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Abstract
This note presents an elementary proof of a formula for Euler’s constant -y, originally
due to Masayoshi Hata. We obtain Hata’s formula by a telescoping argument over
Farey intervals.

1. Introduction

Recall that Euler’s constant (also known as the Euler—-Mascheroni constant) is de-
fined as
v = lim (1—|—%—|—---—|—%—lnn).
n—oo

Alternative series representations include
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Euler’s constant is also related to the Riemann (-function through the identity

1
’y=10g47r+zf—2,
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where the sum is over the non-trivial zeros p of the Riemann zeta function. Further
formulas and connections can be found in the survey [1] and in a more elaborate
survey [4].

However, these and many other presentations of « offer little hope for proving
that + is an irrational number (which is widely believed), so new formulas and
methods are highly desirable. In this note, we investigate a lesser-known series for
v, due to Masayoshi Hata.
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Definition 1. An interval [%, g] such that

g<E§1,aundaal—bc:—1

b,c,d e Z <
a,b,c,d € 207071) d

is called a Farey interval. In the literature, Farey intervals are also often called
Stern-Brocot intervals. Let F denote the set of Farey intervals. Let

]'—*{[0,1] :nEN}C]:.
1'n

Masayoshi Hata proved the following theorem.

Theorem 1 ([2]). In the above notation
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Hata’s proof is very nice. He studies presentations of functions in a certain
Schauder basis associated with Farey intervals. Then, using a Parseval-type iden-
tity for the function ¢ (t) = t{1} (1 —{$}), he derives the above theorem. In
subsequent work, Haynes—Vaaler [3] showed that the derivatives of these piecewise-
linear functions from that Schauder basis form an orthonormal basis and a complete
system of martingale differences in L? ([0, 1]), with applications to metric properties
of continued fractions.

The goal of this note is to give a short and elementary proof of the above theorem
using the telescoping structure over Farey intervals.

2. A Telescoping Proof of Hata’s Theorem

We begin with the following lemma, which is proved by direct computation.

Lemma 1. Let I = [%, 5] be a Farey interval. Then

ad+bc alb+d)+blatc) (atc)d+ (b+d)c

abed ab(a+ ¢)(b+d) (a+c)(b+d)cd
B (be — ad)? B 1
~ abed(a+c)(b+d)  abed(a+c)(b+d)
ad+be

The identity in Lemma 1 suggests to associate the term to the interval I,

so denote

abed

(G- r0-"G =t
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The other two terms in Lemma 1 correspond to the values of f(fier) and f(Iright)
for two Farey intervals Iies, and Iiighy from the subdivision of I by the mediant Z_tg
of two fractions ¢ and %:

a a—+c at+c c
I = |77 3 Iri = |73 3"
left [b’b—i—d} and Iigh [b+d d}
Hence, Lemma 1 can be reformulated as
1
= f(I) — f({ — f(Light)- 1
abcd(a + C)(b + d) f( ) f( left) f( ght) ( )

The idea of the proof of Theorem 1 is to sum the Equation (1) over all I € F\ F*.
To illustrate the telescoping property, we consider the following example, where we

sum Equation (1) over I = [%, %] with Ijep = [%, %} and Iyignt = [%,% :

11 [1 2] 2 1
f([i’ﬂ)‘f(_i’g_)‘f(%’i)
1 2] [1 3] 3 2
+ f §7§ —f 575 —f<{g,§})
[2 17 (2 3
31 371

() - (B33 o (5D ()

which is the seed1 tirrr; j; (g%, %])1 rrllinus the sum of boundary terms corresponding
to the partition 3, ¢, 5, %, 7 of [5, T]'

To compute the limit of finite sums as above, in the following lemma we show that
the sums of boundary terms converge to the integral of % as the mesh of partition

tends to zero.

Lemma 2. Let I = [%7 5] be a Farey interval with a partition

%=%=$1<%§:x2<---<2—::§:xm,
such that [‘;—:, Z:Ii] 1s a Farey interval for each k =1,...,m —1 and a > 0. Then
= ag  Gk+1 C/d2 c a| b 1
; / (L%’ bk+1:|) _a/b fdt = d 5‘ a2 k::1r,I.1..a,')75171 bibri1’ (2)

Proof. The bound on the right of Inequality (2) will follow from the standard esti-
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for a Cl-function g on an interval [x,y]. We consider g(t) = 1/t. Each Farey

. The function f can

_1
brbrya

interval [zy, Tr11] = [b:, Z:“] has length xp 1 — 2 =

be rewritten as

f ([ak, akHD S (ka + bk) = (Tr1 — 2x) - (9(zk) + 9(Tp41))-

br. " brt brbr+1 \ar+1  ax
Therefore
m—1 a a m—1
ko Okt1
i ([ + D = S (e — ) - (glon) + 9(zs) ()
Pt br " br+1 Pt
c/d
which converges to 2 [ g(t)dt as maxy, |11 — 2| — 0, since it is a Riemann sum.
a/b

Applying Inequality (3) with g(¢) = 1/t on each subinterval [z, )+1] and summing
over k, then using Equation (4), we obtain

c/d
m—1 —
ar Ok+1 2 a1 (lk )
b n — —| - max t)].
Hfdbk kaD /t Z Drot te[%ﬁg()l
B a/b

Finally, to establish Inequality (2), we compute maxe(a < g @) = Z—Z and

m—1

C a a ‘

Gkl Ok max 1 .‘7_
d b k 1,....m—1 bkbk+1 d b '

b1 br

Q41

max
k=1,...m—1

= [ bkt
O

We recall some classical properties of Farey intervals. Let

e {(A- (32
A= {4 A B2 B

where F, 11 is obtained from F, by replacing each interval I = [, 5] € F, by

two intervals [§, {F9] and [{75, §]. Using induction by n, we see that for each
(%, ] € Fn we have

max(b,d) > n+1. (5)
Since [2,1] is a Farey interval and a(b+ d) — b(a + ¢) = ad — be, it follows that F,

consists of Farey intervals for each n > 0. Since the length of I = [§, 5] € F, is bld,
using Inequality (5) we get the following corollary.

Corollary 1. The length of each interval I € F,, is at most n%_l
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We recall the proof that UZO oFn = F. It follows from the construction that
all 7, are disjoint. It remains to show that each Farey interval [, ] belongs
to a certain F,. We proceed by induction on max(b,d). If max(b,d) = 1 then
b=d=1,a=0,and c=1,s0 [¢ <] =%, 1] € Fo.

Assume that the claim holds for max(b,d) < k. Consider a Farey interval |7, 5]
with max(b,d) = k. Since ad — be = —1, it is not possible that b = d = k > 1.

C

Without loss of generality, suppose that b < d. Then a < ¢. Thus § is the mediant

a; also a(b — d) — b(c —a) = ad — bc = —1; so {%’ g:g] is
a Farey interval Slnce max(b,b — d) < k, by induction hypothesis we have that

(%, 5] € Fn_1 for a certain n > 1. Hence [¢, ] € F,, by the definition.

of fractions ¢

Corollary 2. For each interval I = [$,5] € F\ F* there exists n > 1 such that

Ic [rerl]'

Note that I cannot be [2,1],
1

[TJFP f] for n = 1. If I is contained in [¢
01

I must be contained in [17 3

so I must be contained in [¥,1] or in [%,i]
9 1], then, since I cannot be equal to [, 3],
3.3 =35, 1] for n =2, etc.

] or | ——

Lemma 3. Fizn > 1. Consider the interval J,, = [n%rl, ﬂ € Fn. Then the sum

of expressions in Equation (1) over all Farey intervals I C J,, equals

1 1 n+1
- —21 .
n+n+1 n( n )

Proof. Sum Equation (1) over the intervals I = [n%_l, ﬂ, [ﬁ_l, 2n2+1}’ [2n2+17%]’

etc., each time subdividing all intervals by the mediant of its endpoints. After N
steps we have a partition of J,, as in Lemma 2. Therefore

> (0~ )~ ) = £ | 53] ) - Zf (I5=5=2]).

TeUL Frtis
IcJy,

(6)
where {[27 ‘Z,’jii]}ii o = {I C Fp,] € Fpir}. Due to Inequality (2) and Corol-
lary 1, as N — oo, Equation (6) converges to

([=3D)-

2 1 n+1
- n
t n n+1 n

O

Proof of Theorem 1. Since each interval in F\ F* is contained in one of the intervals

Jn = [n—ﬂ, l] using the telescoping identity from Lemma 1 and Lemma 3 for each
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of the intervals J,, we can rearrange the summands so that for each k, we group all
terms corresponding to the intervals contained in [k%rl, 1], compute their sum, and
then let £k — oco. Therefore, we split the sum from Theorem 1 as

k
1 1 1 1 n+1
—+ -l —21
2+2ki>ngo<nz:1(n+n+1> n( n ))’

which evaluates to

k+1

1 1
S o S k41— | =
2 ‘il nz::ln skt D)= sary) =7
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