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Abstract

Let f € Fy[T] be a monic polynomial over the finite field F, of ¢ elements and let
k > 1 be a natural number. Following the work of Das, Elma, Kuo, and Liu, let
wi(f) be the number of distinct monic irreducible factors of f with multiplicity
k. We study the distribution of wy in F,[T] when restricted to h-free polynomials
and h-full polynomials. We show that a generalization of the Erdés—Kac Theorem
restricted to the h-free polynomials is true for wy, but not for wy for 2 < k < h,
and similarly, a generalization of the Erdés—Kac Theorem restricted to the h-full
polynomials is true for wy, but not for wy for k > h + 1.

1. Introduction
Let F, be the finite field of ¢ elements, where ¢ is a prime power. For f € F,[T], let
f=aPy .. P &

be its prime factorization, where P; € F4[T] is monic irreducible, v; > 1, and
a €.

Let h > 2 be a natural number. We say that f € Fy[T] is h-free if v; < h for
j = 1,...,r in Equation (1). Analogously, we say that f is h-full if v; > h for
j=1,...,r in Equation (1). Notice that for h = 2, we obtain the square-free and
the square-full polynomials respectively. We denote by Sy and by A}, the sets of
h-free and h-full polynomials respectively.
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The number of distinct prime divisors is given by w(f) := r. The distribution of
values of w has been extensively studied over the natural numbers. In 1940, Erdos
and Kac famously proved that, for n a natural number, w(n) has a limiting normal
distribution in the sense that

1
lim —
T—00 I

{3§n§x o< w(n) — loglog(n) < }

1 B
v R
loglog(n) V2r Ja

Various approaches to the Erdés and Kac Theorem have been pursued; see for
example the works of Delange [5, 6], Halberstam [9], Billingsley [2], and Granville
and Soundararajan [8].

The function field version of the Erdés—Kac Theorem was settled by W.-B. Zhang
[18], namely, if we let M,, denote the monic polynomials of F,[T] of degree n, then

. w(f)—log(n)
lim HfEMn PSS T SB}’ _ 1 /ﬂeﬁ/zdt.

Mmoo {f e My : n<mj V27 Ja

This was then generalized by Liu [12, 13]. Rhoades [15] gave another proof, extend-
ing the methods of Granville and Soundararajan [8] to the function field setting.

It is also interesting to pose the question of whether the Erdés—Kac Theorem
extends to subfamilies. Lalin and X. Zhang [11] proved the corresponding gener-
alizations to the Erd6s—Kac Theorem for h-free and h-full monic polynomials over
F,[T], by the method of moments. It is remarkable that, while a positive proportion
of monic polynomials of a certain degree are h-free, and this proportion remains
positive as the degree goes to infinity, the same is not true for h-full polynomials,
which constitute a thin family as the degree goes to infinity. Therefore, the analogue
to the Erd6s—Kac Theorem is more surprising in this context.

In [7], Elma and Liu considered a refinement of w(n) as follows. For k > 1 a
natural number, let wy(n) denote the number of distinct prime factors of n with
multiplicity k. They computed the first and second moments of wy(n), proved the
analogue of the Erdés—Kac Theorem for wy(n), and showed that wy(n) for k > 2
does not have normal order F'(n) for any nondecreasing nonnegative function F(n).
This work was subsequently extended by Das, Elma, Kuo, and Liu [3] to the function
field setting.

The goal of this manuscript is to explore the refined functions wy(f) in the
case of the h-free and h-full families of monic polynomials in F,[T]. As one may
expect from the above discussion, we obtain that wy(f) satisfies a limiting normal
distribution over the h-free polynomials, while wy(f) for 2 < k < h does not. For
the h-full polynomials, we have that wy,(f) satisfies a limiting normal distribution,
while wg(f) for k > h + 1 does not. (In the h-free case, wi(f) is trivial for & > h
while in the h-full case, wg(f) is trivial for k < h.)

We adopt the following notation. Let M and M,, denote the sets of monic
polynomials of Fy[T] and monic polynomials of degree n respectively. We let Y,
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and [[p denote the sum and product over all monic irreducible polynomials in
F,[T]. For a polynomial F(T) € F,[T], the quantity |F(T)| := ¢%¢(¥) denotes its
norm or absolute value, and we set |0| := 0. We denote by (,(s) the zeta function
associated to Fy[T, defined precisely in Equation (10).

Define ) )
pi=re Y (om (1 5y) + 1)
P

to be the function field analogue of the first Mertens constant, where

|
v = lim (Z Z - log(n)> ~ 0.57721566 . . .

n— o0
k=1

is the Euler—Mascheroni constant. The Mertens constant B; appears in estimates
for 3, ., w(n). See [10, Theorem 430].

For f € M and P € P, let vp(f) be the multiplicity of P in the factorization of
f, that is, vp(f) is the integer such that P¥7(1) | f but PY»()+1 4 f (this includes
the possibility of vp(f) =0 when P 1 f). We have that

w(f) =Y 1.

For a natural number k£ > 1, we define

wi(f) = Y L

PIf
vp(f)=k

Clearly we have

w(f) = 3 wnlf).

k>1
In [3, Theorem 1.1], Das, Elma, Kuo, and Liu prove that, as n — oo,
sz(f)—lo (n) + B—Zi 1ot (2)
M, e LT PP n)
feM, P

For k > 2, e € (0,1/2), and as n — oo, they prove

1 1 1 .
Mo > wlf) = <Z|P|k - p|k+1> +0: (¢ 7). (3)
P

feMy

The authors of [3] compute the second moments in Theorem 1.2, obtaining results
of the form
1
(M|

> wilf)? =log*(n) + Czlog(n) + C5 + O <logrfn)> :
feM,
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and
1

] 2 P =Lt O (aF ),

where Cy, C3, C), are certain precisely given constants (depending only on g).
In contrast, [11, Theorem 4.1] states that the moments over the h-free family are
given, as n — 0o, by

. P| -1 B
S X =t 5 X 06,
[Sn Ml =00 P[P 1)

while

1

Bt 2 W) =1og’(n) + Sy(h)log(n) + Sa(h) + 0z (n7).

feSLNM,,

for certain precise constants Sy(h) and S3(h) depending on ¢ and h.
Similarly, [11, Theorem 6.1] gives that

1 n
- - w(f) =log(— )+ Ni(h) + O. (ns—l) 7
WA M (7)
while
1 . .
NG O Mo w(f)? =log” () + Na(h)log () + Na(h) + O- ("),
INE N M| rerTM., (h) <h)

and Njp(h), No(h), N3(h) are certain precisely given constants depending on ¢ and
h. In particular, setting h = 1 for the h-full polynomials gives the moments of w
for the whole set of monic polynomials, namely,

1
YVl w(f) =log(n) + Ni(1) + O (n°71),
M erMn ° ( )
and 1
T > w(f)? =log® (n) + Na(1)log (n) + Na(1) + Oc (n°7") .

fEMn
We remark that for n > h,

and

% , 1 1
N VM| =125 g (1—> 1+ —
| h | h j:ZOé-h H |P| ( P|(1_(qh§‘}1)_deg(P))>
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where £;, denotes a primitive complex root of unity of order h.

Throughout this article, the error terms have implied constants depending on ¢
and h. This does not pose a problem, as we assume ¢ and h to be fixed.

As previously stated, [3, Theorem 1.5] asserts that wi1)=logn) pag 5 limiting

1/ log(n)
w(f)—log(n)

normal distribution; [11, Theorem 4.2] gives the analogous result for et
og(n

restricted to Sy, N M, while [11, Theorem 6.2] gives this for w(f)los(4)

Viog(3)
to N N M,,.

In this work, we compute the first and second moments of w; for h-free polyno-

restricted

mials.

Theorem 1. For e > 0 and as n — oo, the first moment of wy over the h-free
polynomials of degree n is given by:

1 1
S L e —lmias.nio(n).
‘Shm/\/lﬂ Fedmm, n
where ‘ =
P -1
Ci(S D) = B1 = (pypp 1y
The second moment is given by:
1
o=y wi(f)?
|ShﬂMn‘ fESLNM, (5)

=log*(n) + C2(Sh,1)log(n) 4+ C3(Sh,1) + O- (n(f—f) ,
pih-t—1
Co(8p,1) = ( <B1 Z B |P|h — ) + 1)
and

, Plh2(|pP 71 P11 ’
C3(Sn,1) =BY + B1 = ¢(2) = ) (||P|'(z|—|1> (Z |1|3 ||P|h - 1)>

P

where

[Pt -1
— (2B, +1) Z PP -1

Finally, the variance is given by:

1
|Sh ﬂMn|

1

2

fespnNM,,
=log(n) + C4(Sh,1) + O; (nefl) ,

wi(f)

fespnM,,

Varh—free,n (wl ) =
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where

Ph2P71 Phlf].
Ci(Snl) = Bi— ()~ Y (|||p|5_1> -2 PP

P

We remark that the error term in the first moment is of better quality than the
error term in the second moment, as this latter one contains an extra factor of n®.
This is due to the fact that the first moment can be computed in two ways: one
that uses the generating function for wy directly, and another way, that deduces the
moments from Equations (2) and (3) (obtained by Das, Elma, Kuo, and Liu with
other methods), resulting in an improvement of the error term.

Another interesting observation is that for the case h = 2, we have w; = w, and
the results for the moments coincide with the results from [11].

The techniques used to compute the first and second moments in the case of w;
can be pushed further to prove an analogue of the Erdos—Kac Theorem.

Theorem 2. Asn — oo, wi(f) with f € SpNM,, approaches a normal distribution,
namely, for a < f3,

1 _ wi(f) — log(n) R
7n {feShﬂMn : ag—log(n) gﬂ}‘am/ae dt.

Similarly, we obtain the first and second moments of wy, for 1 < k < h for h-free
polynomials.

Theorem 3. For e > 0 and as n — oo, the first moment of wy over the h-free
polynomials of degree n is given by:

1 |P|h7k71(|P| B 1) L _n+ten
[Sp N M| >, wdh=) P -1 +0: (" 7"")  (6)
" ores,nMy, P

and the second moment is given by:

1
o= wi(f)?
[Sh 1 M| fESRNM,,
[P k(P = 1) (IPIh M 1(|P|—1)>
(7)
(E: |Ph -1 %; Pl —1
Ph k—1 P _1 B
P D 0, o)

Letid € Mand g,G : U — R>( be two functions. We say that G is nondecreasing
if G(f1) > G(f2) for all fi, fo with deg(f1) > deg(f2). Then g is said to have normal
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order G (for a nondecreasing function G over S) if for any ¢ > 0 the number of
polynomials f with degree n that do not satisfy the inequalities

(1-2)G(f) <g(f) < (1 +e)G(S)

is o U N M,,) as n — oo.

Theorems 1 and 2 imply in particular that wi(f) has normal order log(deg(f))
over the h-free polynomials. It is natural to pose the same question for wy when
k > 1. We have the following negative result, which is consistent with the findings
of [3] for the whole set of monic polynomials.

Theorem 4. For 1 < k < h, the function wi(f) does not have normal order G(f)
for any nondecreasing function G': S, N M — Rxg.

Using the same methods, we can prove analogous results for N},. Before stating
our results, we establish some notation. Let

K(P,h,j) =
and recall that as n — oo,

gt 1 1
Jjn
Wi M| = 2511< m)@*mu%ﬁmwmm>

+ Oe (q ht1 +6n) .

Theorem 5. For ¢ > 0 and as n — oo, the first moment of wy over the h-full
polynomials of degree n is given by:
1 e—1
WA D =los () +OWm £ 0. (),

™ oren,nM,

where

— % . J
Ol(ML7h)_B1+|thM z:% h 1}:[( |P|>

1 . 1
y (1 e e P))> ) (K(P,h,J) - |P|> .

The second moment is given by:

1
‘th./\/ln|

wr(f)?
FENRNM, (9)

= log? (%) + C5(Np, h) log (h) + C5(Np, h) + O: (”E_l) )
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where

Co(Np,h) =2B1 + 1+

2 — Jn 1
s 54T )
1 1
: (l TR <qisi;>dcg<P>>) 2 (K (Poh.g) = |P|)

and

L 1
C3(Nn, h) =Bf + By — ((2) — Na QM| h Z ’JIRH(l_P>
P

7=0

1 .
X <1 |P\(1—(Qh§]) deg(P) ) [Z (P, h,j)
2
+<Z( (P,hyj) — |;|>> +(2Bl+1)Z<K(P,h,j)|;|>]_

P P

Finally, the variance is given by:
Varp,_sunn,n (wh)

2

1 1

== wi(f)? = | 7=~ wi(f)
a0 M| fENZﬂM (Nh N Mal feNthMn )

log(h)+31 €@

1 1
TN M, |Z§ H(l P>< Pl1—(ghel) deg(P))>

P

« _zP:K(P,hJQ—i-(zP:( (P,h,j) - |]13|)> +Z< (P, ) - |11>|)

1 = 1 1
R n 11— — 1 -
NN M| ;gh H( |P|> ( ! P(l(qiéi)d%(”))

XZ( (Bho) = |1£|) |

The techniques employed in the proof of the above statement can be pushed
further to prove an analogue of the Erdés—Kac result.

+ O; (ne_l) .
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Theorem 6. Asn — oo, wy(f) with f € Ny N M, approaches a normal distribu-
tion, namely, for a < 5,

W fethMn:QSMSﬁ _)7/ 7t/2dt
N N M| \/@

Similarly, we obtain the first and second moments of wy for h < k for h-full
polynomials.

Theorem 7. For ¢ > 0 and as n — oo, the first moment of wy over the h-full
polynomials of degree n is given by:

1
WM > w(f)

FENLNM,,

n h—1
qh 1 1
W 28 (- 7) <”|P| - e)- dew))
0

— = +ten
e (q R(h+1) )

x Y |P|<qﬁsz>*’“deg<P>K<P, hy§) +
P

and the second moment is given by:

1
N, N M, > wlf)”

FENLNM,,
gr 1
— 1+
Whm\/l h Z |P| ( |P|(1— (gné&))—des P)))
1 2
x [Z (IPI(qﬁF) RAes P K (P, b, j )
P

- (Z P(qiéi)kdeg(P)K(P,h,Jo
P

+ 37 1Pl(gFe]) P K (P, b, ) | + 0. <q*ﬁ+5n> '
P

Theorems 5 and 6 imply in particular that wp(f) has normal order log(deg(f))
over the h-full polynomials. It is natural to pose the same question for w; when
k > h. We have the following negative result.

Theorem 8. For h < k, the function wg(f) does not have normal order G(f) for
any nondecreasing function G : Njy N M — Rxq.
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This article is organized as follows. We start by including some notation and
preliminary statements in Section 2. The moments of wy over the h-free polynomi-
als are treated in Section 3, including the first and second moment formulas, the
normality results, and the analogue of the Erdés—Kac Theorem. Then Section 4 is
organized likewise, for the h-full polynomials. Finally, we conclude with a discussion
of possible directions of future research.

2. Notation and Preliminary Statements

Let M denote the set of monic polynomials over F,[T] and let M,, (respectively
M<,,) denote the subset of M containing the polynomials of degree n (respectively
degree < n). Let P denote the set of monic irreducible polynomials, and let P, :=
PNM, and P<,, := PN Mc, be defined analogously to the corresponding subsets
of M. The zeta function of Fy[T] is given by

1 1\
o= 3 =T 7)) 1o

fem P

where the sum and the product converge for Re(s) > 1. By summing over the
degree and then over M,,, one can prove that

1
Go(s) = 1_7q1_5»

which gives a meromorphic continuation for ¢,(s) to the whole complex plane, with
simple poles when ¢° = ¢. It is often convenient to consider the change of variables

S

u = q~*, which gives

1

Zq(u) — Z udeg(f) — H (1 _ udeg(P))_ 7

fem P

now converging absolutely for |u| < %, and having a meromorphic continuation to
the complex plane with a simple pole at u = %.

We recall Perron’s formula over Fy [T, which will be used throughout this article.
(See for example [14, Equation 4.4.15] for the classical statement, and [4, Lemma

2.2] for the function field version.)

Theorem 9 (Perron’s Formula). If the generating series A(u) = 3 e vy a( f)udeelf)
is absolutely convergent in |u| < r < 1, then

1 A(u) du
Z a(f) = i o un o
femM, |u|=r

)

where § denotes the integral over the circle centered at the origin and oriented
counterclockwise.
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The following result is due to Warlimont [17] in the context of arithmetical semi-
groups. It was later rediscovered by Afshar and Porritt [1] in the function field
setting, and intensively used in [11]. Tt extends the Selberg—Delange method to
function fields and is crucial for obtaining the first and second moments for wy (f)
in all cases.

Theorem 10 ([17, 1]). Let C(u,z) = 3,5, C:(n)u" and B(u,2) =3,
be power series with coefficients depending on z satisfying C(u,z) = B(u, 2)Z4(u)?.
Suppose also that, uniformly for |z| < A,

B
Z | zin)|n2A+2 <41
q
n>0

<o Bz(n)u™

Then, uniformly for |z| < A and n > 1, we have

nzfl

C.(n) = q”mB (1/q,2) + Oa <q’ﬂ,nRe(z)72) ,

where T'(z) is the gamma function defined by

F(z)z/ t*~tetdt.
0

For the h-full polynomial case we will need the following extension proven in [11].

Theorem 11 ([11]). Let C(u,2) =3, 5, C:(n)u™ and B(u, 2) = 3, 5o B2 (n)u™ be
power series with coefficients depending on z satisfying C(u, z) = B(u, ) Z,(ul)?
where h is a positive integer. Suppose also that, uniformly for |z| < A,

B
Z L(f)'n““ <4 1.
qh
n>0

7

Then, uniformly for |z| < A and n > 1, we have

n_z—1h-1 L .
Cx(n) = (Z;?(z) jgoglj«an ((qﬁfi)_lwz) + 04 (q?nRe(z)_2> ,

where &, denotes a primitive h-root of unity in C.

To close this section, we recall a version of [11, Lemma 3.2] and take the op-
portunity to correct the statement and the proof, which are incorrect in [11]. This
result will allow us to differentiate inside an error term after applying Theorems 10
and 11.

Lemma 1. Let G,,(2), f(z) be analytic functions at z =1 such that

Gu(2) = f(z)n* ™" + 0 (nR9)72)
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in a neighborhood of z = 1. Then, for an arbitrary small € > 0, we have

0

GL(1) = gL U]+ 0. (nt), (1)
k
GP) = ()| + 0. () (12)

Proof. We begin by writing
Gn(2) = f(2)n* 7' 4+ Ru(2).

Fix 6 > 0 and assume that |z — 1| < . For any K > 0 there is an M = Mg such
that if n > M, we have for |z — 1| <,

IR, (2)| < KnRe)—2,

Note that f(z)n*~! and R,(z) are analytic at z = 1. Therefore by Cauchy’s
integral formula for an arbitrarily small € > 0,

1 Gn(z)
(;; Z) =5 d
)= 2 e—1j=e (£ —1)? <
1 flz)n*~! 1 R, (2)
2mi Jjg—1j=e (€ 1)2 271 Jje_1)=c (€ — 1)2 3
0 1 1 / R, (2)
= UEmT )+ 5 de.
5, (f()n" ) + o e ¢
Now note that for n > M and € < ¢,
1 / Ry (2) 1 KpRe(x)—2
— gl < - Enfe)2
2mi Jje—1j= (€= 1)° 5‘ 2 Jie_ij—e €2 |dé]
1

1 —1+4¢
§27r-5~2Kn1+5_2:O(n )a
€ €

where the last inequality follows from |[Re(§)| < €] < 1+ |£ —1] < 1+e. This
concludes the proof of Equation (11).
—1+e
o)
z=1 €

can be proven similarly. O

The general formula

k
) = L (fen)

T 9zk
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3. Moments for h-Free Polynomials

In this section we treat the case of h-free monic polynomials, where h > 2 and
h >k > 1. To prove Theorems 1 and 3, we start by considering the following Euler
product, which converges absolutely for |u| < % and gives the generating Dirichlet
series for the h-free polynomials:

Zq(u) :H 1 — uldes(?)
Z4(uh) - 1 — ydes(P)

-1I (1 4+ odesP) 4oy u(hﬂ)deg(P)) = 3wt
P feSprNM

We introduce the coefficient wy (f) by writing it as the exponent of an extra variable,
which we will later differentiate. This preserves the additive structure of wy(f). We
have

Ck,S;L (U7Z) = Z Zwk(f)udcg(f)
fespnM

= H(1 tydes(P) o pykdes(P) Ly g (hm1) des(P))y

hdeg( )

 {)ykde(P)
_H<1_udeg<P> - Dun™ )

which converges absolutely for |u| < % and |z| < A for any positive constant A.
The above generating series can be used in two ways to compute the moments
of wy(f). Firstly, we can use techniques such as Perron’s formula (Theorem 9) and
Theorem 10 to directly estimate the coefficient of u™ and obtain the moments by
differentiating and evaluating at z = 1. Secondly, we can use the generating series to
relate wy(f) over the h-free monic polynomials to the results from [3] for the whole
family of monic polynomials. Next, we explain this second approach in detail.
Any f € M can always be written as f(T) = m(T)n(T)" in an unique way, where
m(T) is h-free. We define my,(f) := m(f). Our next goal is to study wy omy, for k =
-, h—1, that is to say, we want to find > ;c v, we(m(f)) and >_ ey, wi(m(f))2.
We have the following generating function for wg o my:

3 zentmiydes T (1 4ovo k1) de(P) | o, kdeg(P)
femM P

kD de(P) Ly oy (htk) deg(P) )
1 (z — 1)ukdee(P)
= 1;[ (1 — ydes(P) + 1 _ yhdeg(P) )

:Zq(uh)ck75}L (u, 2). (13)
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We immediately see that there must be a relation between 3~ s, 4, wi(f)? and
Zfe/\/ln wr(mp(f))?. We will make this more precise after we do a careful study of
the generating functions.

Now, notice also that for f € M,,,

Wk(‘“h(f)) = Wk(f) + Wthk(f) et W(L%J_1)h+k<f)' (14)

Thus, if we can describe the relationship between the moments of wg(f) over Sp
and the moments of wy (my,(f)) in more precise terms, we can use Equation (14) and
deduce Theorems 1 and 3 from the results of Das, Elma, Kuo, and Liu’s, Equations
(2) and (3). While we have not found an efficient way of doing this for the second
moment, we do have a way of doing this for the first moment, which in the case of
w1(f), leads to an improvement to the error term compared to what is obtained by
directly applying the generating function.

We analyze the first two moments in the next subsections, as we consider two
natural cases, according to whether £k =1 or 1 < k < h, separately.

3.1. First and Second Moments of w; for h-Free Polynomials

The case of wy corresponds to k = 1. We proceed to extract the singularity at u = %

in the generating function by writing
BLSh (u7 Z) = ZQ(U)_ZCLSh (u7 Z)

Our goal is to apply Theorem 10. In order to proceed, we verify that the hypotheses
are satisfied.

Lemma 2. Let Bis, (u,2) =3, 50 Bz(n)u™. For|z| <A, n>2, and o > %

5 B@l_,

where ca 54 i a constant depending on A, o, and q.

Proof. The argument follows very similar steps to those in the proof of [1, Propo-
sition 2.5] and [11, Lemmas 3.1 and 5.1]. Let b.(f) be the function defined on the
powers of monic irreducible polynomials P by

1+ sz(Pj)uj =1+ zu+u?+ - +uH (1 —w)?

i>1
=(1+zutu®+-+uh)D (z) —u)*
( )k:() ) W

1
:1—§(z2+z—2)u2+--- (15)
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and extended multiplicatively to all f € M.
Now Bis, (u,2) = 3 pepg b=(f)ud®e), and therefore, B.(n) = 3 rcpq, b2(f):
As seen on the right-hand side of Equation (15), b,(P) = 0. We also remark that

Bi,s, (u, z) converges absolutely for |u| < % and |z| < A. By Cauchy’s integral
formula over |u| = ¢~ "%, we obtain
. 1 du
bo(P7) = — 1 e+ u" (1 —u)
(P) 27 Jju)=q~ 2" (U zut w4 )1~ ) uit1
Thus, ‘
b-(P7)] < g2+ M
for j > 2, where
My = sup |(1—|—zu+u2—&—---—!—uh*l)(l—u)zl

l2l<A Jul<\/F
is a constant depending on A. The rest of the proof proceeds exactly as in [11,
Lemma 3.1] to obtain

B.(a M
$ B ()
0<a<n q q -1

where the implied constant is independent of n. O

Since a?412 < ¢%/3 as a approaches infinity, it follows from Lemma 2 that

5 B0l e B

a>0 a>0 4

uniformly for |z| < A. Thus we can apply Theorem 10 to By s, (u, 2).
Proof of Theorem 1. Recall that we have
Z z1Nydeeld) = ¢ g (u,2) = Bis, (u, 2) Zq(u)?.
FESHNM

Applying Theorem 10, this gives
z—1

n _
Z L) — q" P(z) Bl,Sn(l/q’ z) + 0y (qnnRe(z) 2) . (16)
fespnM,,

Differentiating both sides of Equation (16) with respect to z for z close to 1, and
applying Equation (11), we have that

Z wl(f)zwl(f)fl _ (Bl,Sh(l/qu)>,qnnzl

feSKNMy, F(Z)
Bis,(1/q,2) 1 q"
3 L nl z 1 B .
+ 7“2) q" log(n)n*=" + 0,(1)O oy s

(17)
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Evaluating Equation (17) at z = 1, we have

Z w1 (f) = %Bl’sh(l/cb 1)F(1) _ Bl,Sh(l/q7 1)PI(]—)qn

2
feSnNM,, P(l) (18)

31,3,1:((11/)(1, 1)q" log(n) + O, <n({;> .

Recall that I'(1) = 1 and I''(1) = —y. Notice that the evaluation of B; s, (1/¢, 1) is
particularly simple:

+

1 1
Bis,(1/g,1) = H (1 - P|h) L)

P

In addition, the logarithmic derivative of By s, (1/¢, z) gives

) h—2
ZB 1/q, 1 P Pl—1
AU (Y O PR (1 RS )
Bi,s,(1/q,2) 5 P} |PI" =1+ (z=1D[P"2(|P| - 1)
(19)
Applying the above identities to Equation (18), we obtain the proof of Equation

n

(4) (with an error term of O, ( 4 ))

nl—¢

We now proceed to prove Equation (5). Multiplying Equation (17) by z, differ-
entiating both sides with respect to z for z close to 1, and applying Equation (12),
we obtain

"
Z wl(f)QZwl(f)*l _ (Bl,sh(l/qu)> qnznzfl

fesSpnM, F(Z)
+ (W) g"(n*~" + 22n°""log(n))
I'(2)

+0.(1)0. (nqln) . (20)

+ ¢ log(n)(n* " + zn° " log(n))

Now observe that

(rsmh(l/q,z))“: 2B15,(1/3,2)T(2) — Bis, (1/0, 2T (2) |
r() BE

2
:ﬁ ((,?ZzBl,gh(l/q, AT(2)? — 2%317&(1/(1, AT()T(2)

+Bu,s,(1/4.2)(21"(2)* = ()l (2))) -

In addition, multiplying Equation (19) by Bi s, (1/¢, z), taking the derivative,
and evaluating at z = 1, we obtain
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B (1/a.1) =By, (1/a,1 D3 (108 (1 - o) + ELE=)
g [ (o () - )
0 2 (W)z 21

Evaluating Equation (20) at z = 1 gives

Y. wil)?=p : (62

w7 | 5o (/2. DPAY = 23615, 1/ DEOE'()
fesSnnNM,

+Bis, (1/q,1)(20"(1)* — F(l)F”(l))> q"

N 2B 5.(1/g, 1)1“(1{)(1—)261,5,&1/61, 1)F/(1)qn(1 +2log(n))

+ 31,5%((11§q, 1)q" log(n)(1 + log(n)) 4+ O. ( g ) )

1—¢

Inserting Equation (21) in the above equation, and using the fact that T"'(1)
7% +((2), we obtain

> wi(f)?
fespNMy,
(10g( )? [P|"~2(|P| ~ 1)
R (Z(bg(l‘m)+ [Pl 1 )
+27+1>+ 10g 1 |P|) |P||P|£P|)>]

(
(‘P'ijh'f'l )
qnz,;(lg( ) )

[Pl —1
v+ -¢(2) . q"
TTLm +OE( )

nlfs

Combining this with the definition of B;, we obtain Equation (5)

17
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The variance can be directly computed from Equations (4) and (5) by recalling
that [11, Lemma 3.3] gives, for n > h,

Co(h)

Now we consider the improvement on the error term of the first moment that
can be obtained by working with Equations (13), (14), as well as Equations (2) and
(3). From the above discussion of the generating function and Equation (13), we
deduce that

|Sh n Mn| =

S w3 wm(). (22)

feSLNM, Calh) feEM,

Now, combining the above with Equations (14), (2), and (3) gives

1 1
— nl n B _ -
E 0 g [ (- T
ln]-1 1 1
+ ; ¢ (zp: |pjihtt |P|jh+2)

+0 <qn> + O; (nq%"’m)

n
q*log(n)  q" |P"t -1 (q”)
= B ol —
L) G ( ZP|P|h—1>+ n)

yielding Equation (4) with the better error term of size q%.
This concludes the proof of the first and second moments of wy (f). O

3.2. First and Second Moments of wjy, for h-Free Polynomials

Here we consider the case 1 < k < h. We have that Cy_s, (u, z) has a pole of order
latu= %. We extract it as follows:

By.s, (u, 2) =Z4(u) ™' Cr,s,, (u, 2)
H ( lvde(P) 4 (2 1)ukdeg(P)(1 B udeg(P))) ’
P

1

where By s, (u, z) is absolutely convergent for |u| < ¢~ % and |z| < A.
By Perron’s formula (Theorem 9), we have that

T ) :L%Mdﬁ
FESRNM 2mi | (1 —qu)u™ u’
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where the integral takes place on a small circle around the origin. We move the
circle to |u| = ¢~¢~*% and obtain the residue at u = %. This gives

Z zwk(f):—Resu:iM_Fi% ) By, (u, 2) du
feSnnM,, *(1—quut 210 Jiuj=g—=-# (1 — qu)u™ u

=Bis(1/.2)" + 0-(10- (¢ 7). (23)

Proof of Theorem 3. In order to recover the first moment, we differentiate and eval-
uate Equation (23) at z = 1:

S i) = Bus, (1. D" + 0. (gF ). (24)

z
feESKN M, @

The logarithmic derivative of By s, (1/¢,z) gives

52 Bk, (1/4.2) Z PP (1P - 1)
Bi.s,(1/4,2) [PI" =14 (z = DIPP=F=1( P - 1)
and thus 5 Plh—k-1(|p| )
1 P|"=r (1Pl -1
%Bk,sh(l/q7 1) - Cq(h) ; |P|h -1 . (25)

Substituting the above in Equation (24) gives the first moment, Equation (6).
We proceed to compute the second moment. Differentiating Equation (23), mul-
tiplying by z, differentiating again, and setting z = 1, we have

0 n
Z wk(f)Q Oz QBk Sh(l/q7 )qn + &Bk,sh(l/% 1)qn + O: (qﬁ-i—en) . (26)
fEShﬂMn

For the second derivative we have

2
Bk Sh(l/q7 1)

52
8 Ph k—1 Pl -1
Bksh (1/¢,1) Zi | |P|h(—1 :
PlE—k=1(1p| — 1)\ 2
= By.s,(1/¢,1) ZP: < | |P|h(|— 1| ))
i PP =D (PP = DY
0 (; P -1 ) ()

Combining this with Equation (25) in Equation (26) gives Equation (7), the desired
result.

As a final note, we remark that we could have computed the first moment from
Equation (22) by combining with Equations (14) and (3). This alternative approach
does not improve the error term in Equation (6). O
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3.3. Normal Order and an Erd6és—Kac Result for h-Free Polynomials

The goal of this section is to prove Theorem 2, namely the Erdés—Kac result for wq
over the h-free polynomials, and Theorem 4, which investigates the normal order of
the functions wy over the h-free polynomials.

Proof of Theorem 2. Our argument follows very closely the proof of [11, Theorem
1.3]. In order to prove the statement we will show that as n — oo,

1 wi(f) —log(n) |
_— _— 2 C,
[Sh N M| fegm:/wn ( log(n) ) -

where

- v even,
22 (3)! (27)
0 v odd.

Let us study the higher moments of w;. We consider again the moment generating
function with z = e’:

Crs,(ue)= Y eyt =] (1 4 oetydes(P) L4 u(h—l)deg(P)) _
fesSnnM P

Evaluating at z = ¢! will allow us to differentiate multiple times in a single step
and recover the moments via the generating function

E (wf) =B ()] _ . (28)

We extract the singularity of C; s, (u,e) at u = % as

Bis, (u,et) = Z4(u) = Cr s, (u, e").

By applying Theorem 10 we obtain

w Tbnet_l n et —
Z e 1(H)t — q F(et) Bl,Sh (1/(]7675) + OA (q nRe( ) 2) )
feSnnMy,

By Equation (28), we have

=0 t=0
Recall from Equation (24) in [11], that for j > 1,
t . t ] ) t
e 0 = ST gl = T e o), (30

J
m
m=1
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where the { g@ } are the Stirling numbers of the second kind, and the T} are the
Touchard polynomials [16].
By combining Equation (30) with Equation (29), we have:

E (wi) = @(h)i (j)Tj(log(n)) (W)Wﬁ +0. (n116> . (31)

=0

Notice that

1 wi(f) —log(n) |
|Sh N M, | FeSioM, log(n)
_ 1 — (v ¢ P, vt
oyt 2 (1 DD g

Combining the above with Equation (31), we then obtain

v

1 v | - N
W%(e)m{)(‘” “(logn)*~*

- (éqg(g 3 Z (Z) Ze: (j) T;(log(n))

£=0 §=0
y (Bl,s%((t{;zaet))(é_j) y (—1)"“(logn)"~* + O. (nlla) . (32)

Consider the change of variables w = v — ¢, m = v — £ 4+ j. Then, the main term
in Equation (32) becomes

(15(;(235 mzv_: (6173%((16{;],et))(vm) B
S () (57" ) e attog -1 ogm

(logn)2 4=

t=0

N
Tr—u(l —1)*(1 “. 33
<3 () n-ttogmi o) (33)
Since the generating function for the Touchard polynomials [16] is

‘ T
er(e’=1) _ Z m(l’)tm’

m!
m=0
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one can see that the generating function for the inner sum in Equation (33) is given
by

mm

T SL S (TR

m=0 " u=0

(ef—1—t)¥
]

Notice that the coefficient of " in the power series of eo(e —1-) jg given by T

whose lowest power of t is t2%. Therefore, thinking of e?(€'=1-t) a5 a power series

in ¢, we have that the coefficient of ¢V is a polynomial in & of degree at most |%].
Now suppose that v is even. Then, the coefficient of zZ¢V in ev(e —1-1) ig given

by e (1%)!. Back to the inner sum in Equation (33), this gives a leading coefficient

of #'m)‘ for (logn)% when m is even. Incorporating this information in Equation
=)

(33), we get, for v even,

L 2 (4@ ogny

(logn)3 2~

Co(h) B(1/q,1) = (v N . 1
- (1og(n§£’ (r(f) )ZO <U)Tv_u(logn)(1) (logn)* + O <logn>

vl 1
C 23 (3! O (logn) ’

while for v odd we get

(i)

as desired. O
Before proceeding to the proof of Theorem 4, we need an auxiliary result.
Lemma 3. Letn >0, £ > 0 be integers and let P € P. Then, as n — oo,
" (1-]|P |1>
1= + O¢ deg(p)(1).
2 1T Lm (1 [P

fesSinM,,
(f,P)=1

Proof. We consider the generating function

Z udeg(P) _ Z(I(u)(l — udeg(f))
Z,(uf)(1 — ufdea(P)y’

FESNM
(f,P)=1

We remark that the above generating function has simple poles at u = % and

u= §£deg(P) for j =0,...,¢deg(P) — 1, and no other poles.
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By Perron’s formula (Theorem 9), and by moving the integral to |u| = R with
R — oo, we have
Z 1 (1 — qu®)(1 — udeeP)) dy

1=—
211 J (1 — qu)(1 — utdes(P)) yntl

feSNM,,
(f,P)=1

_ J4 _ ,,deg(P)
e, (a0 - )
r (]_ _ qu)(]_ _ u@deg(P))unJrl
fdeg(P)*lR | (1- que)(l _ udeg(P))
‘ Pu=¢] o) (1 — qu)(1 — utdes(P))yn+1

Jj=

" (1-|P"
0 (1 )+ Ceaestrr(1):

Notice in particular that Lemma 3 implies that

n—kdeg(P) 1 _ P—l
Yo=Y =T () + On 1)
feSinM FeSNM Cq(0) 1—|P|
. n n—k deg(P)
ve(H=k (£.F)=1

Proof of Theorem 4. We follow the argument given in [3, Theorem 1.4]. Let G(f)
be a nondecreasing function G' : S, N M — R>(. First assume that there is an
fo € 8, N M such that G(fy) > 0. Therefore, G(f) > 0 for all f € S, N M such

that deg(f) > deg(fo).
Let n > deg(fo) and consider the following set:

Oso(n,h) :={f eSS, NM, : wy(f) =0}
It can be seen that
ScNM,=8"M,NS;, C 0370(n,h),

and therefore "

q

|Os.0(n,h)| >SN M,| = 0

for n > k.

This means that |Os(n,h)| is > ¢". In particular, the set of monic h-free
polynomials f for which G(f) > 0 and wi(f) = 0 is not o(¢™). Clearly, for those f,
we have

G(f)

lwi (f) — G(f)] > DN

is satisfied. That means that wy(f) does not have normal order G when G is not
the constant function 0.
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Now, if G(f) =0 for all f € S, N M we define:
Osi(n,h):={feShnNM, : wp(f) =1}

Let P € P; be a fixed monic irreducible polynomial of degree 1. It can be seen that

Os,1(n, )| > > 1> Y

feSnnMy, vp(f)=k feSKNMy i
v (f)<k, for allQEP, Q#P (f,P)=1
qnfk <1 _ ql)
= + Or(1
Cq(k) 1 _ q_k ( )7

where we have used Lemma 3.
This means that |Os1(n,h)| is > ¢". In particular, the set of monic h-free
polynomials f for which G(f) = 0 and wg(f) = 1 is not o(g™). For those f, we have

that
G(f)

lwi(f) — G(f)] > o

Therefore wy, does not have normal order G when G is the constant function 0. [

4. Moments for h-Full Polynomials

In this section we prove the analogous results for the case of h-full polynomials,
where k > h > 2. To prove Theorems 5 and 7 we consider the following Fuler
product, which converges absolutely for u < q*% and gives the generating Dirichlet
series for the h-full polynomials:

11 (1 o yhdes(P) o g (h+1)deg(P) 4 ) = Y g,
P feENLNM

We introduce the coefficient wy(f) as in previous sections, the process being
completely analogous.

Cn, (U, 2) == Z Lwi(f) g deg(f)
fENLNM

:H<1+uhdcg(P)_i___._i_zukdcg(P)_F_'_)
P

1— udeg(P) + uh deg(P)

=11 +(z— 1)ukdeg<P>> ,
_ g, deg(P
5 ( 1 u g(P)

which converges absolutely for |u| < ¢~ # and |z| < A for any positive constant A.

For the h-full polynomials there are two cases, according to whether £ = h or
h < k. These two cases will be considered separately.
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4.1. First and Second Moments of wy, for h-Full Polynomials

We consider here the case k = h. We proceed to extract the singularity at u = q*flT
by writing

B, (u, z) == Zq(uh)_ZCh,Nh (u, 2)
Our goal is to apply Theorem 11, for which we need to verify that the hypotheses
are satisfied.

Lemma 4. Let By, (u,2) =Y, < Bz(n)u". For |z| <A, n>2and o > ﬁ,

s B@l

0<a<n

where ca,, 15 a constant depending on A, o, and q.

Proof. The argument follows very similar steps to those in the proof of [1, Propo-
sition 2.5] and [11, Lemmas 3.1 and 5.1]. Let b,(f) be the function defined on the
powers of monic irreducible polynomials P by

L+ ) b (Pl = (14 20" +u" 4o )(1—ul)?, (34)
Jj=1
and extended multiplicatively to all f € M.

Now Buni (u,2) = 3 rem b.(f)utef) and therefore, B,(n) = > rem, b=(f)

Expanding the right-hand side of Equation (34), we see that b,(P7) = 0 for j < h.
1

We remark that By, (u, z) converges absolutely for |u| < ¢~ %+ and |z] < A. By

. _lfe .
Cauchy’s integral formula over |u| = ¢~ *+T, we obtain

. 1 du
Jy — 2 L. h—1 _ z
b.(P?) = 2 Ly I+zut+u +--+u"" )1 —u) e
Thus, A
- (P)] < g0+ 0,
for j > 2, where
My = sup |(1+zu+u2+~~+uh*1)(17u)z|

|2|< A Jul<(3) 7T

is a constant depending on A. The rest of the proof proceeds exactly as in [11,
Lemma 3.1] to obtain

|B:(a)] Ma
Z qoa o.q X g1 -1)’

0<a<n

where the implied constant is independent of n. O
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Since a?4%2 < ¢%/3 as a approaches infinity, it follows from Lemma 2 that

> B0l e B

2a
a>0 a0 1°

uniformly for |z| < A. Thus we can apply Theorem 11 to By s, (u, 2).
Proof of Theorem 5. Recall that we have

Z 2 (Pydeslh) — = Ch,n (u,2) = B, (u, Z)Zq(uh)z'
fFENLNAM

Applying Theorem 11, this gives

S e = ‘” Zgh wi ((aF€D)712) + Oalghn®72). (35)

FENRNM,

Differentiating both sides of Equation (35) with respect to z for z close to 1 and
applying Equation (11) we get:

Epael ot B ((aFE)) T z)
_ qrn n Vi h
Y. (DTt =T —log (1) D€l
reroa, h ( )]0 I'(z)
(@Fep2)\
z—1 h-1 N, (@7 € z
qrn n WNh h
+ D6 e (36)
§j=0
+0.(1)0. (nql'_>

Evaluating Equation (36) at z =1 we have

> wlh)

feENLNM,
gk n\ N~ jn Lajy—1
=L10g (1) Yol ((aF€) 1)
j=0
gt R 2B (7€) D) — Bu, (g &)~ DIY(1)

Note that we have

j 1
By, ((a7€)) H ( p) ( P|(1— (q;lbg}jl)deg(P))> . (38)
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The logarithmic derivative of By ns, (u, 2) gives

%B}L,Nh (U, Z) _ Z <log(1 ol deg(P))

Bh,/\/h (u,z) B
uhdeg(P)(l _ udeg(P))
* 1-— udeg(P) —+ uhdeg(P) + (Z _ 1)uhdeg(P)(1 _ udeg(p)) ) (39)
and thus
EOGPGT) 5 (g (1 L) 4 o) e
; - 1 .
Buni, ((¢7&)~1 1) “F [Pl |P|( — (qh&l)—des P))

(40)

Substituting the above result and Equation (38) in Equation (37) gives

> wlf)

feENLNM,

_ghr —~ Jn _i 1
R 1,1(1 ) (1 PI0— (ahe)) degm))

n L 1— (qrg])”des®
’ [bg ()3 (log (= 71) * Pty wrer)

Combining the above results with the definition of By proves Equation (8).

We now proceed to prove Equation (9). Multiplying Equation (36) by z, differ-
entiating both sides with respect to z for z close to 1, and applying Equation (12),
we obtain

Z wh(f)QZWh(f)_l

FENRNM,
(1 s () S5 o () S Bl 20
(i (1)) L B (B}
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Now notice that

2B ((aFE) 7 2T(2) = B (aF€) 2T () )
I'(z)?

T | 5B (@h ) AT = 2 B (ah ) T ()

+ B, (07 €) 7" 2)(20 (2) — F(Z)F"(Z))} : (42)
Differentiating from Equation (39), we have that
2

0 1o
9z QBhNh((thi) 171)

0 hel)” 1 1— (g% &d)—dea(P)
=2, Buri ((@76) "1 ZP: (log (1 - ‘P|) n (a7;) )

|PI(1— (qn&;,)~ deeP)) +1

1 2
(qhsz> o)
— B, ( th]
' g |P| &) desP) +1

oo (1- L 1 — (qhg))” des?) ’
: sz: (l g(l lP\> TP (ahel) dcg<P>>+1>>
_Z< 1— (qhg))des® >2

|P|(1 - (g7 &)= =) + 1

(43)

Evaluating Equation (41) at z = 1, recalling that I'(1) = 1, I'(1) = —v, I'V'(1) =
72 4+ ((2), and inserting Equation (42) in Equation (41) gives

wi(f)?
FEN,NM,y,
(110 (1)) g (2 )zg;mm«q €)1+ (14210 (1))
X %}ffin [8 B, Nh((q%fi)ilvl) ‘*"VBthh((q%'gi)il’l)]
=0
h—1

[ 07 0
6 [ (@) 4 3 B (ahe) )

+(72 = ¢(2))Bhw, (g7 €))7 1)} + O- <an> :
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Inserting Equations (38), (40), and (43) in the above expression gives

> wa(f)?

feENLNM;,
h—1

— jn 1 1
jth 11:[( |P|> <1 * |P|(1— (qigi)—deg(P))>
| (e ) s )
1 1— (qr&l)des(P)
1427+ 2; <log (1 —~ P|> + Pl (q%&)_deg(m) ; 1)
1 —(q %53) deg(P 2
" (Z (bg (- 17)* e s ) ”)

&) 2=

_ L 1—(g" B
> <10g (1 |P|) IR0 (ghe) -y § )w (@)

_qh
T h

X

Combining the above with the definition of B; proves Equation (9).
An explicit expression for [N, N M,,| can be found in [11, Lemma 5.3]. Indeed,
for n > h, we have

|Nh ﬂ/\/ln|

1

- % 1 T Ten
= Zf H( |P|> <1+ |P(1_(qi€i)deg(m)> +0.(q ).

The variance can be then directly computed by combining the above with Equations

(8) and (9). m

4.2. First and Second Moments of w;, for h-Full Polynomials

Here we consider the case k > h. We have that Cy_ s, (u, ) has poles of order 1 when

U= ﬁ. We extract these poles as

Bk,Nh (u7 Z) = Zq(uh)_lck,sh (ua Z)
U(h+1) deg(P) (1 _ U(h_l) dcg(P))

_ _ 1\, kdeg(P) (1 _ . hdeg(P)
_1;[(1—1— T adea(P) + (z — Du 8 (1 — o8 )),
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where By, w;, (u, z) is absolutely convergent for |u| < ¢~ 7T and |z < A.
We use Perron’s formula (Theorem 9) to compute the first moment and obtain

T e L f B (w2) du
e 2mi (1 —quh)u u’
h n

where the integral takes place in a small circle around the origin. We move the
| .
circle to |u| = ¢~ °" *+T and obtain the residues at u = (qifi)’l. This gives

B, (u, 2)
wr(f) — _PEN U Z)
S =S

FENLNM,,
L% B, (u, 2) du
210 Jjyj=g—st i (1= quh)um u

>

-1
1

(g% &)™ B (a7 €))7 2)——
;q i (g7 qﬁ&iHm;ﬁj(l— mj)
Oz( )Oa (q#-‘ran)
h—1
= & B ((47€) 71 2) + 0-(1)0: (7 +em) . (44)
7=0

Jr <.

b‘?‘,

Proof of Theorem 7. To recover the first moment, we differentiate and evaluate the
above equation at z = 1. This gives

> =L Zs B, (7€) 1) + Oc (¢7+7) . (45)
fFENLNM,,
We have
B, (g7€)~1,1) = <1_1)<1+ 11, ) 46
kN, ((q gh) ) 1}:[ |P| |P|(1 - (qﬁﬁfz)_deg(P)) ( )

The logarithmic derivative gives

%Bk,./\/h (ua Z)
Bk,/\fh (uv z)
kdeg(P)( udeg(P))
o Z — ydes(P) 4 b deg(P)) + (2 — 1)uk deg(P)(l _ udeg(P))’

+ 6]) kdeg(P)(l _ (qﬁgj)—deg(P))

[P|(q i
Bk,Nh,((q%ﬁj) L Z |P|(1 — (qrg&l)—des(P)) + (47)
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Applying the above results to Equation (45) gives the first moment Equation (10).
We proceed to compute the second moment. Differentiating Equation (44), mul-
tiplying by z, differentiating again, and setting z = 1, we have

F R g (0P 9 L
> wk()? :‘% doar (a B, ((07€)~ 171)+&26k7m((qhﬁi)_1,1))

feNhnMn j=0

J
+ 0. (g7 tem). (48)

For the second derivative we have

2

0 1o
@Bk,/\/h((thi) 1a1)

d |Pl(g*&})
=_—B 7y
92 k,Nh q 5 Z |P|(1 _ (qh g]) deg(P))

Pllghel) )1 (ghel) =) 2
’”Z< [PI(L— (el ="5) + )

—k deg( P)(l _ (qhéﬂ) deg(P))

— By, (7)™
P

1
H< |P|> <l+|P|<1—<qhsJ> dem))
« (Z |P|(q ;lgilz k deg(P) (17(“5;) deg(P))>

7 |PI(1— (g7 &})~dee®) +

5> IPl(ghg)) =P (1 — (g g)~ =)’
(IPI(1 = (g% €)= ==P) +1)

Combining this with Equations (46) and (47) in Equation (48), we get the desired
result. O

4.3. Normal Order and an Erdés—Kac Result for h-Full Polynomials

The goal of this section is to prove Theorems 6 and 8. We start by proving Theorems
6, which in particular implies that w;, has normal order over the h-full polynomials.

Proof of Theorem 6. Our argument follows very closely the proof of Theorem 2 and
[11, Theorem 1.6]. We will prove that, as n — oo,

1 wp(f) — log (%)

‘A/h N Mn| FENRNM,, IOg (ﬁ)

where C, is given by Equation (27).
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As before we will consider the moment generating function evaluated at z = e?,

Ch.n, (u,e') = Z etw () deg(f) — H(l 1 etyhdes(P) |y (h+1)deg(P) 4 ),
fE./\/.hﬂM P

and we extract the singularities at v = % as

Biwi, (u, €') = Zq(u") ™ Chyi, (u, ).

By applying Theorem 11 we get

n ot_1 h—1
w qnrn L oisy— 9 e(et)—

Z e = het F(het)Bh»Nh, ((thh) lvet) +Oalg™ nfe) 2)'
fENhﬂMn s=0

By considering the moment generating function, and combining with Equation (30),
we have, as in the h-free case,

h—1 ) -1y N n
E(%)(Zg;nzswh ((qng,i)l,l)) Z(j)hﬂTj (log (E» (49)

5=0 j=0
1 (£—3)
it (B, ((@Fg) et .
< 26 e “0. ().

s=0 —o

Notice that
1 Z wi(f) —log (%)
|thM”|fethMn log(%)
1 - (”) ¢ v—t ny\vt
= = E(wy,)(—1) log ( — .
(1og (%))2 62::0 l ( (h))

Combining with Equation (49), we then have

1 —~ (v ¢ v—t ny\vt
W ; (£>E(Wh)(1) (log (ﬁ))

(log (1)) =R
(50)
—1 RES)L et = .
g (B ((;1(;;) ) 1 (1o (1)
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Consider the change of variables u = v — ¢, m = v — £ 4+ j. Then the main term in
Equation (50) becomes

Z( )th (B“”h ((q(efth)) , t))“’"w

m=0

S () o () 1 e ()

Similarly to the h-free case we get, for v even, that the main term should come from

t=0

setting m = v, which leads to

S ()t -0 (s (1)

(log (3:))* =

while for v odd we get
1
0 <> .
Viogn
O

Before proceeding to the proof of Theorem 8 we need the following auxiliary
result.
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Lemma 5. Let n > £ > h > 0 be integers. Then

Q
3“ r\:

Ny N My N Sy| = Z ’HN,“SZ(qf{;)‘l)JrOE(q#l*E"), (51)
7=0

where Hyr, s, (u) is defined below by Equation (53). In addition, let Py € P be fized.
Then

i<
D“ ;‘\:

>

fethMnﬁS[
(f,Po)=1

Z_: "HN .S ( qr 52)4)
=0

( — (gFgg) o= )
qh§] dcg(P0)+(q ?1) h deg(Po) _(q%é'i)—ldcg(Po)
+0. qh+1+5n
(52)

Proof. We consider the generating series for the polynomials that are simultaneously
h-full and k-free,

G (W) == Y udcg<f>:H(1+uhdcg<P>+...+u<e—1>dcg<p>)
FENRNSNM P

uh deg(P) _ ul deg(P) )

i
_ g, deg(P
P< 1 U g(P)

We extract the poles at u” = % as follows,

M, S, (u) =Z, (uh)ilgNh,Sz (u)
u(h+1)deg(P) _ ué deg(P) __ th deg(P) T u(h—i—é) deg(P)) 53)

i
_ q,deg(P
P< 1 U g(P)

where Hr, s, (u) is absolutely convergent for |u| < ¢~ #+7.

By Perron’s formula (Theorem 9), and by moving the integral to |u| = qig*h%rl,
f Ha,s.(w) du
“omi — quh yntl
IHN'h ,Se (u)

;} Fu=(gh ) (1 — quh)urtt

fENhHSeﬁMn

1 Ha,s.(w) du

211

Jul=q~ " == 1—quh yntl

n h—1
== G s () 7) + 0 (a7 ).
§=0
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This gives a proof of Equation (51). To prove Equation (52), we can proceed
similarly, but using the generating series

hdeg(P) _ , ¢deg(P)
u u
GO DIRTES | f (Rt ey
FENLNSNM P#P,
(f,Po)=1
instead. O

Proof of Theorem 8. As in the proof of Theorem 4, let G(f) be a nondecreasing
function G : Nj, N M — R>. First assume that there is an fo € N}, N M such that
G(fo) > 0. Therefore G(f) > 0 for all f € N}, N M such that deg(f) > deg(fo)-
Let n > deg(fp) and consider the following set:

Ono(n,h) :={f e NynM,, : wi(f)=0}.
It can be seen that
Nh rjj\/tn N Sk g ON,O(na h)7

and therefore
Oncomn ] = N6 N M, N il = 4 Z &M, ((€HE) ™) + 0. (757
=0

by Lemma 5.

Since h and k are fixed, this means that |Oxro(n, k)| is > ¢#. As in the case
of the proof of Theorem 4, we conclude that wg(f) does not have normal order G
when G is not the constant function O.

Now, if G(f) =0 for all f € N}, N M we define

Oni(n,h) :={f e NN M, : wi(f)=1}

Let P € P; be a fixed monic irreducible polynomial of degree 1. It can be seen
that:

|On1(n, h)| > Z 1
FENLNM,, vp(f)=k
v (f)<kVNQEP,Q#P

> > 1
JENRNMy NSk
(f,P)=1

n—k h—1
q i(n—k L\ —
=L s () )
=0

( 1—(g»
X —
1—(q7&)~ " + (g7

=

f )) ;_ (q;g‘)k> +0. (gt

h

=
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where we have applied Lemma 5.

Since h and k are fixed, this means that |Oxr1(n, k)| is > g#. As in the case of
Theorem 4, we conclude that wy(f) does not have normal order G when G is the
constant function 0. O

5. Conclusion

This work represents a natural merging of questions from both [3] and [11]. Namely,
we have taken the functions wy from [3], which are refinements of the number of
distinct prime factors function w, and have considered them over the subfamilies of
h-free and h-full polynomials as in [11]. The current results support the findings
of the previous works. We recall from [11] that a motivation for studying and
comparing results in these two families of polynomials lies in the fact that the h-
free polynomials represent a positive proportion of the whole polynomial family,
while the h-full polynomials do not, as their size is of order ¢# , while the size of the
full family is of order ¢”. It is therefore more surprising that the h-full polynomials
satisfy an Erdds-Kac type of result than the h-free polynomials satisfy such result.
From this work, we now conclude that the weight of this behaviour is carried by wq
for the h-free polynomials, and by wy, for the A-full polynomials. This phenomenon
is not so surprising for w; and the h-free polynomials, since it is exactly as observed
in [3]. However, the case of wy and the h-full polynomials is less immediate to
predict.

The most evident direction for extending this work is to consider the number
field case, naturally restricting the results of [7] to h-free and h-full numbers. Das,
Kuo, and Liu have informed us that they are pursuing this direction.

Other directions of future research could include the study of intersection sets of
the form A, NSy, as well as more general settings, such as considering polynomials
f satistying that vp(f) belongs to a union of some fixed intervals.
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