Math 308 Differential Equations

Undetermined Coefficients: More Examples

Example. Find the correct form of the particular solution to
y" + 4y = tsin(2t)

but do not solve for the coefficients.

Solution.  First we find yy,(t) = ky cos(2t) + ko sin(2t). Since g(t) = tsin(2t), our first guess for
yp is (A1t + Ap) cos(2t) + (Byt + By) sin(2t). Since the terms Aj cos(2t) and By sin(2t) solve
the homogeneous equation, we must multiply our initial guess by ¢ to obtain
yp(t) = t{(A1t + Ag) cos(2t) + (B1t + By) sin(2t) }
= At® cos(2t) + Agt cos(2t) + Byt sin(2t) + Byt sin(2t).

None of the terms in y, solve the homogeneous equation, so this will work.

Example. Find the general solution to
Y+ 4y + 4y = te

Solution. The characteristic polynomial is A\* + 4\ + 4 = (X + 2)?, so the only root is \; = —2.
The solution to the homogeneous equation is then y,(t) = kje 2! +kote ™. Now g(t) = te™?, so
our first guess is (At + Ag)e™?, but both A;te™% and Age™?' solve the homogeneous equation.
Therefore we multiply by ¢ to obtain t(A;t+ Ag)e™ = Ajt?e 2 + Agte=?. However, the second
term, Agte=%, is still a solution to the homogeneous equation, so multiply by ¢ again. We obtain

yp(t) = 7 { Ayt + Ag)e ™"}
= AfPe 2 4+ Agt2e2,

and this guess will work.
To find the coefficients, we will need

yn(t) = =2(A1t® + Agt?)e ™ + (3A1t? + 2A,t)e*
= (=2A,1% + (3A; — 2A0)t? + 2Apt)e™*

and

yg(t) = —2(—2A1t3 + (3A1 — 2A0)t2 —f- 2A0t)€_2t + (—6A1t2 —I— (6A1 — 4A0)t —I— 2A0)6_2t
= (4A:8° + (=124, + 4A0)t* + (6A; — 8Ag)t + 245)e



To solve for the coefficients, put these into the differential equation. The exponential factor in
each term can be canceled, and we are left with

(4A; —8A; +4A )P + (=124, +4Ag+ 12A; —8Ag +4Ay)t? + (64, —8Ag +8Ay)t +2A, = t.

The coefficients of t3 and t? are automatically zero. To make the remaining terms match for all
t, we must have 64; =1 and 24, = 0. Thus Ay =0 and A; = 1/6, and y,(t) = (1/6)t>e 2.
The general solution is

1
y(t) = ya(t) + yp(t) = ket + kote % + 6t3€—2t'



