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Besov Spaces on Rn
Let � 2 S0 = ff 2 Sjbf (n)(0) = 08ng be such that

supp(b�) � f1=2 � jx j � 2g; 0 � b� � 1; X
j2Z

b�j = 1
where b�j(x) = b�(2�jx).Then the homogeneous Besov spaces are de�ned by Peetre andTriebel as _Bp;qs = ff 2 S 00jkf ks;p;q <1g
where kf ks;p;q = �X

j2Z
2sjkF�1(b�jbf )kqLp

�1=q
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Feichtinger/Gr�ochenig coorbit theory
Let (�;H) be a unitary irreducible integrable representation of G ,and w a submultiplicative weight on G . Assume that Y is solidBF-space such that

Y � L1w (G ) � Y and kF � f kY � CkFkY kf k1;w
Let u 2 H1w = fv 2 HjVu(v) 2 L1w (G )g
Then H1w is a Banach space with norm kvk = kVu(v)k1;w , and wecan de�ne the coorbit space

CoFGY = fv 2 (H1
w )�jVu(v) 2 Y g

with norm kvkFG = kVu(v)kY . These are Banach spaces.
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Besov spaces as coorbits
Gr�ochenig has characterized the Besov spaces as coorbits of thesimilitude group G = (R+SO(n))nRn. With the representation

�(A; b)f (x) = jdet(A)j1=2f (A�1(x � b))
we have _Bp;qs = CoFGLp;qs+n=2�n=qwhere

Lp;q� = nf ��� Z � Z jf (aR; b)jpdb dR�q=pa��q daan+1 <1o
If we choose a radial � we only need the ax + b-group, but thenthe representation is not irreducible. The point is that � is cyclic.Besov spaces are de�ned using the space S0, why is it the same touse H1w where w(a; b) = a�s? Can we use H1� instead?
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Notation

I Let S be a Frech�et space which is weakly dense in itsconjugate dual S� and let hv 0; ui denote the conjugate dualpairing of u 2 S and v 0 2 S�
I Let � be a representation of a (Lie) group on S and de�ne thevoice transform Vu(v 0)(x) = hv 0; �(x)ui
I Denote by � also the contragradient representation on S�, i.e.h�(x)v 0; ui = 
v 0; �(x�1)u�
I Let Y be some left- and right-invariant (quasi) BanachFunction space.
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A generalization (Coorbit spaces)
Assume there is a cyclic u 2 S such thatR1. Vu(v) � Vu(u) = Vu(v) for all v 2 SR2. Y � Vu(u) � Y and f 7! f � Vu(u) is continuousR3. If f = f � Vu(u) 2 Y then �(f )u 2 S�R4. �(Vu(u))u 2 Sand then de�ne

CouSY = fv 0 2 S�jVu(v 0) 2 Y g
with norm kv 0k = kVu(v 0)kY
RemarkR1 and R4 hold automatically if we have a square integrablerepresentation and S = H or S = H1� .R2 also holds for some non-square integrable representations.
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A generalization (Coorbit spaces)
Theorem
I CouSY is a �-invariant Banach space
I Vu : CouSY ! Y � Vu(u) � Y is an isometric isomorphism

Theorem (Dependence on u and S)
I If (S ;H;S�) and (T ;H;T �) are Gelfand triples satisfying theassumptions then CouSY = CouTY if u 2 S \ T .
I If u1; u2 satisfy assumptions and Vui (v) � Vuj (ui ) = CijVuj (v)and Y 3 f 7! f � Vui (uj) 2 Y is continuous then

Cou1S Y = Cou2S Y .
Remark The generalization for coorbit spaces also works if Y isa quasi-Banach space. It would be interesting to see if this can beused to describe the whole scale of Besov spaces.
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Besov spaces revisited
It is possible to characterize the Besov spaces using the smoothvectors H1� in the following way:Let G be the ax + b-group and � the quasi-regular representationon L2(Rn). With � as before

_Bp;qs = Co�H1� Lp;qs+n=2�n=q
for p; q � 1.By the previous theorems this follows from

S0 ,! H1� ,! H1w
for w(a; b) = a�s .This has been veri�ed for n = 1.
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Besov spaces for 1 � p; q � 2

If 1 � p; q � 2 and s = n=q � n=2 then �(f )� 2 H = L2(Rn). Wetherefore only need the Hilbert space H in the description, i.e.
_Bp;q
n=q�n=2 = Co�HLp;q

This yields the (probably well known) fact that
_Bp;q
n=q�n=2 � L2(Rn)
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A note on Smooth vectors
Triebel has de�ned Sobolev spaces on Lie groups G .If X1; : : : ;Xn is a basis for g then

W p2 = nf ��� X
i1+���+in�p k�(X

i1
j1 : : :X in

jk )f kL2 <1o

The smooth vectors can be characterized
H1� = lim�!Co�HW p2
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Besov Spaces on Cones
Let � = f(x ; y) 2 R2 j y2 � x2 > 0g.

The group G = nA(a; t) = �a cosh t a sinh ta sinh t a cosh t
� ja > 0; t 2 Ro

acts transitively on �.
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Besov Spaces on Cones
There is a Whitney decomposition of balls Bi of same size aroundpoints �i and functions  i 2 S�� with

supp( b i ) � Bi ; 0 � b i ; X
i
b i = 1

The Besov spaces on the cone are de�ned by B�ekoll�e, Bonami,Garrig�os, Ricci to be
Bp;qs = nf 2 S 0�� ��� kf kp;q;s = �X

i
��si kf �  ikqp�1=q <1o=S 0@�

The quasi-regular representation of G nR2 on L2��
�(A; b)f (�) = 1a f (A�1(� � b))

is square integrable (measure dadbdt
an+1 ).
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Non-unitary representations
Zimmermann has shown, that the non-unitary representation � ofSU(1; 1) on L1(T) given by

��� ��� ��
� f (z) = j � �z + ��j�2f � �z � ����z + ��

�
gives the orthogonality relationZ hf1; ��(�; �)�1ih�(�; �)�2; f2idm(�; �) = hf1; f2ih�2; �1i
for f1; f2; �1; �2 in appropriate spaces.Perhaps this can replace the coorbit theory for homogeneousspaces [Dahlke, Steidl, Teschke]. .
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