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Abstract
We study quadratic polynomials giving bijections from the integer lattice points of
sectors of R? onto Ny, called packing polynomials. We determine all quadratic pack-
ing polynomials on rational sectors. This generalizes results of Stanton, Nathanson,
and Fueter and Pdlya.

Introduction
In the 1870s, Cantor introduced the notion of comparing the sizes of sets using
bijective correspondences [2]. He observed that the polynomial,

(z+y—DE+y—2)
2 b

f(x,y)=x+

has the “remarkable property”! that it represents each positive integer exactly once
when x and y run over all positive integers. In [3], Fueter and Pdlya prove that two
derived Cantor polynomials?®

F(x,y) = %(x+y)($+y+1)+w7 G(r,y) = %(w+y)($+y+1)+y (1)

are the only quadratic polynomials which bijectively map Ny x Ny to Ng. The
authors also formulate the Fueter—Pdlya Conjecture which states that the Cantor
polynomials are the only polynomials of any degree which admit such a bijection.
Lew and Rosenberg developed the theory further and studied the Fueter—Pdlya
Conjecture in the 1970s [5, 6]. They prove that polynomial bijections of degrees 3

DOLI: 10.5281/zenodo.17144327
Lpemerkenswerthe Eigenshaft, in the words of the author.
2Adjusted to include 0, one is obtained from the other by swapping coordinates. Lew and
Rosenberg [5] use the term Cantor polynomials. Other authors (e.g., Smorynski [8]) use the term
Cantor pairing functions. Fueter and Pélya leave them unnamed.



INTEGERS: 25 (2025) 2

and 4 are impossible, but the general conjecture remains open. They introduce the
term packing function for a function which bijectively maps a discrete set to the
non-negative integers. For some preliminary results, they study the lattice points
of sectors of R?, which are sets {(z,y) e R? | y < az, =0, y = 0}. Allowing for
« = o0, we may think of the first quadrant as a special case of this.

Nathanson studied quadratic packing polynomials on the lattice points of sectors
of R? in [7]. He found two packing polynomials for each sector with o = 1/m, m € N.
The polynomials are

Fa(a,y) = 5@~ (m—y)a—(m—1y—1)+x+ 1~ (m—1)y
and

1
Gil(zy)=5@—(m-1y(z—(m-1Ly+1)+z+(-1-(m-1)y,
and he also showed that these are the only two quadratic packing polynomials on
sectors of the type a = 1/m.

For each sector defined by @ = n, n € N, Nathanson found two packing polynomi-
als,

F,(z,y) = gx(x -1 +z+y and G,(z,y) = g:v(x +1)+2x—y, (2)

but did not rule out the possibility of more. Nathanson’s article ends with a list of
the following open problems.

Question 1. Are there packing polynomials on sectors with irrational a?
Question 2. Are there packing polynomials of higher degree on sectors?
Question 3. Classify quadratic packing polynomials on sectors with a € Q.

Question 1 is settled in the quadratic case by Gjaldbeek [4, Corollary 6], and
independently by Sury and Vsemirnov [10]. That is, there cannot exist quadratic
packing polynomials in the case of irrational . Question 2 remains open. Stanton
[9] studies Question 3. She provides a necessary form for the homogeneous quadratic
part of the polynomial and uses it to classify all quadratic packing polynomials
for integral «. Shortly thereafter, Brandt [1] finds a method to tackle the general
rational case. The article is incomplete and remained in preprint, but the method is
fruitful and the conclusions correct, as we shall see.

In this article, we provide a complete classification of quadratic packing polyno-
mials on sectors with rational slope (Theorem 3), thus answering Question 3 and
completing the classification of quadratic packing polynomials on sectors. As special
cases, we recover the integral case (Stanton [9]) and the reciprocals (Nathanson [7]).
The original scenario (Fueter—Pdlya [3]), while not included as a case in Theorem 3,
follows from it.
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1. Quadratic Packing Polynomials on Sectors

In this section we define sectors and quadratic packing polynomials. Then, we
state Stanton’s necessary form for a quadratic packing polynomial, and provide an
independent proof of this result.

For two linearly independent vectors w1, ws € R?, define the sector S (w1, ws) as
the conical hull of w; and ws. That is,

S(wl,w2) = {t1w1 + towg : tl,tg = 0}

Alternatively, S(wq,ws) is the convex hull of the rays twy, twa, t = 0. We will restrict
our attention to sectors where one of the rays is the positive z-axis. As long as one
of wy or wy is rational, this does not present any loss of generality (see Remark 6).
We denote for a > 0 the sector S(a) < R? as

S(a) :==S((1,0), (1, a)) = {(z,y) eR* : 0<y<azx}
and the integer lattice points in S(«a) as
I(a) := S(a) n 72

Respectively, S(o0) and I(o0) will denote the first quadrant and its lattice points.
To be precise,

S(o0) := 8((1,0),(0,1)) and I(0):= S(0) A Z2.

We will refer to sectors as integral, rational or irrational according to a being integral,
rational or irrational, respectively. The sector S(c0) is considered integral.

Definition 1. Let I — R? be an enumerable set. A function f : R? — R is called
a packing function on I if it maps I bijectively onto Ny. If f is a polynomial it is
called a packing polynomial.

Remark 1. In Lew and Rosenberg’s definition the set I is always a subset of Z™
and Nathanson uses this definition as well. Our broader definition is practical for
the treatment we present here. If we speak of a packing polynomial on S(«), the
enumerable set implied will be I(«).

In this paper, we will classify all quadratic packing polynomials (QPPs) on the
lattice points of sectors S(a). We will determine which values « allow for QPPs and
provide formulas for each.

Example 1. Let a = 4/3. Then the polynomial 222 — 22y + (1/2)y? + (1/2)y is a
quadratic packing polynomial on S(4/3) by Theorem 3; see Figure 1.

Our starting point is the following result (see [4], Equation 1 and Theorem 5).
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Figure 1: The quadratic packing polynomial on S(4/3) given in Example 1.

Theorem 1 (Gjaldbak [4]). If P(x,y) is a QPP on I(«a), then
A C
P(x,y) = 53:(3: — 1)+ Bxy + Ey(y— )+ Dzx+Ey+F

with A, B,C, D, E, F € Z. Furthermore, we must have A > 0, B2 = AC and

so in particular, o is rational.

Since o must be rational in order for a packing polynomial on S(«) to exist, we
focus on the case where « is rational in this article.

Stanton gives the coefficients of the homogeneous quadratic part of P(x,y) in
terms of the slope of the sector and a necessary condition on the slope [9].

Theorem 2 (Stanton [9]). Let « = n/m be rational with gcd(m,n) = 1. If P(x,y)
is a QPP on I(n/m), then n | (m —1)? and

P(x,y)—Z(x—nlgly)QJr(D—Z)er(E—(m_;)z/n>y+F

with D, E,F € 7.
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This was proved using the Lindemann—Weierstrall Theorem. Using Theorem 1,

we are able to present a short alternative proof.

Proof of Theorem 2. By Theorem 1,

A
a=_—=1—% so n(l — B) = mA.

Since m and n are coprime, we have n | A. Since AC = B2 by Theorem 1,
A \? A
nACanQZn(l—m> :n—A<2m—m2>,
n n

and hence n = A(nC + 2m — (A/n)m?) so A | n. Since A > 0, we conclude that
A = n. It follows that B =1— (A/n)m =1 —m and C = B?/A = (1 —m)?/n.
Since C is an integer, the condition n | (m — 1)? follows. O

Remark 2. The case of I(o0) corresponds to n =1, m = 0. We will elaborate on
this in Remark 4.

Example 2. Since 31 (2 — 1), there are no QPPs on the sector 1(3/2).

2. Sector Transformation and k-Stairs

In this section, we introduce two tools that we will use to prove our main result.
The first is the notion of staircases, which help us describe the structure of quadratic
packing polynomials. Next, we describe how to transform sectors so that we can
more readily leverage the structure provided by staircases.

The points in I(n/m) can be subdivided into disjoint sets of points that fall on
the same line with slope n/(m — 1) (or vertical lines in the case m = 1); see the left
side of Figure 2. Let I = ged(m — 1,n). For an integer i, we call

n .
Ji = {(x,y)eI(E) : (m—l)yznxflz}
the ith staircase, noting that I(n/m) is the disjoint union
n ©
(=) = |:(|) J;.

We refer to the points as steps on the staircase with the first step being the one with
the minimal y-coordinate. For consecutive steps (x1,y1) and (z2,y2) on a staircase,
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we have (z2,y2) = (1 + (m —1)/l,y1 + n/l). The difference of P(x,y) evaluated on
consecutive steps, regardless of the staircase, is

P(z+ (m—1)/l,y+n/l) — P(z,y)

= (p-B)on-nas (B Yy
= k.

We will now transform sectors so that the staircases have a nicer structure. For
an invertible 2 x 2 matrix M, we study the transformed sector M (S(«)) instead
of S(a). If f(z,y) is a packing function on I(«), then f(M~!(z,y)) is a packing
function on M (I(«)). Likewise, any packing function on the transformed lattice
corresponds to a packing function on the original.? Consider the transformation

Doy (1 e
o3 ). -G F)

This transformation skews the sector and the lattice points with it, turning all
staircases vertical; see Figure 2. Note that in the case of integral sectors the
staircases are already vertical and the transformations are the identity. The sector
S(0) is sent to S(1), so there is really no need to treat S(co) as a special case. We
will use the following notation:

() (S(2) T(2)m (1 (2): T

Remark 3. Note that n
s (7) = S(n)

and

m

f(ﬁ) =M (Z*) n S(n) = Eljl

If (a,b) € J, then (a + ((m — 1)/n)b,b) is an integer coordinate point on the line
((m—=1)/)y = (n/l)x — i, so
1 1
= — d b=——7—i d n/l).
A an (m—l)/lz (mod n/l)

Also note that the number of points on j; is given by
#J; = (1P /n)i + [/ ] 4],

where
0 if n/l does not divide 1,

[/t ] ={ 1 if n/l divides i.

. 1 . .
3Nathanson [7] used transformations of the form <0 T) to obtain equivalences between the

sector S(c0) and sectors S(1/m).
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Remark 4. The sectors S(c0) and S(1) are equivalent by the transformations

(11 (1 -1
ey ) -7,

Remembering that the rational sector S(n/m) is shorthand notation for the equivalent
S((1,0), (m,n)), and S() is short for S ((1,0),(0,1)), it is convenient to consider
S(o0) to be the rational sector with n =1 and m = 0.

The vertical staircases simplify computations. We set

~ k

P(z,y) =P (M '(z,y)) = gx(x —1)+ Dz + Tﬂy + F. (3)
The polynomial ﬁ(x,y) is a QPP on ]A'(n/m) if and only if P(z,y) is a QPP on
I(n/m).

/ rea| AT

M L L L L L L
> > > > > > >
RN e A\\A R
JO Jl JQ J3 JO J1 J2J3"'

Figure 2: Transforming the sector S(n/m); example showing n/m = 9/4.

Example 3. The polynomial

1 1 3
P(x,y)—ﬁ(x—2y> (x—Qy—2)+:r+y+2

is a QPP with k = 3 on I(12/7), according to Theorem 3. The corresponding QPP
on I(12/7) is

~ 3 3
P(x,y)—6x<x—2>+m+2y+2.
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28 | 50 | 84 | 130 | 188|258 | 340

[ L1 | 27 | 55 | 95 | 147|211 | 287

4 24 | 52| 92 | 144|208 | 284

13135 | 69 | 115|173 | 243|325

=
e
D
<9

~

Figure 3: A QPP on the sector 1(12/7) and the transformed sector I(12/7).

See Figure 3.

3. Necessary Conditions

In this section, we prove a series of lemmas that describe the structure of QPPs on
transformed sectors. These lead to Proposition 1, which gives the necessary form of

P(z,y).

Recall that k denotes the difference P(xs,y2) — P(x1,y1) of P on consecutive
stairs. Initially, we will assume that k > 0. Later, in the proof of Theorem 3, we will
see that the case k < 0 easily follows. Let g; denote the y-coordinate of the first step
on J;. Note that in the case of integral sectors much of the discussion below could
be greatly simplified, since the sector transformation is trivial and g; = 0 for all 4.

Lemma 1. Let ]3(937y) be a QPP on f(n/m) with k > 0. Then

~( k
Pl—.,y. )| =F+k
<n/l7yk> +
and )
D:n/l—i(k'l—n)—yk.
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Proof. All values on the same staircase fl belong to the same congruence class
modulo k. More specifically, since k£ > 0 by assumption, the values on the #ji steps
are consecutive mod k-values starting with the smallest integer in the congruence
class that is at least P (¢/(n/1),0). For each i, let ¢(¢) be the smallest positive integer
such that the values of jﬂc(i) are in the same congruence class as fl From a certain

Pl 0) <P (D 0) forani> i
n/l n/l

This means that the value of P on the first step of ch(i) must be greater than the

value iy, we have

value of P on the last step of fi, since it would otherwise have to equal one of the
values on fl

For large enough ¢, the value of P on the last step of f must be exactly k less
than the value on the first step of JHC(Z All non-negative values in the congruence
class must be represented by P exactly once. Since the values are strictly i 1ncreasmg
for ¢ > 19, if there is a gap between the last step of J and the first step of JHC(z),
then the “missing” values must be found on staircases to the left of JZO. There are
finitely many such staircases, so from a certain point, there can be no gaps.

The points on the staircases j(n/l)i have an integral z-coordinate. The first step
s (4,0), the last step is ni, and there are li + 1 steps; see Remark 3. We further
note that 4, )i4+; = y; for all 7, j. For all large enough i, we can thus write

P(i,ni) = P (z + ;(2’50(1?) — k. (4)

Since #j(n/l)i = li + 1, we can also write

~

P(i,ni) = P(i,0) + kli. (5)

Using Equation (3), we get

P )~ S5 0 o
Sili = 1)+ Di +F+Z’C(;l) (C(i)—1)

DT+ it
:13(2',0>+13<n(/l),yc(i)) — F + c(i)li.

Combined with Equation (4) and Equation (5), it follows that

@) + F — F +c(i)li

p (;(;l)y()> —k+ F+ (k—c(i)li.
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o
o

[ ]
o

[ ]
[ ]

? o) o

v S Yeli)
o
Jn1)i J(n/1)i+e(d)

Figure 4: Next staircase with the same congruence class mod k after a staircase
with integral z-coordinate. P(i,ni) = P(i + c(i)/(n/l), Je@y) (mod k).

This holds for all 7 large enough. For only finitely many ¢ can we have c(i) < k, as
the formula would otherwise produce more than one value for P (c(i)/(n/1), Ye(sy ) -
Also, we cannot have ¢(i) > k for infinitely many ¢, as we would then eventually have
a negative value for P (c(i)/(n/l),e(:)). We can therefore find an i large enough
that the formula must hold and for which ¢(i) = k. Using this in the formula, we
obtain

~(k
Pl —, 4% | = F.

() =
Expanding P (k/(n/l), ) leads to

D:WF%W—M—%

O

~

Example 4. The polynomial in Example 3 is a QPP on I(12/7) with k = 3.
Rewritten in the shape of Equation (3), it takes the form

~

3
P(z,y) :6x(x—1)—2m+§y+2.
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We have | = 6, n/l = 2, and g = 1 (see Figure 3). We verify that

~(3

P(51)=5=k+F

and 1
D:—2=2—§(3~6—12)—1.

Lemma 2. Let ﬁ(x,y) be a QPP on f(n/m) with k > 0. Then, for all i, the values

of P on Ji11 are in the same congruence class modulo k as the values on J;.

Proof. For any 4, pick (i/(n/l),3;) and ((i + k)/(n/l), Ji+x) as representatives of
points from J; and J; 4, respectively. By Equation (3), we have

~(i+k n(i k i k i k k
P ) =2 (v =V (vl ) e[ B B v F
(n/l ’yl+k) 2<n/l+n/l) <n/l+n/l >+ (n/l+n/l> +n/lyl+k+
_ni (i Nyplt o koo p
20/l \n/ n/l n/lyz
nk (k k k
PELE ) e D B F
* 2n/l (n/l ) * n/l * n/lyk *
k k

k
ikel2 oy — ——4f — — . — F

Y WY L 2 4 Yok = (Ui T Gx)
P(n/l7yz>+P(n/l’yk> F+k(zl/n+ ol .

By Lemma 1, P(k/(n/l), i) = k + F, so

~(i+k _ ~( i _ . Yivr — (Ui + Ur)
Pl ——,u; =P|—,% k+k(il? : 6
In the integral sector case, all stairs begin at 0. Else, according to Remark 3, we

have
1

Yivk = —m
50 (Ui+k — (Ui + Tr))/(n/l) is an integer and Equation (6) shows that

~(i+k At
P —— _1' =P 77_1' dk,

which is what we wanted to show. O

i+ k)= + 4 (mod n/l),

Example 5. Note, for the polynomial P(z,y) = 6z(z — 3/2) + = + (3/2)y + 2 from
Examples 3 and 4, which is a QPP with k& = 3, that the values on any two staircases
that are three apart are congruent modulo 3. See Figure 3.
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Lemma 3. Let P(z,y) be a QPP on I(n/m) with k > 0. Then
g =n/l — 1.
Note that this is trivially true for integral sectors.

Proof. For large enough i, the value of P on the first step of J; is k more than the
value on the last step of fi,k. This follows from Lemma 2, because Pis eventually
increasing in the first coordinate; see the argument given in the proof of Lemma 1.
The line x = (i — k)/(n/l) intersects the line y = nx at the y-coordinate I(i — k) (see

A

Figure 5), so, since P is strictly increasing in the y-coordinate, we have

ﬁ(i;/f,zu—k)>+k>ﬁ<;/l,yi). (1)

By Equation (3), we have

=
-
SN

Figure 5: The value of ]3(30, y) is k more on the first step of jz than on the last step
of J;_k. The lines z = (i — k)/(n/l) and y = nx intersect at ((¢ — k)/(n/1),1(i — k)).
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~(i—k ni—k (i—k 1—k k
Pl g ) =0t 1)+ D = B -k 4+ F
(n/l Y k) 2 nfi <n/l )+ n/l —i_n/ll(Z k) +

2t (L 1)+DpL + g4 F
2n/l (n/l ) * n/l * n/lyz *

1, 1 kook
_ = A 5 WA
2k‘ I“/n+ 2kl i n/lyl
~ (4 1 1 k k
— P g)) -kt skl-DE By
(n/l’y> 2 /n+2 n/l n/ly

By Lemma 1, D = n/l — (1/2)(kl — n) — g, so the above equation simplifies to

P (ﬂ,l(i—kz)) Lk P <n@/1y> - nk/l(yk — )

The left-hand side is non-negative by Equation (7). Since this holds true for all 4,
the value of g must be the largest possible, which is n/l — 1. O

Example 6. For our recurring QPP with & = 3 on the sector I1(12/7) (Examples 3,
4 and 5), we have g, = n/l —1 = 1. See Figure 3.

Proposition 1. If ﬁ(m,y) is a QPP on f(n/m) with k> 0 and | = ged(n,m — 1),
then we must have n/l |1 and

~ n k k
P(x,y)=2a?(:v—n/l>+x+n/ly+F, (8)

where k= (m — 1)/l (mod n/l).

Proof. The condition n/l | I follows from the necessary condition n | (m — 1)? of
Theorem 2. Since n | (m—1)% implies n/l | (m—1)2%/l, and because n/l and (m—1)/I
are coprime, we must have n/l | [.

The necessary form of IS(z, y) follows directly from the initial form in Equation
(3) and Lemmas 1 and 3. The condition k = (m — 1)/l (mod n/l) follows from
Lemma 3 and the fact that g;(m — 1)/l = —i (mod n/l). Again, this is trivial for
integral sectors. O

4. Classification

In this section, we prove our main result, Theorem 3. First, we give two more
lemmas. Lemma 4 gives a sufficient condition for P to be a packing polynomial.
Lemma 5 gives the constant term F.
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Lemma 4. Let m,n €N, | = ged(m — 1,n) and
n

ﬁ(m,y)zix (x /l>+x+ Ijly+F

where k = (m — 1)/l (mod n/l). Then P(z,y) is a QPP with k > 0 on IA(n/m) if

and only if
~( 1
Pl 5) :i=01,... k-1 =10,1,... k—1).
P (pm) im0 f-10 }

Proof. By Lemma 2, for all i we have that Valueb of P on Jw;C are in the same
congruence class modulo &k as the values of P on J;. Therefore, if P(x y) takes the

values 0,1,...,k — 1 (in any order) on the first steps of the first k staircases, then
P(z,y) is a QPP on I(n/m) if

~litk A -

P —. 0 —Pl—u) =k i) -

Conversely, if Equation (9) holds and 13(37, y) fails to take the values 0,1,...,k—1 on
the first steps of the first k staircases, then, since Pis increasing in both coordinates,
any missing value could never be attained again on 1 (n/m). Therefore P would not
be surjective onto Ny and thus not a QPP.

Applying Equation (8), a direct computation shows

s(itk N st N (24 LT Ttk = Ui
P(Smee) =P (gpom) = (wmes SHE=E).

Since Fi+r — ¥ = —1 (mod n/l), we have g+, —§; = (n/l)[n/l | i] — 1 and the result
follows. =

Example 7. For the recurring example, P(z,y) = 6z(z — 3/2) + 2 + (3/2)y + 2, a
QPP on I(12/7) with k = 3, the first steps on the first three staircases are gy = 0,
71 =1, g2 = 0, and we can verify that

~ ~ /(1 ~
P(0,0) = 2, P(2,1>=1, P (1,0) = 0.

We can now with confidence say that it indeed is a QPP on 1(12/7).

Lemma 5. If ﬁ(m,y) is a QPP with k>0 on f(n/m), then

o BmE-1E+1)
12

(10)
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Proof. By Lemma 4, we have
k=1 _ k—1
> P<,yi) =i
zar) - 2

from which we get

5 (e e oo

=0

Observing that g; + gx—; = —1 (mod n/l) which implies that §; + gx—; = n/l — 1,

we obtain, remembering that gy = 0, by rearranging the terms, the formula

(k—1)/2
, (Ui + Yr—1)s k odd
"i . z (k= 1)(n/1-1)
Y k/2—1 2 '

Z (Ui + Ue—1) + Urj2, k even
i=1

The formula for F' now follows by applying the well-known formulas

— —Dk(2k -1 k—1)k
; %and Z;)Z_(Q)'

Example 8. As we have seen (Examples 3, 4, 5, 6 and 7), the polynomial ]3(

6z(x—3/2) +x + (3/2)y + 2 is a QPP on 1(12/7) with k = 3. We have n = 12, |

so 1?/n = 3 and we can verify that

33-1)(3+1)

y)

15

O

6,

F= - ~2.
Theorem 3. Let m,n € N with gcd(m,n) = 1 and put | = ged(m — 1,n). If n | I?
and
(1) (m-1)/1 =+1 (mod n/l), set k= =1, or
(2) (m-1)/l =42 (modn/l) and?/n =4, setk= 42, or
(3) (m—1)/l =+3 (modn/l) and?*/n =3, setk = =+3.
Then

n m—1 m—1 kl kl—(m-—1
P(x,y)—2<x— y)< - n)+x+(n)y+|k|—1

is a QPP on I(n/m). These are the only QPPs on sectors S(a) < R2.
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Proof. Assume that n/l |l and let ]3(96, y) have the necessary form in Equation (8).
Note that n/l | [ implies that (?/n is an integer. Assume first that k& > 0. We go
over the cases k = 1,2,3, and k > 4 individually. By Proposition 1, it is in each case
a requirement that (m — 1)/l = k (mod n/l) (again trivial in the integral case, as
n/l = 1). We determine whether P takes the values 0,1,...,k—1 (in any order) on
the first steps of the first & staircases. If that is the case, then Lemma 4 guarantees
a packing polynomial.

Case k =1: By Lemma 5, we must have F' = 0. Since

P(0,0) =0,
the requirements of Lemma 4 are met.
Case k =2: By Lemma 4, we must have F' = 0 or 1. Since [?/n > 0, we must have
I2/n =4 and F = 1, by Lemma 5. Since (m — 1)/l =2 (mod n/l), n/l is odd and
we have in the non-integral sector case

o 1
D=

We find that

n/l —1
5

(mod n/l), so @ =

DN | =

~

P(0,0) =1

p (nl/l ”/12_ 1) —0.

By Lemma 4, ﬁ(m,y) is a QPP on f(n/m)
Case k =3: We must have F' = 0,1 or 2. By Lemma 5, we must have

and

2
F:2l /n:10r2.
3
Since [?/n is an integer, we conclude that F' = 2 and [?/n = 3. Since (m — 1)/l =3
(mod n/l), we have n/l # 0 (mod 3) and 371 = —1 (mod n/l) and 37, = —2

(mod n/1). This means that

; { WL it pl=1 (mod 3)
.

2=l ifp/l=2  (mod 3),

and

_ 202D i p/l=1 (mod 3)
Y2 = n/l—32 .
= ifn/l=2 (mod 3).

In either case, we have

P(0,0) = 2 and {13 <nl/l,y1> P <712/ly2)} — {0,1}.



INTEGERS: 25 (2025) 17

Again, Lemma 4 verifies that P(z,y) is a QPP on I(n/m).

Case k > 3: By Lemma 5, we must have [2/n(k + 1) < 12, since 0 < F < k — 1 by
Lemma 4. This means that 4 < k < 11. For k = 4 and 5, this implies that 1?/n = 1
or 2, and for k > 5 that [2/n = 1. Since F is an integer, checking each possible
value for k and [2/n in the Equation (10) leaves as the only options k = 5,7 or 11.
In particular, k¥ must be odd, and so 2, and therefore I2/n, have inverses modulo k.
The same is true for n/l, since k = (m — 1)/l (mod n/l) and (m — 1)/l and n/l are
coprime. This means that 2, I2/n and n/l have inverses modulo k and thus likewise
for | = (1?/n)(n/l) and n = (n/l)l. Therefore

n/l’yZ 2n/l \n/l  n/l n/l n/lyl

Bin ., i
ALY B
5 + i + (mod k)
Bl 1\ 1

For any j = —1/l (mod k), we have

5(J+1 _ 5(7—1 _
Pl—— ¥, =P(——,7i_ d k).
( n/l 7y]+1> ( n/l 7y] 1> (mo )
This is impossible by Lemma 2.

We have now determined all possibilities for QPPs with k£ > 0. We will deal with
the negative cases by showing that there is a one-to-one correspondence between
QPPs with k = k' and QPPs with k = —k'.

Assume that P(z,y) is a QPP on I(n/m) with k£ < 0. By Theorem 2 and Equation
(3), we must have n/l | I and P(z,y) must have the form

Play) = “a(z—1)+ Do+ Xy F
zy) = Sz v+ /ly
with D, F € Z. The involutory transformation L : (z,y) — (z,nz — y) maps S(n)
onto S(n) while vertically flipping the coordinates. See Figure 6. Specifically, the
effect on the points is

TG =G

_ {(Jc,y)eS(n) : x:ni/l,((m—m/nyzi (mod n/l),ieNo}.

Then

P(z,y) = P(z,nz —y) = %x(m -1+ (D+kl)z — nk/ly +F
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b2 * D2 D1 P1e
P1 e s P D2 R e

Figure 6: A QPP with k negative corresponds to a QPP with k positive. The sectors
are not necessarily the same.

~

is a QPP on I(n/m) and the difference in values of consecutive steps is —k. From
the above analysis, we have

_ _ —k . _
Jgr=n/l—1= Y (mod n/l), so (m—1)/l=k (mod n/l)

and N L
P(z,y) = L (zn/l) tr+ — +F,
where either

—k=1and F =0,
or —k=2,1°/n=4, and F =1,
or —k=3,1%?/n=3, and F = 2.

This means that

P(z,y) = P(z,nz —y) = g;v (ac— nk/l> +x+ni/ly+(—k)—1.

So, regardless of the sign of k, if k = +1,+2, 43 = (m — 1)/l (mod n/l), then

~ n k k
P(x,y)—2x(x—n/l)+x+n/1y+|k|—1
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~

is a QPP on I(n/m) and these are the only options. Transforming back to the
original integral sector, we find that

n m—1 m—1 kl kl—(m-—1
P(m,y)=2(x—ny) <x— y—n)+x+(71)y+|k|—1

n
is a QPP on I(n/m). O

Example 9. Let o = 8/5. Then we have n = 8, m =5, so n | (m — 1)2. Then
I = gedim —1,n) = 4, nfl = 2, and (m — 1)/l = 1 = £+1,43 (mod 2), but
I2/n=2# 3. Soonly k = 1 yields QPPs. That is, the polynomials

1 1 1
P(x,y)=4<x—2y> (m—Qy—2> +z,

1 11
P —4(z— = g4 = _
(z,y) <x 2y> <:c 1A 2) +r—y

are the only QPPs on I(8/5); see Figure 7.

) 2 1 9
8 5 /18

6 0/29

6 9 /42

48 0 /57

62 43 / 74

78 8 /93

96 44 /75 /114

116 9 /137

Figure 7: The quadratic packing polynomials on S(8/5) given in Example 9.

Example 10. Let a = 12/7. Then we have n = 12, m = 7, so n | (m — 1)2. Then
I =ged(m—1,n)=6,n/l=2and (m—1)/l =1= 41,43 (mod 2), and I?/n = 3.
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So setting k = +1, +3 yields QPPs. That is, the polynomials
1 1 1 n
Y T 2y 9 €,
L)
Y T 29 B r—yY,
L) fay e
T——y— = x
Yy 23/ B Y )

1 1 3
P(x,y)=6<xy) <xy+>+:1:2y+2

2 2 2

T

8

xT

N = N = N

P( )_6<
P@w)=6<
P( )6<

are the only QPPs on I(12/7); see Figure 8. In fact, S(3), S(4) and S(12/7) are
the only sectors (up to equivalence of transformation) with four quadratic packing
polynomials.

A A A A

N O =W
N Ot O O
Ne RO R =2 I
NoRNG T e N

k=1 k=—1 k=3 k=-3

Figure 8: The quadratic packing polynomials on S(12/7) given in Example 10.

Example 11. Consider the integral sectors. That is, n € N, m = 1. Then n | 0,
I =gcd(0,m) =n,n/l =1and (m—1)/l =0 = +1,4+2,43 (mod 1). So setting
k = £1 yields QPPs for all n. As [2/n =n, for n = 3 and n = 4 we obtain the two
additional QPPs discovered by Stanton [9)].

So for all n, the polynomials in Equation (2) discovered by Nathanson [7] are
QPPs. Additionally, for n = 3 the polynomials

3
P(z,y) = §ar(xt3)+x$3y+2
and, for n = 4, the polynomials

P(z,y) =2zx(x+2)+xF2y+1

are QPPs; see Figure 9.
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37 54 TH t 16 35 58 85
36 53 T4 / 18 37 60 §7
35 52 73 b 20 39 62 89
34 51 T2 T 22 41 64 91
33 50 71 24 43 66 93
3249 70 1126 45 68 95
3148 69 13 28 47 70 97
3047 68 1530 49 72 99
29 46 67 1732 51 74 101
28 j6—66—> 8S—F9—34—53—76—1H43>

Figure 9: Two quadratic packing polynomials on S(4) given in Example 11.

Remark 5. While S(o0) is not explicitly included by Theorem 3 as it is stated, it does
follow as a corollary since the sector is equivalent to S(1); see Remark 4. For S(c0),
we set n = 1, m = 0, and note that, indeed, 1 | (—=1)2. We have | = ged(—1,1) = 1,
n/l =1and (m—1)/l = —2= 41,42, 4£3 (mod 1). So setting k = +1 yields QPPs,
whereas [?/n # 3,4. We recover the original Cantor polynomials in Equation (1);
see Figure 10. One could include an even broader class of convex sectors, e.g.,
for negative a-values, as transformations allow us to reduce these cases to those
addressed directly by Theorem 3. See the following discussion on future directions
and Remark 6.

5. Future Directions

We now describe two open areas for future research.

The Fueter and Polya problem stated in Question 2, about the the existence of
packing polynomials of higher degree on sectors, remains largely open. On S(o0)
it is still open for degrees higher than 4, and it is indeed also an open problem for
general sectors.

We now pose a question about general irrational sectors.

Question 4. Are there packing polynomials on sectors S(wy,ws) where wy and woy
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10114\1i9
113

Figure 10: The Cantor polynomials on S(o0) given in Example 5.

are both irrational?

Remark 6. In this article we have focused on sectors of the type S(«) rather than
the general type given by two vectors S(wq,ws). If one of wy or wq is rational, then
the situations are equivalent, which we can see as follows. Assume that wy = (r, s)
is rational, by which we mean r,s € N, ged(r,s) = 1. We can then find integers
a,b € Z such that ar + bs = 1. The matrix

(& 0)

has determinant 1 and sends (r, s) to (1,0). If the transformation sends ws outside
the first quadrant, we can apply transformations

1 0 1 m
<0 _1) and (0 1), me 7,

to accommodate that. So, if either of w; or wy is rational, the quadratic packing
polynomials on S(wp,ws) are known. If both w; and ws are irrational, then it is
unknown whether packing polynomials are possible.
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