decreasing sequence, both for ¢ =2,3,... k;
Also, b € WA, (100,110,120, 201) if and only if

o 71 = B(i)mf"’ where s; > 0, m; > 8% > m,;_; and S is a decreasing
sequence, all for ¢ =2,3,... k.

These decompositions suggest the following bijection from WA, (100,101, 102, 201)
to WA, (100, 110, 120, 201):

myrWmar® . mk,lw(k_l)mkmzkB(k)ﬂ(k_l) B
mim MmO 7@ g fETD k=D, gk ee
For example, with vertical lines enclosing each LRmax,

0]00|1|2]225/555|8|8876540 — |0]00|1]0]2|22|5/4555|8|76588.

4.5. Class 211
Let @ = {101,102,110,201}. Set F(x) = ano WA, (Q)|z™.
Theorem 12. We have

(2—-3z —2?)y/1 -4z — oz —2?
21 —2)(1 — 4z — 22) ’

F(z) =

The rest of this section is devoted to the proof of Theorem 12. For w = (w;)}_, €
A, (Q), after a descent w; > w;11, all later entries are at most w; 1 (to avoid 101,
102, 201) and if w;12 = wit1, then w; = w;4q for all j > i+ 1 (to also avoid 110).
If w e A, (Q) has a descent, then ¢ := max(w) occurs only once in w, to avoid 110,
and c initiates the first descent.

Now partition WA, (Q) into 3 mutually exclusive classes:

o X, ={weWA,(Q) : w is weakly increasing (no descents)},

o YV, = {w e WA,(Q) : w has at least one descent and w has no repeated entry
before c},

o 7, ={w e WA,(Q) : w has at least one descent and w has a repeated entry
before c}.

An avoider in Y, has the form 0/ Rc¢ S sk with s := min(S) or 0/ Rc¢ S 0¥, in both
cases with R < c¢ a strictly increasing sequence of positive integers and S < ¢ a
strictly decreasing sequence of positive integers, and with 7 > 1 and & > 0. We
partition Y,, into 3 subclasses according to the factors R and S :
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° erl) : S =1, so the avoider has the form 0/ Rc0* with k > 1,

. 7,(2) : S#0, RNS =0, so the avoider has the form either 0/ Rc¢ S sk with
50 := min(S) and k > 0, or 0/ Rc S 0¥ with k > 1,

e V¥ S£0, RNS #0.
For example,

it = {010},

vV = {0010, 0020, 0100, 0120},

v® = {0021}, v* = {0121},

v = {00121, 00131, 00232, 01211, 01231, 01232}.

For w € Z,, let a denote the largest repeated entry before c¢. Then w can be
decomposed as (*) Pa‘ ReSa*, k> 1, or (**) Pa* RcSsk, k>0, where in both
cases, P is a weakly increasing sequence of nonnegative integers, a > 1, £ > 2 R is
strictly increasing (may be empty), S is strictly decreasing (may be empty in (*)),
and P <a < R<c¢>S5>aand sy :=min(S). Analogous to Y,,, we partition Z,
into 3 subclasses according to R and S :

o Z : case (*) with S = 0, so the avoider form is

PaéRcak, k>1,

o 7P : case (*) with S # 0 and case (**) with RN S = 0, so the avoider form
is
Pa*ReSa®, k>1, RNS=0, S#0

or
PaeRchg, k>0, RnS=0, S +#0,

o Z\¥ : case (**) with RN .S # 0.

For example, Z" = {01121, 01131}, z¥ = {01132}, Z!¥ = 0, and Z¥ =
{011232, 011242, 011343},

4.5.1. Generating Functions

Set Fx(x) := ), <o |Xn|2™ and analogously for Fy (z) and Fz(z). Thus F(z) =
Fx(x) + Fy(z) + Fz ().

Case X: We have |X,,| = C,, and Fx(z) = 1_27‘/?.

Case Y: For Y,gl), we have the form w = 07 R ¢0F with j > 1, kK > 1. Set r = |R|.

Now ¢ > r + 1 since the entries in R are distinct. The latter fact also ensures that
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w is in fact a weak ascent sequence provided only that c satisfies the weak ascent
condition: ¢ < 7 + j. The generating function Fyu(z) = >, <4 \Yn(l)| x™ is thus
given by

r+j c—1 i T 3
Fyo(@) =Y > > ( , )x 1-2z (1-2)2(1-22)

j>21r>0c=r+1

For Y,gZ), we have the form w = 07 Rchlg with £ > 0 or w = 07 Re S 0F with
k > 1. In both cases, r = |R| > 0 and s = |S| > 1 and RNS = 0. Here ¢ > r + 2
to allow room for S C [1,¢]\ R. Again, w is a weak ascent sequence provided only
that ¢ <7+ j. The generating function Fy o (z) =), <, |Y7§2)| a™ is thus given by

Fro =X 523 () (T e (120

j>1r>0c=r+2 s=1

(1 +z)
(1-2)2(1—22)(1 — 2z —22)°

Here is a bijection ¢y from Y, to ngj_)l. Given w € Y, set ¢ := max(w) and
a = wy. If a occurs before ¢ in w, let w; = a be the last occurrence of a before
¢, and then ¢y (w) = Owy...wj—1 (1 + w;)jL;. For example, for w = 00013540,
we have j = 3 and ¢ = 0 and ¢y (w) = 000124651. On the other hand, if a does
not occur before ¢ in w, let j be maximal such that w; < a. Then ¢y (w) =
(wi)l_ya(a+1)(1+ w;)i ;- For example, for w = 0001422, we have j = 4 and
a =2, and ¢y (w) = 00123533. Clearly, ¢y preserves the weak ascent property and
the two cases can be distinguished in the image w’ = ¢y (w) according to its last
letter a’ = a + 1: in the first case, ¢’ =1 or @’ > 1 and o/ — 1 does not appear in
w’, in the second case, a’ > 1 and a’ — 1 does appear in w’.

For Fy@) () := )55 |Y,£3) | 2™, the bijection ¢y implies Fy ) (z) = zFy () and
hence Fy ¢ (x) = 2(Fy)(z) + Fyo (2))/(1 — ). Tt follows that

Fy(z) = Fy o) (2) + Fy e (z) + Fye (x)
z(Fyw (@) + Fye (7))
1—=x

=Fyo (7) + Fye (r) +

_ Fy o (x) + Fy ) (;U)

1—x '
Case Z: Define F0)(2), Fze (2), Fye (x) analogously to the Y case. Here it will
be convenient to obtain a closed form expression for F a2 (x) := Fya) (z)+ Fye) (v)
rather than for F ) (z), Fye (z) separately.
For Z{", we have the form w = Pa’ Rca® with p := |P| >1,¢>2,r=|R| >
0, k > 1. Here P is a weakly increasing weak ascent sequence with maximum entry
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smaller than a, counted by (P +a*l) pf%la. To ensure w is a weak ascent sequence,
we need ¢ < p+£+r. So the generating function F ) (x) is given by the multisum

pirtt _ _ o o442
Fro)(x ZZZZ Z <p+a 1>p—;j-1a(c i 1>$p1—x ’

p>la=14¢>2r>0c=a+r+1 p

For ZT(LQ), we have the form w = PachSslg, E>0orw=Pa'RcSad*, k>1
with p:=|P| > 1,£ > 2,r = |R| > 0,s :=|S| >= 1, k > 1. Here we get the
generating function F, 2 (x) is given by the multisum

p+r+fcar1(

REED S 5 5 VD SIED S CR

p>1a=14>2r>0c=a+r+2 s=1 b p+1

y c—a—1\(c—a—-1—-1 gttt (14 2z .
T s 1—=

Similar to the Y case, we have a bijection ¢z from Z, to ijzl. Given w € Z,,

set ¢ := max(w) and a := w,. By definition of Z,, there is at least one repeated
entry in w before ¢, say b is the largest such. Then b < a to avoid 110. Let
w; > b be the last occurrence before ¢ of an entry at most a. Then ¢z(w) =
(wi)le (a+1) (14 w;)i; . For example, for w = 00111563 we have a = 3, b =1
and j =5, and ¢z(w) = 001114674. The inverse is clear.

For Fy ) (x), the bijection ¢z implies Fjs) () = ©Fz(x) and hence

Fue(x) =x(Fyay(x) + Fro(x)/(1 —2) = 2Fan (x)/(1 — ).
It follows that

Fz(z) = Fyay(z) + Fzo (x) + Fgpe (z)

zF ;a0 (x
= Fyu2) (w) + 75(_2;( )
_ FZ(12) (x)

1—z °

4.5.2. Finding the Generating Function Fya2)(x)
From the preceding subsection, we have
l.p+£+r+2

P pta—-1\p+2—afc—a—1
Fo@ =YYy Y <p ) )ppﬂa(C ) >H

p>1la=14>2r>0c=a+r+1 p

P pr+e o a1 SN
Fpon(2) =Y 3% 3 (p+ 1) (p+2—a)1l—(1+2) )

v S ] P (p+ 1)1 —2)(1 4 z)—ctrta
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c—a—1
% xp+£+r+1.
r
Thus,

Fyaz(v) = Fzo)(2) + Fze (@)
p+r+L

“Xyye Y )

p>1a=14£>2r>0 c=a+r+1
1 c—r—a _ ] p+l+r+1
(0t )

1—=z

D pt+l—a

= Yy Y pE2mafprasty fraem 1) (L e) - Dartir
B 17 p+1 r 11—z

p>la >2r>0 c=1 p

= 3 ~"p+2—a/p+ta—1\((1+z)°—1)zPH+!
D I I I ) e

p

By simplifying the two innermost sums, we obtain

T a— a—1
2 +2(1 - 2)* P ) (p+2 - a)2P P (PI0)

Fanle) = X35 2+ 2 1)

p>1a=1

P (14 2)3(1 — )2 P~ 2(p—|—2—a)xp+2(p+a11)

722 2p+ 1) (22 422 — 1)(1 + )P~

p>1a=1

Using the identity

Zzp+2—a p+a—1 P2 232 C? ()
p+1 a—1 1—ayC(x)

p>1la=1
with C(z) = =¥ we obtain
(1-3z)v1—4x

Fzon(z) = 2x(1 — 4o — z2)

427 + 1228 — 1225 — 232* 4 5423 — 3622 + 10z — 1
22(1 —2z)(1 —2)(1 — 2z — 22)(1 — 4z — 22)

Theorem 12 now follows by adding the expressions obtained for Fx, Fy and Fy
in the preceding subsections.

4.6. Class 226
By our algorithm, the generating trees

77(100, 110, 201, 210) and 77(101, 110,201, 210)
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have a root a; and satisfy the following succession rules:

Am ~ Qg1 0m 1 bmm, M 2> 1
b1, ~ 010, ¢1,1,b2,2;
010 ~ C1,1,€1;
bm,j ~ (Cm—l,j)ja Cm,j, bm+1,j+1, ceey bm+1,m+1a 1< J<m-— 1
bm,m ~ (fm)mycm,mv bm—i—l,m-{-la m > 2;
Cm,j ™ Cmt1,55 Gm g1y - - -5 Amjm415
em ~ fm41s Cmt1,m+1s Am,m,m+2;
fm ~ Cm,ms €m;
i ~ (Cm+1,j)j_i7cm+2,jadm+1,i,j+17 cosmg1imy3, 0+ 1 < <m+1;

)m+2—i

dm,i,m+2 ~ (fm+2 ;Cm+2,m+2> dm+1,i,m+37

where a,, = 0™, by j = aml, Cmj = @mJJ, Admyij = Amii], ey, = ammO(m+1), and
fm = a,ym0. Hence,

77(100,110, 201, 210) = 77(101, 110, 201, 210),

which implies that {100,110, 201,210} < {101, 110,201, 210}.

5. Further Results

In [7] it is stated that by using our algorithm, one can show that the number AW},
of A-Wilf-equivalence classes of k length-3 patterns, k& > 5, is given by
AWy =61, AWg =47, AW, =35 AWg=25 AWy =18,
AWy =12, AWy =7, AW =3, AWz =1.
Also, by using our algorithm, one can show that the number WAW), of WA-Wilf-
equivalence classes of k length-3 patterns, k > 5, is given by
WAWs =231, WAWs =171, WAW7; =104, WAWg =59, WAW, = 35,
WAW19 =21, WAW3; =10, WAW, =4, WAW;3=1.
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Appendix A

Table 4: Ascent sequences avoiding a quadruples of length-3 patterns.

Beginning of Table 4

Class

B quadruple

(A, (B},

{000,001,010,012},{000,010,011,012},{000,001,011,012}

1,2,1,0,0,0,0,0,0,0

{000,001,010,011},{001,010,011,012}

1,2,1,1,1,1,1,1,1,1

{000,011,012,100},{000,011,012,021},{000,011,012,101}
{000,011,012,102},{000,011,012,110},{000,011,012,120}
{000,011,012,201},{000,011,012,210},{000,001,012,110}

1,2,2,0,0,0,0,0,0,0

{000,010,012,021},{000,010,012,100},{000,010,012,101}
{000,010,012,102},{000,010,012,110},{000,010,012,120}
{000,010,012,201},{000,010,012,210},{000,001,012,100}
{000,001,012,101},{000,001,012,021},{000,001,012,102}
{000,001,012,120},{000,001,012,201},{000,001,012,210}

1,2,2,1,0,0,0,0,0,0

{001,011,012,100},{000,001,011,120}

1,2,2,1,1,1,1,1,1,1

{000,001,010,021},{000,001,010,100},{000,001,010,101}
{000,001,010,102},{000,001,010,110},{000,001,010,120}
{000,001,010,201},{000,001,010,210},{000,010,011,021}
{000,010,011,100},{000,010,011,101},{000,010,011,102}
{000,010,011,110},{000,010,011,120},{000,010,011,201}
{000,010,011,210},{001,010,011,021},{001,010,011,100}
{001,010,011,101},{001,010,011,102},{001,010,011,110}
{001,010,011,120},{001,010,011,201},{001,010,011,210}
{001,010,012,021},{001,010,012,100},{001,010,012,101}
{001,010,012,102},{001,010,012,110},{001,010,012,120}
{001,010,012,201},{001,010,012,210},{001,011,012,021}
{001,011,012,101},{001,011,012,102},{001,011,012,110}
{001,011,012,120},{001,011,012,201},{001,011,012,210}
{010,011,012,021},{010,011,012,100},{010,011,012,101}
{010,011,012,102},{010,011,012,110},{010,011,012,120}
{010,011,012,201},{010,011,012,210},{000,001,011,102}
{000,001,011,100},{000,001,011,021},{000,001,011,101}
{000,001,011,110},{000,001,011,201},{000,001,011,210}

1,2,2,2,2,2,2,2,2,2

T7

000,012,101,110

1,2,3,1,0,0,0,0,0,0

{000,012,100,101},{000,012,100,110},{000,012,021,101}
{000,012,101,102},{000,012,101,120},{000,012,101,201}
{000,012,101,210},{000,012,021,110},{000,012,102,110}
000,012,110,120},{000,012,110,201},{000,012,110,210}

1,2,3,2,0,0,0,0,0,0

000,011,102,120},{001,011,100,120},{001,012,100,110}

1,2,3,2,2,2,2,2,2,2

10

000,012,021,100},{000,012,100,102},{000,012,100,120}
{000,012,100,201},{000,012,100,210},{000,012,021,102}
{000,012,021,120},{000,012,021,201},{000,012,021,210}
{000,012,102,120},{000,012,102,201},{000,012,102,210}
{000,012,120,201},{000,012,120,210},{000,012,201,210}

1,2,3,3,0,0,0,0,0,0

T11

{000,001,021,120}

1,2,3,3,2,2,2,2,2,2

12

{000,011,100,102},{000,011,100,120},{001,011,100,102}
{001,011,102,120},{001,012,100,101},{001,012,101,110}
{011,012,021,100},{011,012,100,101},{011,012,100,102}
{011,012,100,110},{011,012,100,120},{011,012,100,201}
{011,012,100,210},{000,011,021,102},{000,011,101,102}
{000,011,102,110},{000,011,102,201},{000,011,102,210}
{000,011,021,120},{000,011,101,120},{000,011,110,120}
{000,011,120,201},{000,011,120,210},{001,011,021,100}
{001,011,021,120},{001,011,100,101},{001,011,100,110}
{001,011,100,201},{001,011,100,210},{001,011,101,120}
{001,011,110,120},{001,011,120,201},{001,011,120,210}
{001,012,021,100},{001,012,021,110},{001,012,100,102}
{001,012,100,120},{001,012,100,201},{001,012,100,210}
{001,012,102,110},{001,012,110,120},{001,012,110,201}
{001,012,110,210},{000,001,110,120},{000,001,021,110}

1,2,3,3,3,3,3,3,3,3

13

{000,001,101,120},{000,001,100,120},{000,001,102,120}
{000,001,021,102},{000,001,120,201},{000,001,120,210}
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Class

B quadruple

{An(B)[}17,

{000,001,021,101},{000,001,021,100},{000,001,021,210}
{000,001,021,201}

1,2,3,4,4,4,4,4,4,4

14

{000,011,021,100},{000,011,100,101},{000,011,100,110
{000,011,100,201},{000,011,100,210},{001,010,021,100}
{001,010,021,101},{001,010,021,102},{001,010,021,110}
{001,010,021,120},{001,010,021,201},{001,010,021,210}
{001,010,100,101},{001,010,100,102},{001,010,100,110}
{001,010,100,120},{001,010,100,201},{001,010,100,210}
{001,010,101,102},{001,010,101,110},{001,010,101,120}
{001,010,101,201},{001,010,101,210},{001,010,102,110}
{001,010,102,120},{001,010,102,201},{001,010,102,210}
{001,010,110,120},{001,010,110,201},{001,010,110,210}
{001,010,120,201},{001,010,120,210},{001,010,201,210}
{001,011,021,102},{001,011,101,102},{001,011,102,110}
{001,011,102,201},{001,011,102,210},{001,012,021,101}
{001,012,101,102},{001,012,101,120},{001,012,101,201}
{001,012,101,210},{010,011,021,100},{010,011,021,101}
{010,011,021,102},{010,011,021,110},{010,011,021,120}
{010,011,021,201},{010,011,021,210},{010,011,100,101}
{010,011,100,102},{010,011,100,110},{010,011,100,120}
{010,011,100,201},{010,011,100,210},{010,011,101,102}
{010,011,101,110},{010,011,101,120},{010,011,101,201}
{010,011,101,210},{010,011,102,110},{010,011,102,120}
{010,011,102,201},{010,011,102,210},{010,011,110,120}
{010,011,110,201},{010,011,110,210},{010,011,120,201}
{010,011,120,210},{010,011,201,210},{010,012,021,100}
{010,012,021,101},{010,012,021,102},{010,012,021,110}
{010,012,021,120},{010,012,021,201},{010,012,021,210}
{010,012,100,101},{010,012,100,102},{010,012,100,110}
{010,012,100,120},{010,012,100,201},{010,012,100,210}
{010,012,101,102},{010,012,101,110},{010,012,101,120}
{010,012,101,201},{010,012,101,210},{010,012,102,110}
{010,012,102,120},{010,012,102,201},{010,012,102,210}
{010,012,110,120},{010,012,110,201},{010,012,110,210}
{010,012,120,201},{010,012,120,210},{010,012,201,210}
{011,012,021,101},{011,012,021,102},{011,012,021,110}
{011,012,021,120},{011,012,021,201},{011,012,021,210}
{011,012,101,102},{011,012,101,110},{011,012,101,120}
{011,012,101,201},{011,012,101,210},{011,012,102,110}
{011,012,102,120},{011,012,102,201},{011,012,102,210}
{011,012,110,120},{011,012,110,201},{011,012,110,210}
{011,012,120,201},{011,012,120,210},{011,012,201,210}
{000,011,021,101},{000,011,021,110},{000,011,021,201}
{000,011,021,210},{000,011,101,110},{000,011,101,201}
{000,011,101,210},{000,011,110,201},{000,011,110,210}
{000,011,201,210},{001,011,021,101},{001,011,021,110}
{001,011,021,201},{001,011,021,210},{001,011,101,110}
{001,011,101,201},{001,011,101,210},{001,011,110,201}
{001,011,110,210},{001,011,201,210},{001,012,021,102}
{001,012,021,120},{001,012,021,201},{001,012,021,210}
{001,012,102,120},{001,012,102,201},{001,012,102,210}
{001,012,120,201},{001,012,120,210},{001,012,201,210}
{000,001,102,110},{000,001,101,110},{000,001,100,110}
{000,001,110,201},{000,001,110,210}

1,2,3,4,5,6,7,8,9,10

15

{000,001,102,210},{000,001,101,210},{000,001,100,210}
{000,001,201,210}

1,2,3,5,7,9,11,13,15,17

16

{000,010,021,100},{000,010,021,101},{000,010,021,102}
{000,010,021,110},{000,010,021,120},{000,010,021,201}
{000,010,021,210},{000,010,100,101},{000,010,100,102}
{000,010,100,110},{000,010,100,120},{000,010,100,201}
{000,010,100,210},{000,010,101,102},{000,010,101,110}
{000,010,101,120},{000,010,101,201},{000,010,101,210}
{000,010,102,110},{000,010,102,120},{000,010,102,201}
{000,010,102,210},{000,010,110,120},{000,010,110,201}
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Class

B quadruple

{An(B)[}17,

{000,010,110,210},{000,010,120,201},{000,010,120,210}
{000,010,201,210},{000,001,100,102},{000,001,101,102}
{000,001,100,101},{000,001,102,201},{000,001,101,201}
{000,001,100,201}

1,2,3,5,8,13,21,34,55,89

T17

{000,100,201,210}

1,2,4,10,25,66,176,479,1318,3670

18

{011,100,102,120},{012,100,101,110},{001,100,110,120}
{001,021,100,120},{001,021,110,120},{001,021,100,110}

1,2,4,5,6,7,8,9,10,11

19

{011,021,100,102},{011,021,100,120},{011,021,102,120}
{011,100,101,102},{011,100,101,120},{011,100,102,110}
{011,100,102,201},{011,100,102,210},{011,100,110,120}
{011,100,120,201},{011,100,120,210},{011,101,102,120}
{011,102,110,120},{011,102,120,201},{011,102,120,210}
{012,021,100,101},{012,021,100,110},{012,021,101,110}
{012,100,101,102},{012,100,101,120},{012,100,101,201}
{012,100,101,210},{012,100,102,110},{012,100,110,120}
{012,100,110,201},{012,100,110,210},{012,101,102,110}
{012,101,110,120},{012,101,110,201},{012,101,110,210}
{001,100,102,120},{001,102,110,120},{001,100,101,120}
{001,101,110,120},{001,100,102,110},{001,100,101,110}
{001,021,101,120},{001,021,102,120},{001,021,100,102}
{001,100,120,201},{001,100,120,210},{001,021,102,110}
{001,021,100,101},{001,110,120,201},{001,110,120,210}
{001,021,101,110},{001,100,110,201},{001,100,110,210}
{001,021,120,201},{001,021,120,210},{001,021,100,210}
{001,021,100,201},{001,021,110,210},{001,021,110,201}

1,2,4,6,8,10,12,14,16,18

20

{001,021,201,210},{001,101,102,120},{011,021,100,101}
{011,021,100,110},{011,021,100,201},{011,021,100,210}
{011,021,101,102},{011,021,102,110},{011,021,102,201}
{011,021,102,210},{011,100,101,110},{011,100,101,201}
{011,100,101,210},{011,100,110,201},{011,100,110,210}
{011,100,201,210},{011,101,102,110},{011,101,102,201}
{011,101,102,210},{011,102,110,201},{011,102,110,210}
{011,102,201,210},{012,021,100,102},{012,021,100,120}
{012,021,100,201},{012,021,100,210},{012,021,101,102}
{012,021,101,120},{012,021,101,201},{012,021,101,210}
{012,100,102,120},{012,100,102,201},{012,100,102,210}
{012,100,120,201},{012,100,120,210},{012,100,201,210}
{012,101,102,120},{012,101,102,201},{012,101,102,210}
{012,101,120,201},{012,101,120,210},{012,101,201,210}
{011,021,101,120},{011,021,110,120},{011,021,120,201}
{011,021,120,210},{011,101,110,120},{011,101,120,201}
{011,101,120,210},{011,110,120,201},{011,110,120,210}
{011,120,201,210},{012,021,102,110},{012,021,110,120}
{012,021,110,201},{012,021,110,210},{012,102,110,120}
{012,102,110,201},{012,102,110,210},{012,110,120,201}
{012,110,120,210},{012,110,201,210},{001,101,102,110}
{001,101,120,201},{001,101,120,210},{001,102,120,201}
{001,102,120,210},{001,102,110,201},{001,100,102,210}
{001,102,110,210},{001,100,101,210},{001,021,101,102}
{001,101,110,201},{001,101,110,210},{001,021,102,210}
{001,021,102,201},{001,021,101,201},{001,021,101,210}
{001,100,201,210},{001,120,201,210},{001,110,201,210}

1,2,4,7,11,16,22,29,37,46

21

{000,101,102,120},{000,102,110,120},{000,021,101,120}
{000,021,101,102}

1,2,4,7,11,18,29,47,76,123

22

{001,100,101,102},{001,100,102,201},{001,100,101,201}
{000,101,102,110},{000,021,101,110}

1,2,4,7,12,20,33,54,88,143

T23

000,021,110,120}

1,2,4,7,12,21,36,62,106,181

T24

000,101,110,120}

1,2,4,7,13,24,44,81,149,274

T25

000,021,102,120}

1,2,4,7,8,13,21,34,55,89

T26

{000,021,102,110}

1,2,4,7,9,14,22,35,56,90

27

{000,021,102,201},{000,021,102,210},{000,021,100,102}

1,2,4,8,11,18,29,47,76,123

28

{000,100,102,120},{000,102,120,201},{000,102,120,210

1,2,4,8,12,20,32,52,84,136

T29

{000,102,110,201}

1,2,4,8,13,22,36,59,96,156
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30 {000,021,120,201},{000,021,120,210},{000,021,100,120} | 1,2,4,8,13,23,39,67,114,194
31 {000,100,102,110},{000,102,110,210} 1,2,4,8,14,24,40,66,108,176
32 {001,101,102,210},{001,102,201,210},{001,101,201,210} | 1,2,4,8,15,26,42,64,93,130
33 {000,021,101,201},{000,021,101,210},{000,021,110,210}
{000,021,110,201},{000,101,102,210},{000,021,100,101}
{000,021,100,110} 1,2,4,8,15,28,51,92,164,290
34 {000,100,101,120},{000,101,120,201},{000,101,120,210} | 1,2,4,8,15,29,56,108,208,401
35 {001,101,102,201},{010,021,100,101},{010,021,100,102}
{010,021,100,110},{010,021,100,120},{010,021,100,201}
{010,021,100,210},{010,021,101,102},{010,021,101,110}
{010,021,101,120},{010,021,101,201},{010,021,101,210}
{010,021,102,110},{010,021,102,120},{010,021,102,201}
{010,021,102,210},{010,021,110,120},{010,021,110,201}
{010,021,110,210},{010,021,120,201},{010,021,120,210}
{010,021,201,210},{010,100,101,102},{010,100,101,110}
{010,100,101,120},{010,100,101,201},{010,100,101,210}
{010,100,102,110},{010,100,102,120},{010,100,102,201}
{010,100,102,210},{010,100,110,120},{010,100,110,201}
{010,100,110,210},{010,100,120,201},{010,100,120,210}
{010,100,201,210},{010,101,102,110},{010,101,102,120}
{010,101,102,201},{010,101,102,210},{010,101,110,120}
{010,101,110,201},{010,101,110,210},{010,101,120,201}
{010,101,120,210},{010,101,201,210},{010,102,110,120}
{010,102,110,201},{010,102,110,210},{010,102,120,201}
{010,102,120,210},{010,102,201,210},{010,110,120,201}
{010,110,120,210},{010,110,201,210},{010,120,201,210}
{011,021,101,110},{011,021,101,201},{011,021,101,210}
{011,021,110,201},{011,021,110,210},{011,021,201,210}
{o011,101,110,201},{011,101,110,210},{011,101,201,210}
{011,110,201,210},{012,021,102,120},{012,021,102,201}
{012,021,102,210},{012,021,120,201},{012,021,120,210}
{012,021,201,210},{012,102,120,201},{012,102,120,210}
{012,102,201,210},{012,120,201,210},{000,100,101,102}
{000,100,101,110},{000,101,102,201},{000,101,110,201}
000,101,110,210} 1,2,4,8,16,32,64,128,256,512
T36 000,100,110,120} 1,2,4,8,17,37,83,191,448,1072
T37 000,110,120,201} 1,2,4,8,17,37,84,194,458,1097
T38 000,110,120,210} 1,2,4,8,17,37,84,194,460,1110
T39 {000,102,201,210} 1,2,4,9,16,30,54,97,172,303
T40 {000,100,102,210} 1,2,4,9,17,33,61,112,202,361
T41 {000,100,102,201} 1,2,4,9,17,35,69,139,277,555
42 {000,021,100,201},{000,021,100,210},{000,021,201,210} | 1,2,4,9,18,37,73,143,275,523
T43 000,100,120,201} 1,2,4,9,19,43,98,230,545,1313
T44 000,100,120,210} 1,2,4,9,19,43,98,230,547,1326
T45 000,120,201,210} 1,2,4,9,19,43,99,235,562,1370
46 000,101,201,210%},{000,100,101,210} 1,2,4,9,20,45,101,227,510,1146
T47 {000,100,101,201} 1,2,4,9,21,51,127,323,835,2188
T48 {000,100,110,201} 1,2,4,9,21,51,127,324,843,2230
T49 {000,110,201,210} 1,2,4,9,21,51,128,330,868,2318
T50 {000,100,110,210} 1,2,4,9,22,58,163,484,1507,4890
T51 {021,100,102,110} 1,2,5,11,21,39,73,139,269,527
52 {021,100,102,120},{021,101,102,120},{021,102,110,120}
{021,101,102,110} 1,2,5,11,22,42,79,149,284,548
53 {100,101,102,120},{100,102,110,120},{101,102,110,120}
{100,101,102,110},{021,100,101,120},{021,101,110,120}
{021,100,101,102},{021,100,101,110} 1,2,5,11,23,47,95,191,383,767
T54 {021,100,110,120} 1,2,5,11,24,52,112,240,512,1088
T55 {100,101,110,120} 1,2,5,11,24,53,117,258,569,1255
56 021,102,110,201},{021,102,110,210} 1,2,5,12,25,48,89,164,305,576
57 021,100,102,201},{021,100,102,210} 1,2,5,12,26,53,105,206,404,795
T58 100,102,110,201} 1,2,5,12,26,54,110,222,446,894
T59 {100,102,110,210} 1,2,5,12,27,57,117,237,477,957
60 {100,102,120,201},{100,102,120,210},{101,102,120,201}
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{101,102,120,210},{101,102,110,201},{102,110,120,201}
{102,110,120,210},{101,102,110,210},{021,102,120,201}
{021,102,120,210},{021,101,102,201},{021,101,120,201}
{021,101,120,210},{021,101,102,210} 1,2,5,12,27,58,121,248,503,1014
61 {100,101,102,210},{021,100,120,201},{021,100,120,210}
{021,101,110,201},{021,100,101,201},{021,100,101,210}
{021,101,110,210},{021,100,110,201},{021,100,110,210}
{021,110,120,201},{021,110,120,210} 1,2,5,12,28,64,144,320,704,1536
62 {100,101,120,201},{100,101,120,210},{101,110,120,201}
101,110,120,210},{100,101,110,201},{100,101,110,210} 1,2,5,12,28,65,151,351,816,1897
T63 100,101,102,201} 1,2,5,12,29,70,169,408,985,2378
T64 100,110,120,201} 1,2,5,12,30,78,209,574,1610,4596
T65 {100,110,120,210} 1,2,5,12,30,78,209,575,1620,4659
T66 {102,110,201,210} 1,2,5,13,31,69,147,305,623,1261
T67 {021,102,201,210} 1,2,5,13,32,74,163,347,722,1480
T68 {100,102,201,210} 1,2,5,13,32,75,170,377,824,1783
69 101,102,201,210},{102,120,201,210} 1,2,5,13,33,81,193,449,1025,2305
T70 101,120,201,210} 1,2,5,13,33,82,202,497,1224,3017
71 021,100,201,210},{021,110,201,210} 1,2,5,13,34,88,224,560,1376,3328
72 {100,101,201,210},{101,110,201,210},{021,101,201,210}
{021,120,201,210} 1,2,5,13,34,89,233,610,1597,4181
73 {100,120,201,210},{110,120,201,210} 1,2,5,13,35,98,283,837,2524,7733
T74 {100,110,201,210} 1,2,5,13,35,98,284,846,2576,7984
End of Table 4

Appendix B

Table 5: Weak ascent sequences avoiding a quadruples of length-3 patterns.
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Beginning of Table 5

Class B quadruple

(WA, (B)[} L,

1 {000,001,010,012},{000,001,011,012}

1,2,1,0,0,0,0,0,0,0

2 {000,001,010,011},{001,010,011,012}

1,2,1,1,1,1,1,1,1,1

T3 {000,001,012,110}

1,2,2,0,0,0,0,0,0,0

1 {000,010,011,012},{000,001,012,100},{000,001,012,101}
{000,001,012,021},{000,001,012,102},{000,001,012,120}
{000,001,012,201},{000,001,012,210}

1,2,2,1,0,0,0,0,0,0

5 {001,011,012,100},{000,001,011,120}

1,2,2,1,1,1,1,1,1,1

6 {000,001,010,021},{000,001,010,100},{000,001,010,101}
{000,001,010,102},{000,001,010,110},{000,001,010,120}
{000,001,010,201},{000,001,010,210},{001,010,011,021}
{001,010,011,100},{001,010,011,101},{001,010,011,102}
{001,010,011,110},{001,010,011,120},{001,010,011,201}
{001,010,011,210},{001,010,012,021},{001,010,012,100}
{001,010,012,101},{001,010,012,102},{001,010,012,110}
{001,010,012,120},{001,010,012,201},{001,010,012,210}
{001,011,012,021},{001,011,012,101},{001,011,012,102}
{001,011,012,110},{001,011,012,120},{001,011,012,201}
{001,011,012,210},{000,001,011,102},{000,001,011,100}
{000,001,011,021},{000,001,011,101},{000,001,011,110}
{000,001,011,201},{000,001,011,210}

1,2,2,2,2,2,2,2,2,2

T7 {000,011,012,021}

1,2,3,0,0,0,0,0,0,0

{000,011,012,210

8 {000,011,012,100},{000,011,012,101},{000,011,012,102}
{000,011,012,110},{000,011,012,120},{000,011,012,201}

}1,2,3,1,0,0,0,0,0,0

T9 {000,010,012,021}

1,2,3,2,0,0,0,0,0,0

10 {001,011,100,120},{001,012,100,110}

1,2,3,2,2,2,2,2,2,2

11 {000,010,012,100},{000,010,012,110}

1,2,3,3,1,0,0,0,0,0
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Continuation of Table 5

Class
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12

{000,010,012,101},{000,010,012,102},{000,010,012,120}
{000,010,012,201},{000,010,012,210}

1,2,3,3,2,1,0,0,0,0

T13

{000,001,021,120

1,2,3,3,2,2,2,2,2,2

14

{001,011,100,102},{001,011,102,120},{001,012,100,101}
{001,012,101,110},{001,011,021,100},{001,011,021,120}
{001,011,100,101},{001,011,100,110},{001,011,100,201}
{001,011,100,210},{001,011,101,120},{001,011,110,120}
{001,011,120,201},{001,011,120,210},{001,012,021,100}
{001,012,021,110},{001,012,100,102},{001,012,100,120}
{001,012,100,201},{001,012,100,210},{001,012,102,110}
{001,012,110,120},{001,012,110,201},{001,012,110,210}
{000,001,110,120},{000,001,021,110}

1,2,3,3,3,3,3,3,3,3

15

{000,001,101,120},{000,001,100,120},{000,001,102,120}
{000,001,021,102},{000,001,120,201},{000,001,120,210}
{000,001,021,101},{000,001,021,100},{000,001,021,210}
{000,001,021,201}

1,2,3,4,4,4,4,4,4,4

16

{000,010,011,021},{010,011,012,021},{001,010,021,100}
{001,010,021,101},{001,010,021,102},{001,010,021,110}
{001,010,021,120},{001,010,021,201},{001,010,021,210}
{001,010,100,101},{001,010,100,102},{001,010,100,110}
{001,010,100,120},{001,010,100,201},{001,010,100,210}
{001,010,101,102},{001,010,101,110},{001,010,101,120}
{001,010,101,201},{001,010,101,210},{001,010,102,110}
{001,010,102,120},{001,010,102,201},{001,010,102,210}
{001,010,110,120},{001,010,110,201},{001,010,110,210}
{001,010,120,201},{001,010,120,210},{001,010,201,210}
{001,011,021,102},{001,011,101,102},{001,011,102,110}
{001,011,102,201},{001,011,102,210},{001,012,021,101}
{001,012,101,102},{001,012,101,120},{001,012,101,201}
{001,012,101,210},{001,011,021,101},{001,011,021,110}
{001,011,021,201},{001,011,021,210},{001,011,101,110}
{001,011,101,201},{001,011,101,210},{001,011,110,201}
{001,011,110,210},{001,011,201,210},{001,012,021,102}
{001,012,021,120},{001,012,021,201},{001,012,021,210}
{001,012,102,120},{001,012,102,201},{001,012,102,210}
{001,012,120,201},{001,012,120,210},{001,012,201,210}
{000,001,102,110},{000,001,101,110},{000,001,100,110}
{000,001,110,201},{000,001,110,210}

1,2,3,4,5,6,7,8,9,10

17

{000,010,011,102},{000,010,011,120},{000,001,102,210}
{000,001,101,210},{000,001,100,210},{000,001,201,210}

1,2,3,5,7,9,11,13,15,17

18

{000,010,011,100},{000,010,011,101},{000,010,011,110}
{000,010,011,201},{000,010,011,210},{010,011,012,210}

1,2,3,5,8,12,17,23,30,38

19

{010,011,012,100},{010,011,012,101},{010,011,012,102}
{010,011,012,110},{010,011,012,120},{010,011,012,201}
{000,001,100,102},{000,001,101,102},{000,001,100,101}
{000,001,102,201},{000,001,101,201},{000,001,100,201}

1,2,3,5,8,13,21,34,55,89

T20

{000,010,102,120}

1,2,4,10,26,66,172,457,1225,3311

T21

{000,010,102,110}

1,2,4,10,26,67,177,475,1287,3518

T22

{000,010,100,102}

1,2,4,10,26,68,187,523,1486,4290

T23

{000,010,101,102}

1,2,4,10,26,70,195,557,1619,4777

T24

{000,010,100,120

1,2,4,10,26,70,197,567,1666,4988

T25

{000,010,100,110

1,2,4,10,26,71,201,587,1756,5361

T26

{000,010,101,110

1,2,4,10,26,71,201,588,1767,5438

27

{000,010,101,120},{000,010,110,120}

1,2,4,10,26,71,202,593,1785,5493

T28

{000,010,100,101}

1,2,4,10,26,73,217,678,2213,7521

T29

{000,010,102,210}

1,2,4,10,27,73,202,568,1612,4606

T30

{000,010,102,201}

1,2,4,10,27,73,203,577,1667,4881

T31

{000,010,120,201 }

1,2,4,10,27,76,223,675,2091,6598

T32

{000,010,120,210

1,2,4,10,27,76,223,677,2109,6717

T33

{000,010,110,201

1,2,4,10,27,77,228,696,2175,6925

T34

{000,010,110,210

1,2,4,10,27,77,228,698,2198,7092

T35

{000,010,100,201}

1,2,4,10,27,78,239,764,2532,8649

T36

{000,010,100,210}

1,2,4,10,27,78,239,766,2554,8809
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T37

{000,010,101,201}

1,2,4,10,27,79,245,797,2696,9425

T38

{000,010,101,210}

1,2,4,10,27,79,245,799,2720,9614

T39

{000,010,201,210}

1,2,4,10,28,85,273,912,3139,11055

40

{000,012,021,101},{000,012,021,110}

1,2,4,3,0,0,0,0,0,0

T41

{000,012,101,110}

1,2,4,3,1,0,0,0,0,0

42

{000,012,100,110},{000,012,021,100},{000,012,021,102}
{000,012,021,120},{000,012,021,201},{000,012,021,210}

1,2,4,4,0,0,0,0,0,0

43

{000,012,100,101},{000,012,102,110},{000,012,110,120}
{000,012,110,201},{000,012,110,210}

1,2,4,4,1,0,0,0,0,0

44

{000,012,101,102},{000,012,101,120},{000,012,101,201}
{000,012,101,210}

1,2,4,4,2,1,0,0,0,0

45

{000,012,100,102},{000,012,100,120},{000,012,100,201}
{000,012,100,210}

1,2,4,5,1,0,0,0,0,0

46

{000,012,102,120},{000,012,102,201},{000,012,102,210}
{000,012,120,201},{000,012,120,210},{000,012,201,210}

1,2,4,5,2,1,0,0,0,0

47

{000,011,102,120},{000,011,021,102},{000,011,021,120}
{001,100,110,120},{001,021,100,120},{001,021,110,120}
{001,021,100,110}

1,2,4,5,6,7,8,9,10,11

48

{000,011,100,102},{000,011,100,120},{011,012,021,100}
{000,011,101,102},{000,011,102,110},{000,011,102,201}
{000,011,102,210},{000,011,101,120},{000,011,110,120}
{000,011,120,201},{000,011,120,210},{000,011,021,100}
{000,011,021,101},{000,011,021,110},{000,011,021,201}
{000,011,021,210},{001,100,102,120},{001,102,110,120}
{001,100,101,120},{001,101,110,120},{001,100,102,110}
{001,100,101,110},{001,021,101,120},{001,021,102,120}
{001,021,100,102},{001,100,120,201},{001,100,120,210}
{001,021,102,110},{001,021,100,101},{001,110,120,201}
{001,110,120,210},{001,021,101,110},{001,100,110,201}
{001,100,110,210},{001,021,120,201},{001,021,120,210}
{001,021,100,210},{001,021,100,201},{001,021,110,210}
{001,021,110,201}

1,2,4,6,8,10,12,14,16,18

49

{000,011,100,101},{000,011,100,110},{000,011,100,201}
{000,011,100,210},{010,012,021,100},{010,012,021,101}
{010,012,021,102},{010,012,021,110},{010,012,021,120}
{010,012,021,201},{010,012,021,210},{011,012,021,101}
{011,012,021,102},{011,012,021,110},{011,012,021,120}
{011,012,021,201},{011,012,021,210},{000,011,101,110}
{000,011,101,201},{000,011,101,210},{000,011,110,201}
{000,011,110,210},{000,011,201,210},{001,021,201,210}
{001,101,102,120},{001,101,102,110},{001,101,120,201}
{001,101,120,210},{001,102,120,201},{001,102,120,210}
{001,102,110,201},{001,100,102,210},{001,102,110,210}
{001,100,101,210},{001,021,101,102},{001,101,110,201}
{001,101,110,210},{001,021,102,210},{001,021,102,201}
{001,021,101,201},{001,021,101,210},{001,100,201,210}
{001,120,201,210},{001,110,201,210}

1,2,4,7,11,16,22,29,37,46

T50

{011,012,100,210}

1,2,4,7,12,19,28,39,52,67

51

{011,012,100,201},{001,100,101,102},{001,100,102,201}
{001,100,101,201}

1,2,4,7,12,20,33,54,88,143

52

{011,012,100,101},{011,012,100,102},{011,012,100,110}
{011,012,100,120}

1,2,4,7,13,23,41,72,126,219

T53

{011,012,201,210}

1,2,4,8,14,22,32,44,58,74

T54

{010,012,100,110}

1,2,4,8,14,23,36,55,83,125

55

{010,012,100,210},{010,012,110,210},{011,012,101,210}
{011,012,102,210},{011,012,110,210},{011,012,120,210}
{001,101,102,210},{001,102,201,210},{001,101,201,210}

1,2,4,8,15,26,42,64,93,130

56

{010,012,100,101},{010,012,100,102},{010,012,100,120}
{010,012,100,201},{010,012,101,110},{010,012,102,110}
{010,012,110,120},{010,012,110,201},{011,012,101,201}
{011,012,102,201},{011,012,110,201},{011,012,120,201}

1,2,4,8,15,27,47,80,134,222

57

{010,012,101,210},{010,012,102,210},{010,012,120,210}
{010,012,201,210}

1,2,4,8,16,31,57,99,163,256
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58 {010,011,021,100},{010,011,021,101},{010,011,021,102}
{010,011,021,110},{010,011,021,120},{010,011,021,201}
{010,011,021,210},{010,012,101,102},{010,012,101,120}
{010,012,101,201},{010,012,102,120},{010,012,102,201}
{010,012,120,201},{011,012,101,102},{011,012,101,110}
{011,012,101,120},{011,012,102,110},{011,012,102,120}
{011,012,110,120},{001,101,102,201} 1,2,4,8,16,32,64,128,256,512
T59 {010,011,102,120 1,2,4,9,20,45,100,221,484,1053
T60 {010,011,102,210 1,2,4,9,21,50,119,281,656,1513
61 {010,011,102,201},{010,011,120,201} 1,2,4,9,21,50,120,289,697,1682
T62 {010,011,120,210} 1,2,4,9,21,50,121,297,737,1845
63 {010,011,100,102},{010,011,101,102},{010,011,102,110} | 1,2,4,9,21,51,126,316,799,2034
64 {000,010,021,100},{000,010,021,101},{000,010,021,102}
{000,010,021,110},{000,010,021,120},{000,010,021,201}
{000,010,021,210} 1,2,4,9,21,51,127,323,835,2188
65 {010,011,100,120},{010,011,101,120},{010,011,110,120} | 1,2,4,9,21,51,127,324,842,2225
T66 {010,011,201,210} 1,2,4,9,22,56,145,378,988,2585
67 {010,011,100,201},{010,011,101,201},{010,011,110,201} | 1,2,4,9,22,57,154,429,1223,3550
68 {010,011,100,210},{010,011,101,210},{010,011,110,210 1,2,4,9,22,57,155,439,1286,3875
69 {010,011,100,101},{010,011,100,110},{010,011,101,110 1,2,4,9,22,58,164,494,1577,5311
70 {012,021,100,101},{012,021,100,110},{012,021,101,110 1,2,5,10,17,26,37,50,65,82
T71 {012,100,101,110 1,2,5,10,19,33,56,93,154,255
T72 {012,100,110,210} 1,2,5,11,21,35,53,75,101,131
73 {012,021,100,102},{012,021,100,120},{012,021,100,201}
{012,021,100,210},{012,021,101,102},{012,021,101,120}
{012,021,101,201},{012,021,101,210},{012,021,102,110}
{012,021,110,120},{012,021,110,201},{012,021,110,210} | 1,2,5,11,21,36,57,85,121,166
T74 {012,100,110,201 1,2,5,11,21,36,58,90,137,207
T75 {000,021,102,120 1,2,5,11,21,51,127,323,835,2188
76 {012,100,102,110},{012,100,110,120} 1,2,5,11,22,39,66,108,175,283
T77 {012,100,101,210} 1,2,5,11,22,40,67,105,156,222
T78 {012,101,110,210} 1,2,5,11,22,41,72,120,191,292
79 {012,100,101,201},{012,101,110,201} 1,2,5,11,22,41,73,126,213,355
T80 {011,021,102,120} 1,2,5,11,22,42,79,149,284,548
T81 {000,021,102,110 1,2,5,11,22,52,128,324,836,2189
82 {012,100,101,102},{012,100,101,120} 1,2,5,11,23,45,85,156,281,499
83 {011,021,100,102},{011,021,100,120},{012,101,102,110}
{012,101,110,120 1,2,5,11,23,47,95,191,383,767
T84 {011,100,102,120 1,2,5,11,25,55,121,263,569,1223
T85 {000,021,101,110 1,2,5,11,25,59,144,361,924,2404
86 {000,021,101,120},{000,021,101,102},{000,021,110,120} | 1,2,5,11,25,60,148,374,962,2511
87 {012,100,201,210},{012,110,201,210} 1,2,5,12,25,46,77,120,177,250
88 {000,021,102,201},{000,021,102,210},{000,021,100,102} | 1,2,5,12,25,60,148,374,962,2511
89 {012,100,102,210},{012,100,120,210},{012,101,201,210}
{012,102,110,210},{012,110,120,210} 1,2,5,12,26,51,92,155,247,376
90 {012,100,102,201},{012,100,120,201},{012,102,110,201}
{012,110,120,201} 1,2,5,12,26,51,93,161,269,439
T91 {012,100,102,120} 1,2,5,12,27,56,110,207,378,675
92 {012,101,102,210},{012,101,120,210} 1,2,5,12,27,57,113,211,373,628
93 {011,102,120,201},{011,102,120,210},{011,021,101,102}
{011,021,102,110},{011,021,102,201},{011,021,102,210}
{012,101,102,201},{012,101,120,201},{012,102,110,120}
{012,021,102,120},{012,021,102,201},{012,021,102,210}
{012,021,120,201},{012,021,120,210},{012,021,201,210} 1,2,5,12,27,58,121,248,503,1014
94 {000,021,120,201},{000,021,120,210},{000,021,100,120} | 1,2,5,12,27,65,160,404,1038,2707
95 {011,101,102,120},{011,102,110,120},{011,021,100,101}
{011,021,100,110},{011,021,100,201},{011,021,100,210}
{011,021,101,120},{011,021,110,120},{011,021,120,201}
{011,021,120,210} 1,2,5,12,28,64,144,320,704,1536
T96 {012,101,102,120} 1,2,5,12,28,65,151,351,816,1897
97 {000,021,110,210},{000,021,110,201},{000,021,100,110} | 1,2,5,12,28,67,164,411,1050,2726
T98 {011,100,102,210} 1,2,5,12,29,69,162,375,857,1936
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99 {011,100,102,201},{011,100,120,201} 1,2,5,12,29,70,169,408,985,2378
T100 | {011,100,120,210} 1,2,5,12,29,71,176,440,1108,2807
101 {011,100,101,102},{011,100,102,110} 1,2,5,12,30,75,190,483,1235,3167
102 {011,100,101,120},{011,100,110,120%} 1,2,5,12,30,76,197,518,1383,3737
T103 | {000,102,110,120} 1,2,5,12,30,77,200,528,1408,3791
T104 | {000,101,102,120 1,2,5,12,30,77,201,532,1424,3847
105 {000,021,101,201},{000,021,101,210},{000,021,100,101} | 1,2,5,12,30,77,202,539,1458,3988
T106 | {000,101,102,110 1,2,5,12,31,81,216,583,1590,4372
T107 | {000,101,110,120 1,2,5,12,32,88,250,731,2183,6647
T108 | {000,100,102,120} 1,2,5,13,31,80,207,542,1439,3854
109 {012,102,201,210},{012,120,201,210} 1,2,5,13,32,73,156,318,629,1224
T110 | {011,102,201,210} 1,2,5,13,32,75,170,377,824,1783
T111 {000,102,120,201} 1,2,5,13,32,84,215,566,1494,3992
T112 | {000,102,120,210 1,2,5,13,32,84,217,575,1528,4107
113 {012,102,120,201},{012,102,120,210} 1,2,5,13,33,80,185,411,885,1862
114 {011,101,102,210},{011,102,110,210} 1,2,5,13,33,81,193,449,1025,2305
115 {011,101,102,201},{011,102,110,201} 1,2,5,13,33,82,201,489,1185,2866
T116 | {011,120,201,210} 1,2,5,13,33,83,209,526,1319,3292
T117 | {000,102,110,201} 1,2,5,13,33,87,228,609,1636,4437
T118 | {000,100,102,110} 1,2,5,13,33,87,231,621,1686,4612
119 {000,021,100,201},{000,021,100,210},{000,021,201,210} | 1,2,5,13,33,87,232,629,1724,4772
120 {011,101,120,201},{011,110,120,201} 1,2,5,13,34,89,233,610,1595,4161
121 {011,100,201,210},{011,101,102,110} 1,2,5,13,34,89,233,610,1597,4181
T122 | {000,102,110,210 1,2,5,13,34,90,240,645,1745,4750
123 {011,101,120,210},{011,110,120,210} 1,2,5,13,34,90,241,651,1769,4826
T124 | {000,100,101,120} 1,2,5,13,35,100,293,880,2698,8409
125 {011,100,101,201},{011,100,110,201},{011,021,101,110}
{011,021,101,201},{011,021,101,210},{011,021,110,201}
{011,021,110,210},{011,021,201,210} 1,2,5,13,35,97,275,794,2327,6905
T126 | {011,101,110,120} 1,2,5,13,35,97,275,795,2335,6953
127 {011,100,101,210},{011,100,110,210} 1,2,5,13,35,98,284,847,2589,8085
T128 | {000,100,101,110} 1,2,5,13,35,99,290,871,2672,8355
T129 | {000,101,102,210} 1,2,5,13,36,101,288,827,2389,6928
T130 | {000,100,101,102 1,2,5,13,36,104,308,934,2881,9014
T131 {000,101,110,201 1,2,5,13,36,104,309,939,2905,9118
T132 | {000,100,110,120 1,2,5,13,36,104,309,943,2936,9298
T133 | {000,101,120,201 1,2,5,13,36,104,311,954,2987,9509
T134 | {000,101,110,210} 1,2,5,13,36,104,311,959,3035,9824
T135 | {000,101,120,210} 1,2,5,13,36,104,312,963,3045,9825
T136 | {011,100,101,110} 1,2,5,13,36,106,330,1083,3734,13483
T137 | {000,101,102,201} 1,2,5,13,37,107,321,979,3042,9573
T138 | {000,110,120,201 1,2,5,13,37,108,328,1018,3224,10368
T139 | {000,110,120,210 1,2,5,13,37,108,330,1034,3327,10922
T140 | {000,100,102,210 1,2,5,14,38,107,304,868,2494,7193
T141 | {000,102,201,210} 1,2,5,14,38,108,301,854,2425,6932
T142 | {000,100,102,201} 1,2,5,14,38,110,323,972,2969,9196
T143 | {000,100,120,201} 1,2,5,14,40,120,369,1161,3714,12050
T144 | {000,100,120,210} 1,2,5,14,40,120,371,1176,3806,12528
145 {011,101,201,210},{011,110,201,210%} 1,2,5,14,41,123,375,1157,3603,11304
T146 {000,100,110,201 1,2,5,14,41,125,392,1257,4102,13579
T147 {000,120,201,210 1,2,5,14,41,126,398,1292,4275,14375
T148 {000,110,201,210 1,2,5,14,42,131,421,1384,4634,15750
149 {010,021,100,101},{010,021,100,102},{010,021,100,110}
{010,021,100,120},{010,021,100,201},{010,021,100,210}
{010,021,101,102},{010,021,101,110},{010,021,101,120}
{010,021,101,201},{010,021,101,210},{010,021,102,110}
{010,021,102,120},{010,021,102,201},{010,021,102,210}
{010,021,110,120},{010,021,110,201},{010,021,110,210}
{010,021,120,201},{010,021,120,210},{010,021,201,210}
{011,101,110,201} 1,2,5,14,42,132,429,1430,4862,16796
T150 {011,101,110,210} 1,2,5,14,42,133,440,1508,5320,19225
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T151 {000,100,110,210} 1,2,5,14,42,133,440,1510,5347,19457
T152 | {000,100,101,210} 1,2,5,14,42,134,447,1547,5518,20193
T153 | {000,101,201,210} 1,2,5,14,43,139,468,1623,5762,20844
T154 | {000,100,101,201} 1,2,5,14,43,141,486,1744,6466,24634
T155 | {000,100,201,210} 1,2,5,15,48,162,565,2023,7389,27428
T156 | {010,100,102,120 1,2,5,15,49,167,581,2049,7301,26239
T157 | {010,102,110,120 1,2,5,15,49,167,582,2058,7357,26534
T158 | {010,101,102,120 1,2,5,15,49,167,583,2068,7423,26896
T159 | {010,100,102,110 1,2,5,15,49,167,583,2071,7455,27126
T160 | {010,101,102,110} 1,2,5,15,49,168,593,2135,7797,28784
T161 | {010,100,101,102} 1,2,5,15,49,170,614,2285,8700,33729
162 {010,100,101,120},{010,100,110,120%} 1,2,5,15,49,170,615,2297,8796,34370
T163 | {010,101,110,120} 1,2,5,15,49,170,616,2309,8895,35055
T164 | {010,100,101,110 1,2,5,15,49,170,618,2333,9093,36449
T165 | {010,102,120,201 1,2,5,15,50,174,614,2178,7758,27767
T166 | {010,102,120,210 1,2,5,15,50,174,616,2201,7919,28665
T167 | {010,102,110,201} 1,2,5,15,50,174,616,2202,7933,28783
T168 | {010,102,110,210} 1,2,5,15,50,174,617,2211,7983,29003
T169 | {010,100,102,210} 1,2,5,15,50,176,638,2354,8789,33099
T170 | {010,100,102,201} 1,2,5,15,50,176,639,2371,8953,34310
T171 {010,101,102,210} 1,2,5,15,50,177,649,2431,9230,35360
T172 | {010,101,102,201 1,2,5,15,50,177,651,2460,9489,37205
173 {010,100,120,201},{010,110,120,201} 1,2,5,15,50,178,662,2542,10006,40173
174 {010,100,110,201},{010,101,110,201} 1,2,5,15,50,178,663,2552,10071,40528
T175 | {010,101,120,201} 1,2,5,15,50,178,663,2554,10100,40790
T176 | {010,100,110,210} 1,2,5,15,50,178,664,2566,10195,41425
T177 | {010,100,120,210} 1,2,5,15,50,178,664,2567,10209,41546
178 {010,101,120,210},{010,110,120,210%} 1,2,5,15,50,178,664,2568,10225,41703
T179 | {010,101,110,210 1,2,5,15,50,178,665,2582,10351,42641
T180 | {010,100,101,201 1,2,5,15,50,180,688,2758,11493,49454
T181 {010,100,101,210 1,2,5,15,50,180,689,2773,11637,50596
T182 | {010,102,201,210 1,2,5,15,51,184,679,2529,9474,35671
T183 | {010,110,201,210} 1,2,5,15,51,187,718,2845,11547,47782
T184 | {010,120,201,210} 1,2,5,15,51,187,719,2863,11727,49145
185 {010,100,201,210},{010,101,201,210%} 1,2,5,15,51,189,744,3059,12991,56557
186 {021,100,102,120},{021,101,102,120},{021,102,110,120} | 1,2,6,18,52,152,464,1486,4946,16916
T187 | {021,100,102,110 1,2,6,18,52,153,470,1508,5010,17079
T188 | {021,101,102,110 1,2,6,18,53,158,486,1550,5109,17298
T189 | {021,100,101,110 1,2,6,18,55,172,551,1806,6043,20588
190 {021,100,101,120},{021,101,110,120},{021,100,101,102}

{021,100,110,120} 1,2,6,18,55,173,560,1858,6291,21657
191 {021,102,110,201},{021,102,110,210} 1,2,6,19,57,168,506,1585,5165,17382
192 {021,102,120,201},{021,102,120,210} 1,2,6,19,58,174,528,1649,5328,17764
193 {021,100,102,201},{021,100,102,210} 1,2,6,19,59,183,580,1893,6347,21741
194 {021,101,102,201},{021,101,102,210} 1,2,6,19,60,191,619,2048,6909,23704
195 {021,100,110,201},{021,100,110,210%} 1,2,6,19,61,198,651,2171,7345,25194
196 {021,101,120,201},{021,101,120,210},{021,100,120,201}

{021,100,120,210},{021,110,120,201},{021,110,120,210} | 1,2,6,19,61,199,661,2234,7668,26674
197 {021,101,110,201},{021,101,110,210%} 1,2,6,19,62,207,703,2420,8424,29602
T198 | {100,102,110,120 1,2,6,19,63,212,726,2521,8863,31489
T199 | {100,101,102,120 1,2,6,19,63,213,733,2558,9034,32228
T200 | {101,102,110,120 1,2,6,19,63,215,749,2650,9490,34318
201 {021,100,101,201},{021,100,101,210} 1,2,6,19,63,216,759,2717,9867,36244
T202 | {100,101,102,110} 1,2,6,19,64,222,788,2842,10378,38266
T203 | {100,101,110,120} 1,2,6,19,65,233,866,3308,12916,51334
T204 | {021,102,201,210} 1,2,6,20,66,213,683,2211,7291,24552
205 {100,102,120,201},{102,110,120,201} 1,2,6,20,68,231,788,2711,9423,33091
206 {100,102,120,210},{101,102,120,201},{101,102,120,210}

{102,110,120,210} 1,2,6,20,68,233,805,2807,9879,35073
T207 | {100,102,110,201} 1,2,6,20,68,234,816,2882,10294,37124
T208 | {100,102,110,210} 1,2,6,20,69,240,842,2979,10625,38177
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T209 {021,110,201,210} 1,2,6,20,69,242,857,3056,10959,39493
T210 {101,102,110,210} 1,2,6,20,69,242,858,3068,11050,40052
211 {101,102,110,201},{021,120,201,210} 1,2,6,20,69,242,859,3080,11140,40596
T212 {021,100,201,210} 1,2,6,20,70,252,924,3432,12870,48620
T213 {100,101,102,210} 1,2,6,20,71,260,970,3662,13938,53364
214 {100,101,120,201},{101,110,120,201} 1,2,6,20,71,263,1007,3958,15881,64778
215 {100,101,110,201},{021,101,201,210} 1,2,6,20,71,264,1015,4002,16094,65758
T216 {100,101,120,210 1,2,6,20,71,264,1018,4040,16402,67817
T217 {100,101,110,210 1,2,6,20,71,265,1027,4097,16727,69600
T218 {101,110,120,210} 1,2,6,20,71,265,1029,4123,16943,71086
219 {100,101,102,201},{100,110,120,201} 1,2,6,20,72,272,1064,4272,17504,72896
T220 {100,110,120,210} 1,2,6,20,72,273,1076,4367,18137,76739
T221 {102,110,201,210} 1,2,6,21,74,258,897,3131,11007,39007
T222 {102,120,201,210 1,2,6,21,75,265,927,3230,11268,39486
T223 {100,102,201,210 1,2,6,21,76,277,1016,3756,13998,52554
T224 {101,102,201,210 1,2,6,21,77,287,1079,4082,15522,59280
T225 {101,120,201,210} 1,2,6,21,78,301,1203,4955,20888,89611
226 {101,110,201,210},{100,110,201,210} 1,2,6,21,79,311,1265,5275,22431,96900
227 {100,120,201,210},{110,120,201,210} 1,2,6,21,79,313,1290,5475,23764,105001
T228 {100,101,201,210} 1,2,6,21,80,322,1347,5798,25512,114236
End of Table 5




