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Abstract
In recent years, a number of authors have obtained numerous relations between
the number of parts in restricted as well as unrestricted partitions and various
functions from multiplicative number theory such as ¢(m), 7(m), o(m), etc. In this
paper, we seek similar kinds of relations for the number of parts in various restricted
and unrestricted n-color partitions. Here, in particular, these relations occur with
divisor functions.

1. Introduction

A partition of a positive integer m is a sequence of positive integers whose sum is m.
While the order of positive integers in a partition does not matter, we conventionally
list them in non-increasing order for consistency. These positive integers are also
called the summands or parts of a partition. Many important partition identities
involve restrictions on the parts of a partition. A very old and famous identity due
to Euler equates the number of partitions into odd parts to the number of partitions
into distinct parts. Partition identities also arise from counting the number of parts
in a partition. In the literature, the first such identity is credited to Stanley, and
its generalization to Elder. To know more about the history of these identities, the
reader is referred to [5].

Theorem 1 (Stanley’s theorem). The number of 1’s in the partitions of n equals
the number of parts that appear at least once in a given partition of n, summed over
all partitions of n.
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Theorem 2 (Elder’s theorem). The number of appearances of a part k in the
partitions of n is equal to the number of parts that appear at least k times in a given
partition of n, summed over all partitions of n.

Andrews and Merca’s work [3] provides a further generalization of Elder’s theo-
rem. In [4], the authors count the number of even parts in partitions into distinct
parts. Merca [6] investigated specific restricted partitions, enumerating their parts
and establishing relationships between these counts and the divisors of m. In [7, 8],
the authors obtained numerous relations between the number of parts in partitions
(restricted as well as unrestricted) and various functions from multiplicative number
theory such as ¢(m), 7(m), o(m), etc. In order to obtain these relations, they used
the Lambert series, which is given by
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amq™
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m=1

where the a,, for m = 1,2, 3, ... are real or complex numbers. This series is a
natural generalization of the formula

S = S b )™
m=1 q m=1

where

bi(m) = (F1)"+"4a,.
d|m
When working with n-color partitions, it is natural for us to seek similar kinds
of relations for the number of parts in various restricted and unrestricted n-color
partitions. In this manuscript, however, we will focus only on the divisor functions.
For a reader who is not exposed to the theory of n-color partitions, we include
the definition of n-color partitions as given in [2]. An n-color partition of a posi-
tive integer is a partition, in which a part of size m can occur in m different colors
denoted by subscripts my, mo, ..., m,,. For example, the n-color partitions of 3 are

31, 32, 33, 22+ 11, 29 + 11, 11 + 11 + 14,

Let P(m) denote the number of partitions of m. Then,

> Pm)g" =
= Il (1= ")

m=1

As a convention, we take P(0) as 1. Using similar notation, we write

DI R —— (1)
1(1 —qm)m

m=0
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where C'(m) is the number of n-color partitions of m and C(0) = 1.

As ordinary partitions have been studied with various restrictions, n-color par-
titions too can be considered with restrictions on the parts and colors. Generating
functions for the number of n-color partitions with various restrictions were provided
by Agarwal [1]. However, we take into account some of these n-color partitions with
restrictions while studying the number of parts. We include the generating func-
tions for C(D,m), C(O,m), and C(E,m), which denote, respectively, the number
of m-color partitions into distinct parts, into odd parts, and into even parts of a
positive integer m. Also, we take C(D,0) = C(0,0) = C(E,0) = 1 as a convention.
The generating functions for C(D,m), C(O,m), and C(E, m) are given by

Y cmygm = [[a+amm, (2)
m=0 m=1
oo oo 1
Z C(O,m)g™ = H (1— @m-1yzm-1
m=0 m=1
oo N oo 1
Z C(E,m)q™ = H (1 — g2m)2m”

Il
-

m=0 m

Let C._,(m) denote the number of n-color partitions of a positive integer m into an
even number of parts minus the number of n-color partitions of a positive integer m
into an odd number of parts. We can easily obtain the following generating function
for Ce—_p(m), where we take C._,(0) = 1:

oo oo 1
Z Ce—o(m)q™ = H —_— (3)
m=0 m=1 (1 + qm)m

Now, we let Cyq(m) denote the number of n-color partitions of m wherein odd
parts are distinct and even parts are unrestricted and C.q(m) denote the num-
ber of n-color partitions of m wherein even parts are distinct and odd parts are
unrestricted. Again, we take Cpq(0) = 1 and C,q(0) = 1 to obtain the following
generating functions for C,q(m) and Ceq(m):

e 0 (1 +q2m—1)2m—1
Cod(m)qm = P
= I =g

& O 1 2m\2m
Z Cea(m)q™ = H (1 (_ ;—2311327711'
m=0 m=1
In Section 2, we enumerate the parts of n-color partitions without restrictions
and investigate their relationship with various divisor functions. In Section 3, we
investigate similar relations while counting the number of parts of n-color partitions
with restrictions.



INTEGERS: 25 (2025) 4

2. Number of Parts in n-Color Partitions and Divisor Functions

We start this section by summing the number of parts for all the n-color partitions
into an odd (even) number of parts which provides us our first result.

Theorem 3. Let T,(m) (respectively T.(m)) denote the sum of the number of parts,
where the sum is taken over all the n-color partitions of a positive integer m into
an odd (respectively even) number of parts. Then for |q| < 1,

mz::1 % - ngl(lﬂm)m n;@o(m)iTe(m))qm-

Proof. Considering the generating function for n-color partitions and introducing a
new variable x which keeps track of the number of parts, we have

(oo}
d
TO :l:Te m_ 1— _11_ 2_2...
DT L™ = 2] A0 =0 (1= a7}
- 1 = mg™
= — e
[l (Fgm)m m=1 +a
This concludes our proof. O]

We also have the following results from sequences A000593, A146076, and A000203
in the OEIS [9]:

> mqm, 0 (2m _ 1)q2m—1 > -
= T o1 Oodd m)q s 4)
mzzl L+qm mz::l 1—g¢mt mz::1 ( (

1_q2m

o0 2mq2m oo
Z - Z Ueven(m)qma (5)
m=1

m=1
where gepen(m) (respectively, coqq(m)) is the sum of even divisors (respectively,
odd divisors) of m.

Also,
— (2m — 1)g>"~! i +1
> (=1)™ 0oga(m)q™
2m—1
m=1 1 + q " m=1
and
0 mq™ o
> g > o(m)g™, gl <1, (6)
m=1 m=1

where o(m) denotes the sum of divisors of m. Now, using Equations (1), (2),
(4), and (6), we get Corollary 1 and Corollary 2 to Theorem 3 with the help of
convolution properties.
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Corollary 1. For any positive integer m,
m
T,(m) + Te(m) = Z o(k)C(m — k). (7)
k=1
We take an example to verify Corollary 1 for m = 4.

Example 1. n-color partitions of 4 into an odd number of parts are
41, 4o, 43, 44, 29+ 11+ 11, 27 +1; + 14,
and into an even number of parts are
31+ 11, 32+ 11, 33+ 11, 22+22, 22+2y, 24+1+1y, i+ 11 + 15 + 14,

Thus, Tp(4) = 10 and T.(4) = 16. We know o(1) = 1, 0(2) = 3, ¢(3) = 4, and
o(4) =7. Also, C(3) =6, C(2) =3, C(1) =1, and C( ) = 1. On substituting all
these values and m =4 in (7), we see that

4
T,(4) + To(4) = > _o(k)C(4 -

k=1
Corollary 2. For any positive integer m,
m
Uodd Z ))C’(D,m—k)
k=1
In Theorem 4, we count the number of even parts in all the n-color partitions.

Theorem 4. Let A.(m) denote the sum of the number of even parts, where the sum
is taken over all the n-color partitions of a positive integer m. Then for |q| < 1,

o 2mq2m 0 moo
2 i gm = 1L 0=am" 3 Adlmia

m=1 =1

Proof. Proceeding in a similar manner as in the previous theorem, we see that

o0 o0 1 oo
Z Ae(m)q™ = H 2m—1)2m—1 H
m=1 m=1 (1 q ) dl‘
b 1 = 2mgq*™
= H _ om\m Z _ a2m’
oy (L=gqm)m™ == 1—q
This completes the proof. O

As a direct consequence of Equations (1) and (5), we obtain the following corol-
lary of Theorem 4.
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Corollary 3. For any positive integer m,

m) = Geven(k)C(m — k).
k=1

Theorem 5 is similar to Theorem 4 with the only difference being that we now
count the number of odd parts.

Theorem 5. Let A,(m) represent the sum of the number of odd parts, where the
sum is taken over all the n-color partitions of a positive integer m. Then for |q| < 1,

00 00 oo
2m_ 1 2m—1
Z 1— 2m1 Hl—q MZAO
=1 q m=1 m=1

Corollary 4. For any positive integer m,

m) =Y 0oaa(k)C(m — k).
k=1

Our next result is about counting the number of parts with multiple occurrences.

Theorem 6. For positive integers m andt, let N*(m) denote the sum of the number
of distinct parts with multiplicity at least t, where the sum is taken over all the n-
color partitions of m. Then,

9] S
Z mant — H 1 _ q Z Nt > t.
m=1 m=1

Proof. We can obtain the generating function for Nt(m) by introducing a variable z
to account for the number of parts with multiplicity at least ¢, then taking derivative
with respect to z and finally substituting z = 1. Hence,
qmt m
H<1+qm+~ " e — >
—qm

d
Z Nt ~ dr o]
_ - = mt
a ,L[l (1- qm)m ng‘lmq

oo

r=1

Corollary 5. For positive integers m and t,

\m/t]
Z kC(m —tk), m >t.
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In Theorem 7, we count number of parts congruent to k& (mod r) for some fixed
positive integers k and 7.

Theorem 7. Forr > 1 and 0 < k < r, let C(kmoa »,m) denote the sum of the
number of parts congruent to k (mod r), where the sum is taken over all the n-color
partitions of a positive integer m. Then,

o~ (rm k) mym - "
Zw=ﬂ(l—q )™ > Clkmod rm)g
m=0 m=1 m=1

Proof. In the following two variable generating function, = keeps track of parts
congruent to k (mod r) in all the n-color partitions:

I o= I =y
iZk(mod r) j=k(mod r)

d
By applying %‘xﬂ to the above expression, we obtain

= ad 1 ad L (rm 4 k)gmtE
C(k mod r ’m)qm = —_—
mz::l ( ) 21;[1 (1_qz)z 21;[1 1_q z ZO T'm-Hc
iZk(mod r) i=k(mod r)
B lo—o[ 1 f: (rm + k)g ™tk
- _ am\Ym _ arm—+k .
g L=gmm™ = 1—¢
O

Corollary 6. For integersm >0, r>1 and 0 <k <,

Clhmoa o) =3 S0 (rd 4 1) | Clm — j).

j=1 \rd+klj

3. Number of Parts in n-Color Partitions with Restrictions and Divisor
Functions

In this section, we focus on counting the number of parts in some restricted n-color
partitions and we start by considering n-color partitions into distinct parts.

Theorem 8. Let C,(D,m) (respectively C.(D,m)) denote the sum of the number
of parts, where the sum is taken over all the n-color partitions of a positive integer
m into an odd (respectively even) number of distinct parts. Then for |q| < 1,

S LN (CDm)ECDm))
m [T (1gm)m m=1

m=1
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Proof. Proceeding in a manner similar to the proof of Theorem 3, we have

= d
> (Co(D,m)£Ce(D,m)) ¢ = — {1 +2¢) (1 +2¢*)? (1 +2¢®)® -}
dz lz=+1
m=1
- , q 2¢>
_ 1 m\m ..
Wl;Il( +og™) {1+xq+l+xq2+ }z—il
= 1+ —_—
(YLD L
m=1 m=1
which gives us the desired result. O

To obtain Corollaries 7-9 to Theorem 8, we use Equations (1), (2), (3), (4), (6),
and the Cauchy product of two power series.

Corollary 7. For any positive integer m,
Co(D,m) + Ce(D Zoodd C(D,m — k).
Corollary 8. For any positive integer m,

=> (G, Co(D,K)) C(m — k).

k=1

Corollary 9. For any positive integer m,
m
Uodd ZC e o m k)
k=1

Proceeding in a similar manner as in Theorem 8, we can prove Theorem 9.

Theorem 9. Let Q(O,m) represent sum of the number of parts, where the sum is
taken over all the n-color partitions of a positive integer m into odd parts. Then
forlg| <1,

© _ 2m—1 00 00
Z 2m 12m 1 _ H (1 o q2m71)2m71 Z Q(O,m)q
m=1 m=1 m=1

Corollary 10. For any positive integer m,

Zaodd O m — k)
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Similar results can be proved for the number of parts in all the n-color partitions
of a positive integer into even parts.

Our next theorem is related to the set of n-color partitions with distinct odd
parts and unrestricted even parts.

Theorem 10. Let Q,q(m) represent the sum of the number of parts, where the sum
1s taken over all the n-color partitions of a positive integer m with distinct odd parts
and unrestricted even parts. Then for |q| < 1,

oo 00 oo
(2m _ 1)q2m71 _ (1 _ q2m)2m .
mzz:l 1+¢2m1 H (1 + g2m—1)2m—1 mz::l Qoa(m)q™.

m=1

Corollary 11. For a positive integer m,

Qualm) =3 | S (1) 420 20— 1) | Coafom — ).

k=1 |2d—1]k

Again, similar results can be proved for Q.q(m), where Q.q(m) represents the
sum of the number of parts with the sum taken over all the n-color partitions of a
non-negative integer into distinct even parts and unrestricted odd parts.

Theorem 11 is also about counting the number of parts in n-color partitions into
distinct parts but here we count some fixed part.

Theorem 11. Forj > 1, let Q(D, j,m) denote the sum of the number of j’s, where
the sum is taken over all the n-color partitions of a positive integer m into distinct
parts. Then for |q| < 1,

- N m
memmewZamm.

m=1 m=0
Proof. To prove this result, we introduce a variable x to count the total number of

j’s in all the n-color partitions of m into distinct parts. Then, we take the derivative
with respect to x and put x = 1. Hence,

[e’e) -

. "= 7y’ iyi

;Q(Ddam)q =2 (1+ z¢’) E““’)
i#j

_ i [T +q)

L+ i>1

JP
= - E D m.
1 +q’ m:OC( ’m)q
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In Theorem 12, we restrict the n-color partitions to those having an odd (respec-
tively even) number of parts, with the added restriction that all parts are odd.

Theorem 12. Let U.(m) (respectively U,(m)) denote the sum of the number of
parts, where the sum is taken over all the odd n-color partitions of a positive integer
m into an odd (respectively even) number of parts. Then for |q| < 1,

o (2m —1)¢°>™! 2m—1)2m—1 = m
> a o 5 H (1¢ > Wolm)£U(m)) ™.
m=1 :Fq m=1 m=1

Corollary 12. For any positive integer m,
Uo( Zaodd O m — k)

Corollary 13. Let C(O, D, m) denote the number of n-color partitions of a positive
integer m into distinct odd parts. Then,

Ms

(=1 opga(m U.(k)) C(O,D,m — k).

k:l

The generating function for C'(O, D, m) is given by

oo oo
> CO,D,m)g" = [+ )
m=0

m=1

4. Conclusion

The findings reported in this paper are based solely on analytic methods. It is always
desirable to establish combinatorial proofs as these give better insight. However,
the biggest constraint in achieving this goal is the absence of Ferrers diagram-like
representation for n-color partitions. In fact, if someone is able to think of any
such representation for n-color partitions, it will open a world of possibilities in the
theory of n-color partitions.
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