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Abstract
The basis of this work is a simple, extended corollary of Wilson’s theorem. This
corollary generates many more quotients than those already generated by Wilson’s
theorem, and it is of interest to derive how they relate to each other and build on the
established properties of the original quotients. The main results are expressions
for sums of these quotients, modular congruences that extend the results of Lehmer,
and generating functions.

1. Introduction

In order to efficiently describe the results presented in this work, we will define
Py :=PU{1}, where PP is the set of all primes, as the set of positive non-composite
numbers. With this said, Wilson’s theorem is a primality test by which

1 —1)!
Wn) = L@ =L
n
is an integer if and only if n > 1 is a positive non-composite. Also, {W(p) : p € Py}
is the set of Wilson quotients. We may, in fact, generalize this notion by observing
that (n — 1)! = (n — k — D!TT% _, (n — m) implies

_ Ltk =)L (0 —m)

The Hﬁlzl(n —m) term is a falling factorial, so we can implement an expansion

of this product, the coeflicients of which are the Stirling numbers of the first kind
s(a,b), defined by (z), = [[}Z4(x — k) = Sp_y s(n, k)a*. Thus, [IF,_, (n —m) =
L(n)k41 and

W) = L+ (n—k =Dy _ 1+ (n—k =110 s(k+1,0)n' ! |

n n
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and since s(k +1,0) = 0 for k£ > 0, we have

1—|—(n—k—l)!Zfi&s(k—Fl,i—Fl)ni
. .

W (n) = (1)

Observing that Zf:ll s(k+1,i+ 1)n* = 0 (mod n) and s(k + 1,1) = (—1)*k!,
Wilson’s criterion extends to a corollary with an additional parameter.
Corollary 1. Given nonnegative integers n > 1 and k < n,
(—D)*k!(n —k —1)! = -1 (mod n)
if and only if n is non-composite.

Incidentally, Wilson’s theorem is a corollary of its own corollary when k£ = 0, and
we will thus refer to the more general Wilson-like quotients as
1+ (1)K (n — k- 1)!

M. (n) - ;

where, by Corollary 1, My(n) is an integer if and only if n € P;. The values of
some of these quotients are listed in Table 3 at the end of the paper. Note that
My(n) = W(n). These quotients yield nonpositive results for odd k, and therefore
we can get rid of the signs by defining

(—D)* +K!(n—k—1)!

My (n) = [My(n)] = (~1)* My(n) = .

(2)

We will broadly refer to the functions My (n) and M,! (n) as M-numbers.

2. Sums of My (n) and M,j'(n)

One area of investigation is the study of finite sums of values of the functions Mj
and M ,:' , which we will broadly refer to as Z-numbers. Considering the sums

Zn) = 3" Me(n), Z(m) =3 My (n). 3)
k=0 k=0

we can derive two theorems concerning them.

Theorem 1. The function Z(n) is an integer for all n € N.

Proof. If n € Py, then My(n) € Z implies Z(n) € Z by Corollary 1. Otherwise,
consider the term (—1)¥k!(n — k — 1)!, where n is composite. If it is additionally
not equal to 4, we see that

Eln—k—-DI=kln—(k+1)n—(k+2)...(n—(n—1)),
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and hence,
Eln—k—1)!= (=) kl(k+1)(k+2)...(n—1) = (=1)" "1 (n-1)! (mod n).
Moreover, since n # 4, it follows that (n — 1)! =0 (mod n), implying

(=1)*E!l(n —k—1)!=0 (mod n).

It follows that

n—1 n—1
Zl—i—(—l)kk!(n—k—l)!z 1=0 (modn),
k=0 k=0
which, with the fact that Z(4) = 1, shows that Z(n) € Z for all n € N. O

Theorem 2. The function Z(n) is a natural number if and only if n is even or
non-composite.

Proof. If n € Py, then M,;"(n) € Z implies Z*(n) € Z by Corollary 1. Otherwise,
consider the term (—1)¥k!(n — k — 1)!, where n is composite. If it is additionally
not equal to 4, the preceeding proof showed that

Eln—k—1)!=0 (mod n).

This implies that

n—1 n—1

Z(—l)k +En—k-1!= Z(—l)k % (mod n),

k=0 k=0

which, with the fact that ZT(4) = 4, shows that Z(n) € Z if and only if n is even or
non-composite. In this case, we actually have that Z+(n) € N since Z7(n) > 0. O

Some values of Z(n) and Z*(n) are listed in Tables 1 and 2 in the last section.

2.1. Formula for Z(n)

Furthermore, we can derive a closed formula for Z(n). Let S = Zz;é(fl)kk!(n -

k —1)!l. Then
n—1
Z(n) = (Z i) +

k=0
Now, dividing S by (n — 1)! yields




INTEGERS: 25 (2025) 4

An identity for the same sum [1] tells us that

~(-DF A+ (=DM (n+1) neN
2 nrz 0 "N
% S (A+(E=D")n

(n—1) n+1 ’
and it follows algebraically that

(L4 (1" (.~ 1)

Z(n) =1
(n) =1+ |

We observe that Z(2n) = 1 and Z(2n — 1) = 1 + @ The former case is
obviously a natural number. In the latter case, n = 1 is a trivial case, and since
2n — 2 > n for n > 2, we have that n | (2n — 2)! for all n € N. This is a proof of a

stronger version of Theorem 1: Z(n) € N for all n € N.

2.2. Formula for Zt(n)

We can also derive a formula for ZT(n) by initially setting S = ZZ;& Elln—k—-1),
which produces

S _n_lk'(’ﬂfkfl)'_n_l 1
(n B 1)' N k=0 (’I’L - 1)' - kZ:O (";1)

S0
S now 2
_ 1~ on—1 ’
(n—1  2n7l =41

and it follows algebraically that
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To deal with the remaining partial sum, we make use of the Lerch transcendent, a
special function denoted by ® and defined by ®(z,s,a) = - ﬁ It has the
property that

n—1 r
z
D(z,8,a) = 2"P(z,8,n+a)+ E —_—
( ) ( ) s (7. + a)s
for R(a),R(s) > 0, n € N, and z € C [2]. We employ this equivalence by setting
a=1,s=1, and z = 2, which yields

n—1

2T
©(2,1,1) =2"®(2,1,n+1)+
r=0

r+1°

We also define the polylogarithm to be the function Lis(z), commonly given by the
Dirichlet series Li,(z) = 3.°° , 2=. Because ®(z,s,1) = 1Lis(z) [3], we have

n=1 ns
Li;(2) = —ir = 2"M1®(2,1 1 z
11() v (7 N+ >+;T7

and hence,

§ :7 = —im —2""1®(2,1,n +1).
r
r=1

By substitution we derive that

L+ (=t

Zt(n) o™

—(n=1)!(29(2,1,n+1) +2 i) . (4)

3. Modular Congruences

3.1. Congruences of My (p) and M, (p)

Bernoulli numbers By, are signed rational numbers that are ubiquitous in number

theory and analysis. We can define them precisely using the exponential generating

. k . . . . . . .
function % = ;O:O B’;C—?, in which they arise. When p is prime, it is known that

Mo(p) = W(p) = Bap—1) — Bp—1  (mod p),
which is obtained from the congruence relation

p—14ptW(p) = pByp-1y) (mod p?)

by subtraction after substituting t = 1 and ¢t = 2 [4]. Recalling Equation (1), it is
clear that - 4
(p—k— DI, s(k+1,i+1)p

p

=0 (mod p),
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SO

1+ (p—k—=1DYs(k+1,1)+ps(k+1,2))
p
= My(p) +s(k+1,2)(p—k—1)! (mod p).

My (p)

The Stirling numbers of the first kind s(k + 1,2) can be expressed with harmonic
numbers as s(k + 1,2) = (—1)*T1k! Hy, which yields

Mo(p) = Mi(p) + (1) klHy(p — k — 1) = My(p) + Hy,  (mod p)  (5)
by Corollary 1. By subtraction,
My(p) = Bap—1) — Bp—1 — Hp  (mod p). (6)
From Equation (5), we construct a congruence analogous to Lehmer’s:
p— 1+ ptMy(p) = pByp—1) — ptH), (mod p®).
For the unsigned M-numbers, utilizing Equation (2) produces the congruences
M (p) = (=1)*My(p) = (=1)* (Bap-1) — Bp-1 — Hy)  (mod p), (7)
(=1)*(p = 1) +ptMf (p) = (=1)" (pBi(p—1) — ptHi) (mod p?).

3.2. Congruences of Z(n) and Z1(n)

Theorem 3. If n is composite, then Z(n) = 1 (mod n). If n is non-composite,
then Z(n) = —1 (mod n).

Proof. Recalling the formulae Z(2n) = 1 and Z(2n — 1) = 1+ @ for n € N,
observe that if n = 2k — 1 is composite, then we can apply the same argument as
in the proof of Theorem 1 to show that 2k — 1 | (2k — 2)!. Thus, 2k — 1 | @
since k t 2k — 1, implying Z(n) =1 (mod n) for n & P;. However, if n = 2k — 1 is
non-composite, then k(Z(2k —1)+1) =2k+ (2k—2)!=1—-1=0 (mod 2k — 1)
by Wilson’s theorem. Thus, since k 1 2k — 1, it follows that Z(2k — 1) +1 =0
(mod 2k — 1), implying Z(n) = —1 (mod n) for n € Py, proving our theorem. [

From Equation (6), we have that

ST = S (Molp) — Mi(p) = (0~ )Mo(p) — Z(p) + Mop)
k=1 k=1

=pMo(p) —Z(p) =2+ (p—1)! (mod p).
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Since 1+ (p — 1)! =0 (mod p) by Wilson’s theorem,

p—1

ZHk =1 (mod p)

k=1

for p prime. We can also consider the recursive nature of harmonic numbers given
by H, =1+ % 22;11 Hy,, which by recursion yields H,, 41 = n%i_l + H,,. Substituting
this into the previous sum implies the following congruence for p prime:

1
szl—ﬁ—]; (mod p).

Theorem 4. We have the congruence Z(2n — 1) = 0 (mod n) if and only if n is
non-composite.

Proof. Since Z(2n — 1) = 1+ w =14+2n—-2)2n—-3)---(n+ 1)(n — 1)},
if n € Py, then Z(2n —1) =1 — % (mod n) by Wilson’s theorem. However,
% =(n—2)! (modn),so Z(2n—1)=1— (n —2)! (mod n), and thus

Z(2n—1)=0 (mod n)

by Corollary 1.

For the other direction, observe that @ =(n—1Dl(n—2)!= -1 (mod n)
implies that n is non-composite by Corollary 1. This is because if n were otherwise
composite, then (n — 1)I(n —2)! =0 (mod n). O

Theorem 5. For even n # 2, the function Z+(n) obeys two congruences:

Zt(2n)=0 (mod2n), n¢gP;\{2}, (8)
Zt@2n)=n+1 (mod2n), neP\{2}. (9)

Proof. Recalling Equation (3),

2n—1 n—1
—1)k '2n —k —1)! 1
Z+(2n):§:( ) ”“én” k=) ==Y KEn—k—1)!
k=0 k=0

due to the even number of terms and consequential symmetry of the summands.
Evidently, since n ¢ Py \ {2} and if n # 2 and n # 4, we have n? | (2n — k — 1)! for
all 0 < k <n—1. Additionally, 2 | k! for 2 <k <n —1 and

2n—11'+(2n-2)! (2n-—2)!

= eN
2n2 n

for n € N. With the cases Z*(4) =4 and Z1(8) = 1536, this proves Equation (8).
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For the second congruence, again consider Z1(2n) = % Z;S El(2n—Ek—1)!. Let
us select distinct 0 < k1 < ks < n — 1 and take the sum of two terms:
(271—/{1 — 1)' k’g'
(2n—l€2 — 1)' kl' '
Setting ko = k1 + 1, this becomes kq!(2n — k1 — 2)!(2n). Clearly, 2n? | k1!(2n —
k1 — 2)!(2n). Because n is an odd prime, the sum for Z*(2n) will have an odd
number of terms, allowing us to pair every other term with its succeeding term as

k'1|(2’fl — kil — 1)' + ]{12'(271 — k’g — 1)' = k1'(277, — kg — 1)' (

described, leaving only the last one, (n—1)!n!, unpaired. Therefore, nZ*(2n) = —n!
(mod 2n?) by Wilson’s theorem, and since Wilson quotients for odd primes are
always odd, 2n? | n(1+ (n —1)! +n). A simple algebraic manipulation allows us to
see that —n! = n? +n (mod 2n?), which proves Equation (9). O

Theorem 6. We have the congruence Z+(p) = Byp—1) — Bp-1— %Hqu (mod p),
where p is an odd prime.

Proof. If p is prime, we invoke Equation (7) to observe that

p—1
Zt(p) = Z(—l)k (Ba(p—1) — Bp—1 — Hy)
k=0
p—1
= Byy—1) — Bp-1— »_(~1)"*Hi  (mod p).
k=1
Observe that
pi(—l)’fH S O O S P
P b 2 23 p—1
BEE SR
T24n 2
when p is an odd prime, so we get our desired congruence. O

If p=2, then Z7(2) =1 = By — By + 1 (mod 2). It is worth noting that this
congruence bears a close resemblance to the one of M =1 (p). Thus, by combining
Equation (6) with the above congruence, we obtain the interesting relation

Z*(p) = % (Mo(p) + Mya (p)) (mod p).

4. Generating Functions

In this section we derive the exponential generating functions of our M-numbers
and Z-numbers.
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4.1. M-numbers

Considering the sequences of quotients My(n) for n € N, its exponential generating
function! for |z| < R, where R > 0 is the radius of convergence, is derived as follows:

14 (=1)kkn!] 2n
n=0 n=0 ’

Note that the first term appearing in the summand is My(k + 1), as Mg(n) is
undefined for n < k. Also observe that

2 (14 (=D)FE!T] 27 & &
—— | =< 1+ (-1)%k) x
nz_%{ n+k+1 } n! nz:%( )

which has a radius of convergence R = 1. Therefore, EG(Mj(n); z) has a positive
radius of convergence of at least 1. This allows the summation to be split as

n e n

N S IO o S A
EG(M'“(H)’IF;M@MH)H ! k';“’f“’

where, from the second summation term above, the radius of convergence, R, equals
1. As dlctated by the definitions of the lower incomplete gamma function ~v(a,z) =

Yy, n, n+a) and the Lerch transcendent ®(z, s, a) =Y o ﬁ [2], we derive
the exponential generating function by setting a = k+ 1 and s =1,

EG(Mg(n);z) = (—l)k (k!@(l‘, LE+1)— W) .

For the exponential generating function of the signless M ,:' (p), it is not difficult
to see from Equation (2) that

v(k+1,—x)

since the summations are independent of k.

4.2. Z-numbers

We can also derive the exponential generating function of Z(n) for n € N and
|z| < R, where R > 0 is the radius of convergence,

EG(Z(n);x)zz:Z(n—i—l)T:_Z[1+(1+T(L_+1;n)”! %T
n=0 n=0 .

INote that ordinary generating functions are of little utility in this instance, as their radius of
convergence is zero.
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Similarly, the sequence begins at Z(1), as Z(0) is undefined by Equation (3). Since
- L+ (-D)M)nl] a2 &
S | BRI IS s,
o n+2 n! —=

which has a radius of convergence R = 1, we have that EG(Z(n); ) has a positive
radius of convergence of at least 1. Additionally

> (14 (=1)")a™ = g B =z
Z n+2 _222n+2_zn+1'

n=0 n=0 n=0

This allows the summation to be split as
S
EG fulll

where the radius of convergence is clearly R = 1. Of course, >

i
_T_ 5

z"

= ¢e”, and be-
cause the natural logarithm has the Taylor expansion In(z) = >0 (—1)**+! 1z=D"

n=1 n
for z € (0,2], we see that

nOn'

& 2 n X 2n x©  2n—2 e 2n
n(1 n+1 ) _ r=" 2 z 2 r
—x? =—) —=-x =—x 1
n n n
n=1 n=1 n=1 n=0

Therefore, we obtain the exponential generating function,
1
EG(Z(n);z) =e* — — In (1 — z?) .
x

The exponential generating function for Z*(n) is a pinch more involved. How-
ever, by invoking Equation (4) for n € N and |z| < R, we see that

EG(ZT(n);z) = ZZ+ n+1 —T

_ Z [”(1) —nl (20(2,1,n+2) + 2”%)] %r: |

= 2n + 2

Since |®(2,1,n+ 2)| < 1 for n > 1, we can say EG(Z " (n);z) < 3.7, 72", which
has a radius of convergence of 1, and thus our generating function converges for
R > 1. Thus, after splitting, simplification, and removal of null terms, we see that

2n

EG(Z" (n); ) = 22M - 2§¢(2,1,n+2)x” ~ISG)

n=0
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For the first summation, let us take the series expansions of hyperbolic trigonometric
2n+1 2n
functions sinhz = Y >° (;”ni_:l), and coshz = >77% ; 55; to derive that

coshr —1=-1+ = = (2n 2+ 2
I ! ’
— (271,) — (Qn) o (271 + 2)
and thus
> 22n+2 p2n+2 i 2n
inhx — cosha + 1 = - =) BT
xsinhx — coshx + T;) {(2714_1)! (2n—|—2)!} t 712:;)(2”)!(2n+2) ’

which is precisely our series. Additionally, it is useful to recall that ZZO:() " gen-
erates T2—. Putting these together, we obtain the exponential generating function

"

T

EG(ZT(n);z) = 3(:c sinhz — coshx + 1) +

ZC2 ) —2G(<I>(2,1,n—|—2),17),

where G(®(2,1,n + 2); x) is the generating function of ®(2,1,n + 2). For the sake
of notation, let us define 7(z, s, ) := G(P(z, s, ); x), so

EG(Z*(n);z) = %(msinhx —coshz + 1)+
x

x52—27(2,1,n+2).

5. Tables

Below are tables of values for the Z-numbers and unsigned M-numbers.

[n:]1 3 45 6 7 8 9 10 11 12 13 ]
IERE 2 1 9 1 181 1 8065 1 604801 1 68428801 ||
[n:]14 15 16 17 18 19 20 |
[« [ 1 10897286401 1 2324754432001 1  640237370572801 1 |

Table 1: Values of Z(n) with n varying from 1 to 20.

[n:]1 2 3 4 5 6 7 8 9 10 11 12 ]
[« ]2 1 2 4 13 52 259 1536 PFT 84096 750371 7453440 |
[n:] 13 14 15 16 17 |
[ = [ 81566917 974972160 S90UIESI0L 176504832000 2642791002353 ||

Table 2: Values of Z*(n) with n varying from 1 to 17.
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[k]n:1 2 3 4 6 8 9 10 |
0 92 1 1 % 5 % 103 &841 40321 36?381
1 * 0 0 _i -1 _2753 17 _% _@ _4013019
B N U S A
3 * x ok — g -1 = % _5 — % _ % _ %
;L - — - ° 2?519 17 %9 %9 %9
* * ok * * —=== — — 2 — 22 290
6 * * ok * * *6 103 %i ; %9 %(%f? ]
7 * * % * * * 5039 5039 __ 10079
8 * * % * * * *8 @ %
9 * * %k * * * _ 36?379
[k n:11 12 13 14 15 |
30916801 6227020801 87178291201
(1) 329289981) — 3655799 i%%i%i;; — 7900599 — 5221020799
2 7331 ﬁ 558277 TISZSUT O5RO0S20T
3 | —2749 ooty 167483 —orhorog — 230500709
4 1571 To0b8T 74437 ST00L2T s7001 30T
5 | —1309 — gi5u0 16523 — 1845300 — 13545509
6 1571 @ 39877 FEZRROT 29030301
12 14 15
o B sl
S —g;%g iy —7111%3 (110 17 )
10 | 329891 36RO 558277 oT77HR0T s7001 30T
358 T6790 o400 230500799
11 * — =0 —3070523  —= — ==
12 * % 36346277 47901041601 95801053201
13 * % * _ ozml)iuwy _ bzn%o?w
14 % * ¥ % 8717812591201

Table 3: Values of My (n) with n varying from 1 to 15 and k varying from 0 to 14.
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