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Abstract
Let S be a set of primes. We call an m-tuple (aq, ..., an) of distinct positive integers
S-Diophantine if, for all ¢ # j, the integers s; ; := a;a; + 1 have only prime divisors
coming from the set S, i.e., if all s, ; are S-units. In this paper we prove that for
S = {p,q}, no S-Diophantine quadruple exists if p = 3 mod 4 or ¢ = 3 mod 4.
We also prove that for S = {p, ¢} no S-Diophantine quintuple exists.

1. Introduction

Let A be a set of k distinct, positive integers. Gydry, Sarkozy, and Stewart [2]
considered the product
I= [] ab+1,

a,beA
a#b

and found lower bounds for the number w of prime factors of II in terms of k. In
particular, they showed that w > logk. They also conjectured that the largest
prime factor of (ab + 1)(ac + 1)(bc + 1) tends to infinity as max{a,b,c} — oco. A
weaker form, namely that the largest prime factor of

(ab+ 1)(ac+1)(bd 4+ 1)(cd + 1)

tends to infinity as max{a,b,c,d} — oo, was proved by Stewart and Tijdeman [5],
and the full conjecture was proved independently by Corvaja and Zannier [1] and
Hernéndez and Luca [3]. We want to emphasize that the results of Stewart and Ti-
jdeman [5] are effective, while the results of Corvaja and Zannier [1] and Herndndez
and Luca [3] are ineffective.

In order to obtain sharp lower bounds for w for small & we introduce the notion of
S-Diophantine m-tuples. Let S be a set of primes. We call an m-tuple (aq, ..., amn)
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of distinct, positive integers S-Diophantine if, for all i # j, the integers s;; =
a;a; + 1 have only prime divisors coming from the set S, i.e., if all s; ; are S-units.
We are interested in finding lower bounds for m in terms of |S|. Indeed the result
of Gyéry, Sarkézy, and Stewart [2] implies that for m > exp(C|S|), where C is
an effectively computable constant, no S-Diophantine m-tuple exists. This bound
seems to be far from the truth. However, it seems to be a difficult problem to find
sharp bounds for m in terms of |S| even for small values of |S|, as for |S| = 2 or
|S] = 3. Let us note that the case that |S| = 3 has been studied by the author in
[10]. In particular, all {p, q, r}-Diophantine quadruples with 2 < p < ¢ < r < 100
have been found.

Let us note that in the context of S-Diophantine tuples, the results of Corvaja,
Zannier, Herndndez, and Luca [1, 3] imply that for a fixed, finite set of primes S only
finitely many S-Diophantine triples exist. Moreover, the result due to Stewart and
Tijdeman [5] implies that for a fixed set of primes S all S-Diophantine quadruples
can be effectively computed. However, the following conjecture is still open.

Conjecture 1. Let S = {p,¢q} be a set of primes with p < ¢. Then no S-
Diophantine quadruple exists.

Conjecture 1 has been confirmed in the following special cases:

o If p? 4 ¢@dr(@) — 1, ¢% t pda®) — 1 and ¢ < p¢ holds for some & > 1, then
there exists an effectively computable constant C' = C(§) such that for all
such primes p, ¢ > C no S-Diophantine quadruple exists (see [6]).

e No S-Diophantine quadruple exists, if p=¢ =3 mod 4 (see [7]).
e No S-Diophantine quadruple exists, if p =2 or p = 3 (see [9]).

e No S-Diophantine quadruple exists, if p =3 mod 4 and

1
vt =1)>2,  and  w,(¢P7' —1) > max {27 12?%} ,
where v, (z) and v, (z) denote the p-adic and g-adic valuation of z, respectively
(see 9)).

e No S-Diophantine quadruple exists, if p,q < 10° (see [8]).

e No S-Diophantine quadruple exists if ¢ = p + 2 is a prime and p is large
enough (see [4]).

Let us note that most of the results listed above use results on lower bounds for
linear forms in complex and p-adic logarithms. However, in this paper we can prove
by using only elementary methods (mainly divisibility properties) the following
theorem.
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Theorem 1. Assume that S = {p, q} is a set of primes with at least one of p or q
congruent to 3 modulo 4. Then there does not exist an S-Diophantine quadruple.

In other words, to prove Conjecture 1 we only have to consider primes with
p=gq=1 mod 4. Although a complete proof of Conjecture 1 seems to be out of
reach at the moment, at least we can prove that no S-Diophantine quintuple exists
if |S| = 2.

Theorem 2. Let p < q be prime numbers and S = {p,q}. Then no S-Diophantine
quintuple exists.

In the next section we list some useful results concerning S-Diophantine m-tuples,
which will be frequently used in the proofs of Theorems 1 and 2. In Section 3 we
prove Theorem 1 and in Section 4 we prove Theorem 2.

2. Preliminaries

Let S = {p, q} be a set of two primes with p < g and let (a, b, ¢, d) be a hypothetical
S-Diophantine quadruple. Then we write

ab+1 =p*¢™, be+1 =p™agPs,
ac+ 1 =p*¢”, bd + 1 =p*5¢™,
ad +1 =p®3¢™, cd + 1 =pgPs.
Moreover, we denote by s; the S-unit p®i¢®% for i =1,...,6. If we compute abed in

different ways, we obtain

abed = (ab)(ed) = (s1 — 1)(sg — 1) = s186 — 51 — s6 + 1
= (ac)(bd) = (sa — 1)(s5 — 1) = s385 — s — s5 + 1
= (ad)(bc) = (s3 —1)(s4 — 1) = s384 — 83 — s4 + L.

Therefore, we obtain the three non-linear S-unit equations

818¢ — S1 — S =S8285 — S92 — S5, (].)
8354 — 53 — 84 =S8985 — S — S5, (2)
S$18¢ — 81 — Sg —=S83S4 — 83 — S4. (3)

We start with the following simple divisibility condition which was proved in [6,
Lemma 2.1].

Lemma 1 ([6]). Let (a,b,c) be an S-Diophantine triple, with a < b < ¢, then s{t
with s =ac+1 and t = bec + 1.
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An immediate consequence of Lemma 1 is that we can exclude the following
relations between exponents:

Qg = gy, @3 = Q5, Q3= 0Qg, a5 = Qg,
Bo=ps, P3=P0s5 B3=Pps, B5=Ds

On the other hand, we have the following lemma (cf. [6, Proposition 1] or [8,
Lemma 2.1]), which one obtains by taking p-adic and g-adic valuations applied to
Equations (1), (2), and (3).

Lemma 2 ([6]). The smallest two exponents occuring in each of the three quadruples
(a2, a3, g, a5), (a1, g, a5, a6), and (a1, as, g, ag) coincide. The same statement
also holds with o replaced by (3.

The following lemma also proves to be useful and yields upper bounds for a, b, ¢,
and d. A proof of it can be found in [6, Lemma 3].

Lemma 3 ([6]). We have

| d< S9 — 81 S3 — 81 S3 — So
a| ge y
ng(SQ, 51) ng(Sg, 51 ng 83, 52

b|gcd< sS4 — 81 S5 — 81 S5 — 84 >

ged(sg, s1)” ged(ss, s1) " ged(ss, s4)

| d S4 — So Sg — S2 S — S4
¢l ge
& ged(sy, s2)” ged(se, s2)” ged(se, S4)

d| Cd( S5 — S3 S — S3 S — S5 )
& ged(ss, s3) " ged(se, s3)” ged(sg, s5) )

We also use the following result which is the content of [7, Section 4].

Lemma 4 ([7]). Let p,q be odd primes and assume that (a,b,c,d) is a {p,q}-
Diophantine quadruple. Then the following system of equations cannot hold:

ab+1=¢%, be+1 = p*gP,
ac+1=p*?, bd +1 = p3, (4)
ad+1 = p*3¢%s, ed+1=¢gb%.

3. Non-Existence of S-Diophantine Quadruples

This section is devoted to the proof of Theorem 1. A key result to establish this
theorem is a result obtained by Ziegler [9, Proposition 5.1].

Lemma 5 ([9]). Assume that p=3 mod 4. Then one of the four cases in Table 1
holds.



INTEGERS: 25 (2025)

’ Case \ The « exponents

\ The § exponents

I O=aj=ag<ayy=as<az<ag | f1=P0=03<Ps<p5<fs
I |0=a1=as<as=a5 <az,ay B3 =4 <1 =2 <5 <P
I |0=ay=as<ag=az3<ayu<ag | 1 =0 <fB3=P04s<P2<ps
IV |[0=as=y<ar =y <as<ag | B1 =P8 <B2=085 <035

Note that if necessary we can exchange the roles of p and ¢ to ensure that p =3
mod 4. By the result due to Szalay and the author [6] we may assume that ¢ = 1
mod 4, i.e., ¢ > 5, and due to the author’s result [9] we may assume that p # 3,
i.e., p > 7. In order to prove Theorem 1 we have to show that the restrictions from

Table 1: Restrictions to the exponents

Lemma 5, i.e., the cases from Table 1, yield contradictions.

Before we prove Theorem 1 we prove two lemmas first. We start with the fol-

lowing lemma.

Lemma 6. Assume that Case III of Table 1 holds. Then we have d < 1.03-q2(5/_ﬂ)

and b < 1.03 - qﬁl’ﬁ.

Proof. First, we note that due to Lemma 3 we have

s¢ —s4 _ pog” —p~

q° /

ged(sa, s6)  p¥g?

and, in particular, we obtain d < paﬁ*o‘l.

Moreover, we have

d_s;;—l_paqﬁ,—l_

b s1—1 pegf—1

5 5 ' 1 _pfozqfﬁ .
1—p=2q=F

Since we may assume that o/ > a >0, 8 >0, p>7, and ¢ > 5, we get

’ d ’
¢ P < 3 < 1.03-¢% 7.

Also, note that sgl = p“’“q_ﬁ/ < Sfl =p g P

Similarly we obtain

d

. =

Tk O e RSSO S e B

si—1 pgf -1 7P

T —pag P 7

Comparing lower and upper bounds for d/b yields

’ ’ d ’
pr T g?h < 7 < 1.03-¢% 77,
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and hence we get p"‘G_“, < 1.03- qg(ﬁ/_ﬁ). Therefore, we obtain
d<p*® <1.03.¢2F 9,
Now, we obtain the inequality for b by the following simple calculation:

1.03 - 28" =5

b !
R it S LB B
p < T <1.03-¢q .

b=d

Next, we prove the following lemma.

Lemma 7. Assume that Case IV of Table 1 holds. Then we have b < 1.042- ¢ =P,

Proof. We use Lemma 3 to obtain

s —s5 _ p*¢" —pq¥ _ pro—a’ _ '8
ged(se, 85) p~'qP ’

which implies d < pa‘i’o". Further let us compute

¢ sp—1 pan/ -1 551 —p*"‘q*ﬁ/

<1.03-¢7 5.

b si—1  pog®—-1 1—pag=F
The last inequality comes from the fact that we may assume that «, 8 > 0 because
of Lemma 4. Also, note that we may assume that p > 7 and ¢ > 5.
On the other hand we also have

¢ s¢—1 pegh —1 _ %_a/qﬁ_ﬁ/ . 1—p g8

b v T

= — = > ag—a’ B_ﬁ,_
b s5—1 p¥gf —1 b 1

The last inequality comes from the fact that 351 =p g P < p’o‘/q’ﬁ/ = Sgl
holds. Combining the inequalities for ¢/b we get
pe < 1.03- g2 ),
Therefore, we obtain from the previously found upper bound for d the upper bound
d<p*=® <1.03-¢42 9.
Next, we note that

ad =q% —1=¢%(1— ¢ %) >0.992- ¢,

since B3 > 3. Also, note that ¢% = s3 > sy = po‘qﬁl. These two inequalities
together with the upper bound for d yields

< 0.992-¢fs  0.992 . ¢Pa+26-26
‘= d 1.03

> 0.96 - peg2* 7",
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Hence, we obtain

s1—1 p*q°

=1.042-¢% 7.
a 0.96 - pog2P—F 1

b=

Now, we start with the proof of Theorem 1.

Proof of Theorem 1. We consider the four cases as shown in Table 1.
Case I of Table 1. Due to Lemma 3 we have that

S5 — S3 pasqﬁs _pasqﬁs
ged(ss, s3) posghs

Bs5—Bs

3 — Q5

=4q —-p

This implies d < ¢ 3. Thus we obtain that

85—1 S5
1>—
d + d

We also have 83 = 1 and a; = 0, which yields

b+1= :pasqﬁs >q’33.
b+1>¢%3 =¢P =51 =ab+1>b+1,

which is a contradiction.

Case II of Table 1. In this case we get

cd—&-l.b_l‘_ peghs b —psghs . c N
bd+1 ¢ psgPs . c cpos
| e—0 1
S |bed+c| T bd+1 pasghs’

where N is some integer unequal to 0. Note that N = 0 would imply b = ¢, which
is excluded. This inequality yields

Cc
1§‘N|<qﬁ

and therefore ¢ > ¢%. By a similar argument, we also obtain a lower bound for b.
Namely, we consider

bd—i—l.al‘p”‘5qﬁ5~a—pa3qﬁ3-b" N
ad+1 b psghs . b bpxs—as
| b—a 11
~ |abd + b <ad+1_p0‘3q53’
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and deduce that

1<|N|< propg

Hence, we have b > p®3¢”. Combining the lower bounds for b and ¢ we obtain
pasqﬁs < pasqﬁs-h@s <bc<bd+1= pOtsqﬁs7
which is an obvious contradiction.

Case III of Table 1. Let us write a = a3 = a3, &' = a4, f = 1 = B¢, and
B’ = B3 = B4. With this notation we have
ab+1=s =p*g°, ac+1=sy=q", ad+1=83=paq5l,
be+1=s4=p~q", bd +1=s5=q", cd+1= s =p*q”.
Let us note that, due to Lemma 4, «, 8 # 0, that is, we have 0 < a < o' and

0<p<p.
Next, we note that by Lemma 3 we have that

S4— 82 _ p“ Q’B /_ QB2 :pa’ . q[}z—ﬁ’ ’

¢ ged(sy, $2) q®
which implies ¢ < p®. Together with the bound for b, which we obtained in
Lemma 6, we find

P q% =be+1<1.03-¢"Pp +1<p¢”,
which is a contradiction.

Case IV of Table 1. Let us write « = a1 = ag, &’ = a5, 8 = 1 = B, and
B’ = By = B5. With this notation we have

ab+1= s, =p*¢®, ac+1252:paq5,, ad+1 = s3 = ¢*,
be+1=s4=q™, bcl—|—1:st—,zjr)o“lqﬁ,7 cd+1=sg=p*q°.

Again we have a, 8 # 0 due to Lemma 4, that is, we have 0 < a < o’ and 0 < 8 < 5.
Next, let us find an upper bound for ¢. Indeed we find

S4 — 852 QB4 —paqﬁ _ Bi—p’ «
& - B/ - q
ged(sa, s2) q

which yields ¢ < qﬁ‘*’ﬁl. With this upper bound for ¢ combined with the upper
bound for b obtained in Lemma 7 we obtain

P =be+1<1.042 ¢ FPgPF 1+1=1.042-¢% P 4+ 1.

This inequality cannot hold unless 8 = 0. However, we can exclude the case that
B = 0 due to Lemma 4. O
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4. Non-Existence of S-Diophantine Quintuples

This section is devoted to the proof of Theorem 2. Therefore, let (a,b,c,d,e) be a
{p, ¢}-Diophantine quintuple with a < b < ¢ < d < e. Then we write

ab+1=s; =p*1¢™, cd+1=sg = p*eq”,
ac+1 = sy = p2¢°2, ae+1=s7=p*7¢%,
ad+1 = s3 = p*3¢’, be +1 = sg = p*3¢”s,
be+1 =54 = p*g™, ce +1=s9=pg™,
bd+1=s5 = p*¢g’, de +1 = s19 = p1ogho.

Before we start our proof of Theorem 2 we prove restrictions for the exponents
a; and B; for an S-Diophantine quadruple (a, b, ¢, d).

Proposition 1. Assume that (a,b,c,d) is a {p,q}-Diophantine quadruple. Then
one of the 14 cases listed in Table 2 holds.

’ Case \ exponents H Case \ exponents ‘

I ] = g = a3 < 04,0 < Q5 VIIT ] = g4 = 05 < Qg,06 < 3
B1 = Ba=Ps < B2,B6 < B3 B = P2 = B3 < B4,86 < Bs

I ] =0 =03 <oy <oy < 0g X ] =0 <0y =05 < g <3
B1=P6 < Bs=P5 < B2 <pB3 B1 =2 =3 <Ps<P5<Ps

I o] =0 < g =03 <oqg <Os X 0] =0y =05 < g < g < g
B1=B4= P05 < B2 <B3<Bs P =86 < P2 =83 <Ps<Bs

v g =05 <] =3 < oq < Og X1 0] =0 <3 =0y < g < Qs
B1=P86 < B3 =P4<P2<PBs B2 =B5 < 1= B3 <B4 <P

\V Qg =05 <] =0y <oz < Og XII ) =g <oz =0yg < 0g < Os
B1 =86 < B3=P1<pB2<Ps Ba=B5 < P1 =B <B3<P

VI ] = g < Qg = 5 < (3, 0y XTI a3 =0y <] =0y <oy < O
B3 =P1 < P1= P2 <5 <P B1=Ps < P2 = Ps < 33,54

VII g =05 <3 =04 < 0] < Qg XIV 0] =0 < a3 =04 < g < Q5
B1 =86 < B3 =P84 <P2<Bs B2 =85 < B3 =084 <p1 <P

Table 2: Restrictions on the exponents for the S-Diophantine quadruple (a, b, ¢, d)

Let us note that the Cases I-VII of Table 2 are the same cases as the Cases
VIII-XIV of Table 2 but with the roles of the a’s and f’s exchanged. This is easily
explained by exchanging the roles of p and gq.

Proof of Proposition 1. We consider S-unit Equation (2) in view of Lemma 2 and
obtain that one of the following four cases holds:

® gy = a3 < Oy, 05,
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® gy = a5 < (3, 0y,
® a3 = oy < ag,qs,
o oy = a5 < (g, (3.

Note that we have discarded the cases that as = a4 and a3 = a5, since these
would imply that so|s4 and s3|ss, respectively, and therefore contradict the content
of Lemma 3. Considering S-unit Equation (3) yields

e a1 = a3 <y, Qp,

e a1 = a4 < az,qp,

e a1 = ag < (3,04,
e a3 =y < ay,Qp,
e ay = ap < a,03.

We now go through the lengthy and tedious process to consider each of the 20
possible combinations of these cases.
Case 1: as = ag < ay,as and a1 = a3 < ay, ag. In this case we have

ap = g = g < 04,06 < Q5.

This implies 81 < B2 < f3 since s7 < sy < s3. Since ssz|s4 is impossible we also
have that 84 < B2 and therefore 84 < B2 < 3. In view of Lemma 2 we obtain that
neither S5 nor fs is minimal in the set {f2, 83, B4, 85} and therefore we conclude
that B4 = B5. A similar consideration applied to the set {f1, 8s, 52,05} yields
that either 81 = B5 or 1 = B¢ holds. In the case that 8, = 5 holds we obtain
b1 = B4 = Bs and some size comparisons and divisibility restrictions coming from
Lemma 3 yields Case I of Table 2. On the other hand, 5; = §¢ yields Case II of
Table 2.

Case 2: ag = a3 < ag,a5 and a1 = a4 < asg, ag. In this case we obtain
ag < ag < ag
an obvious contradiction and we can discard this case.
Case 3: ag = a3 < ag,as and a; = ag < ag,ay. This case implies
o] = g < g = g < Oy, O5.

Note that since s3 1 sg we cannot have ag = ag. The ordering of the a’s implies
Ba < B3 since sz 1 84, and By < B3 since sy < s3. However, due to Lemma 2, this
implies that 84 = B5 < B2 < f3. Similarly, we can deduce that 8; < 8¢, and since
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Bs < B2, we deduce that 51 = 5 (Lemma 2), i.e., 81 = B4 = B5 and we end up in
Case III of Table 2 after taking some further size and divisibility restrictions into
account.

Case 4: as = a3z < ag,a5 and ag = a4 < ag,ag. In this case we have as = ay,
which yields s2|ss. Note that this is a contradiction to Lemma 3.

Case 5: ag = a3 < ay,as and ay = ag < aq,az. This case implies ay < a3z < ay,
an obvious contradiction.

Case 6: as = a5 < ag,ayq and a; = az < ayg, ag. First, we note that
Qg = a5 < 1 =03

holds. Due to a combination of Lemma 3 and size comparisons, we obtain S84 <
B2 < Bs, and hence B3 = B4. Therefore, we also have 51 < 83 = B4 which yields
B1 = Ps and, after some more computations, we end up in Case IV of Table 2.

Case 7: as = a5 < ag,aq and a; = a4 < a3,a6. We can easily verify that
b1 < By < B2 < B5 and therefore Lemma 2 yields that 81 = 8¢ and 84 = 83. This
yields Case V of Table 2.

Case 8: as = a5 < a3,ay4 and a3 = ag < ag,a4. This case yields the inequalities
B2 < Bs and ;1 < Bg. Therefore, Lemma 2 yields f; = 3. Due to Lemma 3
and the assumptions that a5 < asz and as < a4 we obtain 83 < (5 and B4 < Sa,
respectively. Therefore, we obtain 3 = 84 due to Lemma 2. Altogether, this yields
Case VI of Table 2.

Case 9: as = a5 < ag,ayq and ag = ay < a7, ag. First, we note that we have
ag =as < ag =0y < ag,06.

This implies 87 < B3 and 7 < B4, because s; < s3 and s; < s4, respectively. But
this also implies 51 = fBg. Moreover, we have 84 < 2 and 3 < [5 because of
Lemma 1. This implies due to Lemma 2 that 83 = 4. Therefore, we have

B1 =06 <fP3=04<P2<ps5

and we obtain Case VII of Table 2.

Case 10: ag = a5 < ag, a4 and ay = ag < a1, a3. Now, we have
ag =as < oy =0 < ap,03.

This yields 51 < B2 and 81 < (g, since s1 < sz and s1 < sg, respectively. Therefore,
we have 81 = 85 < B due to Lemma 2. Altogether we have a5 < ag and B5 < B¢
which implies s5|sg, a contradiction to Lemma 3.
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Case 11: a3 = a4 < ag, a5 and a1 = ag < ay, ag. First, we deduce
Q] = a3 = g < (g, 05,06

and hence 81 < (3,84 and 81 = Bg. Moreover, due to Lemma 3 we deduce that
B2 < B4 and S5 < 3. Hence, by an application of Lemma 2, we have o = 5. The
equations 51 = B¢ and B2 = B5 imply a1 < ag and as < 5. Therefore, we have
a1 = ag due to Lemma 2. We end up with oy = ag = ag = a4 which is impossible
since sz 1 s4.

Case 12: a3 = aq < ag,a5 and a1 = g < ag,ag. By the same arguments as in
the previous case we also get a contradiction in this case.

Case 13: a3z = ay < as, a5 and a1 = ag < asz, a4. In this case we have
0] = g < 3 = g < g, O5.

Note that a; = ag implies f; < [ and Lemma 2 yields the three possibilities
B1 = B3 < B, B1 = B4 < Bg, and B3 = B4 < Bg, which we will consider separately.

Assume that 51 = 83 < fg. Since s5 1 s¢ we have 85 < (g, and since s3 { s5 we
have 85 < 83 = 1. Thus the minimum of the set {51, 82, 55, 86} is S2 = B5 due to
Lemma 2. Thus we will end up in Case XI of Table 2.

Next, we consider the case that 81 = 84 < Bg. Since s3 { s5 we have 85 < (s,
and since so { s4 he have 82 < 4. Similarly as above we deduce that So = 85. This
yields, after some further size considerations, Case XII of Table 2.

Finally we consider the case that 83 = 54 < 8. By the same argument as that
previously used we obtain 8o = 85 and we end up with Case XIV of Table 2. Note
that we have By < 4 due to Lemma 1, since ay < as.

Case 14: a3 = ay < ag, a5 and asz = oy < a1, ag. First, we only obtain
a3 = ay < g, Q2, 05, Q.

However, we still conclude f5 < (35 since s3 1 s5, and Sy < B4 since s { s4. This
implies B2 = (5 and therefore we have as < a5. Now, we consider the S-unit
Equation (1) and we obtain that one of the cases

o o = < ag,
o a1 = ag < g, Or
e =g <

holds. Let us note that the case a; = ag < as has already been considered before.
Therefore, we have to consider the other two cases.
First, let us assume that a; = as. We already know that

az =ay < ap = a2 < as,06
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and By = B5 < B3, B4. Since s1 < s we have 31 < B2 = 85 and therefore 81 = G5 <
B2 = B5 and we end up in Case XIII of Table 2.

If we assume that as = ag, then this implies as = ag < aq, as, and since s1 < s
and s5 t s¢ we deduce that 51 < 2 = 5 < B¢. Therefore, the set {51, 82, 85, B6}

has a sole minimum, which contradicts Lemma, 2.

Case 15: a3z = a4 < ag, a5 and ay = ag < aq,as. This case implies as = ag and
therefore we have s3|sg. This contradicts Lemma 1 and we can discard this case.

Case 16: a4 = a5 < as, a3 and a1 = ag < a4, ag. We have
a4 = a5 < oy = az < g, 0.

However, this yields 82 < B3 and 4 < (5 since s2 < s3 and s4 < s5, respectively.
Moreover, we have 83 < 84 by Lemma 1. This implies that the set {82, B3, 84, 5}
has a sole minimum contradicting Lemma 2.

Case 17: a4 = a5 < as,asz and a1 = a4 < ag, ag. In this case we obtain
a1 = oy = a5 < 02,03, Q6.

This implies 51 < 84 < B5, and moreover we have 2 < 4 and B3 < S5, since so { s4
and s3 1 s5. In view of Lemma 2 this implies 85 = 83. We also note that 85 cannot
be the minimum of {1, 52, f5, 56 }- Hence, either 51 = S or 1 = fg or By = B is
the minimum of {81, B2, 85, 86 }-

If 81 = B3 is the minimum, then we have $; = B2 = B3, and some more size and
divisibility considerations yield Case VIII of Table 2. If 5, = (4 is the minimum,
then we have f; = B¢ < B2 = (3 and we will end up in Case X of Table 2. If
B2 = Pe is the minimum, then we get S = 3 = [ a contradiction to s3 1t sg.

Case 18: a4 = a5 < as,a3 and o = ag < ag,ay. We get
o] = 0 < 0y = a5 < g, (3.

Since s3 1 s5 and s 1 s4 we have 83 < 5 and B2 < 4, which results in 53 = 83 < (5.
That is 85 is not the minimum in {31, B2, 85, Bs}. Therefore, we have either 51 = B2
or 1 = B or o = fe.

Let us note that 81 = (¢ in combination with a; = ag4 yields s; = sg, a contra-
diction. Also, the case that 8o = (g yields B2 = B3 = B, which contradicts the fact
that s3 1 s¢. Finally, we note that the case that §; = B2 results in 81 = 8y = Ss,
and some more size and divisibility considerations yield Case IX of Table 2.

Case 19: a4 = a5 < ag,as3 and ag = a4 < ag,ag. In this case we have as = as,
which contradicts s3 1 s5.

Case 20: a4 = a5 < ag,a3 and ay = ag < aj,as. In this final case we get
a5 = ag, which contradicts s 1 sg. O
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We start now with the proof of Theorem 2.

Proof of Theorem 2. Let us assume that (a,b,c,d,e) is a {p, ¢}-Diophantine quin-
tuple. Then (b, ¢,d,e) is a {p, ¢}-Diophantine quadruple. Therefore, we obtain the
same restrictions on the exponents as listed in Table 2, but where the indices are
replaced as indicated below:

1—4, 3 =8, 5—9,
2—5, 4 — 6, 6 — 10.

Thus we obtain that at least one of the restrictions listed in Table 3 holds.

’ Case \ exponents H Case \ exponents
I 0y =05 = oy < g, 010 < Qg VIIT gy = g = g < 5,010 < QO
Ba = Bs = Po < B5,B10 < Bs Ba = Bs = Ps < Bs, 810 < Bo
r g =05 =08 < g < g < (10 X g =010 < Qg = g < (5 < Og
Ba = B1o < Bs = By < B5 < Bs Bs = B5 = Ps < Bs < P < Bio
r g =10 < s =oag < g < Qg X 0y = g = g < 5 < g < (10
Ba = Bs = PBo < Bs < Ps < Bio Bs = Bro < Bs = PBs < Bs < Po
v’ s = g < 0y = g < g < 10 X g = 010 < g = o < a5 < Qg
Bs= P10 < Bs =B < Bs5 <P Bs = Bo < s = Bs < Bs < B1o
Vv 0y = g < (g = g < g < 10 XIT g = 010 < g = o < a5 < (g
Ba = Bro < Bs = Bs < B5 < By Bs = Po < s = Ps < s < P1o
VI oy = 010 < 05 = (g < (g, Qg XTI ag =0 < g = a5 < g < 10
Bs = Bs < Ba = Bs < Po < P10 Ba = Bro < Bs = By < Bs, Be
VID a5 = g < g = o < g < 10 XTIV’ g = o1 < g =0 < 05 < Qg
Ba = P1ro < Pz = Bs < B5 < Bo Bs = Po < Bs = Bs < Ba < P10

Table 3: Restrictions on the exponents for the S-Diophantine quadruple (b, ¢, d, e)

By exchanging the roles of p and ¢ we only have to match the Cases I to VII
of Table 2 with the Cases I’ to XIV’ of Table 3. Let us note that the indices 4, 5,
and 6 appear in both tables. Considering all possible combinations of restrictions,
the only instances where the orders of ay,as,as and B4, 85, 8¢ coincide are the
combinations of the Cases IT and VI', I and VIIT’, I and IX’, respectively. That is,
if (a,b,c¢,d,e) is an S-Diophantine quintuple, then we may assume (after possibly
exchanging the roles of p and ¢) that one of the following three cases holds.

Case 1: We combine Case II of Table 2 with Case VI’ of Table 3 and obtain
0] =0y =03 < g =010 < 05 =09 < Qg, 08,

5 _ B2 < B3,
51—56—58<54—55<{ 552)<5i0~
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Case 2: We combine Case I of Table 2 with Case VIII’ of Table 3 and obtain

a1 =g =03 < 0qg =0 =09 < Q5,010 < O3,

51254235258<{

B2, Bs < B3,
Be P10 < Bo.

Case 3: We combine Case I of Table 2 with Case IX’ of Table 3 and obtain

] =g =3 <0y =010 <0 =09 <oy < Og,

ﬁ1=54=55=58<{

B2, B < B,
Be < Bg < Pro-

Finally, we consider the quadruple (a,c,d,e). That is, by changing the indices
according to

1— 2,
2 — 3,

3 =7,
4 — 6,

5—9,
6 — 10,

due to Proposition 1 we obtain that at least one of the restrictions listed in Table 4

holds.

’ Case \

exponents

H Case \

exponents

I”

Q2 = az = a7 < 0,010 < Qg

B2 = Ps = Po < B3, P10 < Pr

VIII”

Qg = g = (xg < 3, (v <

B2 = B3 = P7 < Bs, B1o < Po

II77

g = a3 = a7 < g < g < (10

B2 = Bro < B = Bg < B3 < Br

IX77

g = 10 < g = g < g3 < Q7

Ba = B3 = p7 < Bs < By < P10

117

g =10 < gz = a7 < g < Qg

B2 = Bs = Po < B3 < B7 < Bio

X77

g = g = g < g3 < a7 < (19

B2 = B1o < f3 = Br < Bs < Po

v

a3 = g < g =y < g < (10

B2 = B0 < Br = Bs < B3 < Bo

XI”

g =10 < a7 =0 < a3 < Qg

Bz = Bg < fo = Br < Bs < P10

V77

a3 = og < g = g < a7 < (10

B2 = Bio < Br = Ps < Pz < Py

XI1”

g = 10 < a7 = o < g < (g

B3 = Py < o = Ps < 7 < Pro

VI”

g = g < a3 = g < 7, Qg

Br = Bs < Pa = B3 < By < P1o

X117

ar =0 < g = a3 < (g < 19

B2 = Bro < Bz = By < b7, Bs

vIT”

03 = g < 7 = g < g < (10

B2 = Bro < Br = Bs < B3 < Bo

XIv”

g =010 < a7 =0 < gz < (g

Bz = B < fr = Bs < B2 < Pro

Table 4: Restrictions on the exponents for the S-Diophantine quadruple (a, ¢, d, e)

Since all three Cases 1, 2, and 3 imply that as = a3 only the Cases 17, II”,
and XIII” of Table 4 may hold. However, the Cases I”, II”, and XIII” of Table 4
imply that ag < ag which contradicts the Cases 1, 2, and 3. Thus we have proved
that any combination of restrictions leads to a contradiction, thus no S-Diophantine
quintuple exists, which finally proves Theorem 2.

O
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