Solving Second Order Differential Equations

Math 308

This Maple session contains examples that show how to solve certain second order constant
coefficient differential equations in Maple. Also, at the end, the "subs" commanduired.

First, we solve the homogeneous equation
y'+ 2y +5y=0.
We'll call the equation "eql™:
> eql :=diff(y(t),t,t) + 2*diff(y(t),t) + 5*y(t) = O;

0° 0
eql = Ey(t) + 2(&y(t)] +5y(t)=0

We use the "dsolve" command to solve the differential equation. In its basic form, thisuiecdm
takes two arguments. The first is the differential equation, and the second is tlu ftmbe found.
We'll use the "rhs" command to save the actual solution in the variable "sol1":

> sol 1 := rhs(dsol ve(eql,y(t)));

soll:= C1 e(_t) sin(2t) + _C2 e(_t) coq 2t)
The two expressions _C1 and _C2 are Maple's "arbitrary constants".

That was easy enough. How do we specify initial conditions? Consider the initial \ablenpr
y"+ 2y +5y=0, y(0)=3, y'(0)=-5.

We use the "dsolve" command again, but we now make a list of the equation and the initiadns

The first initial condition, y(0) =3, is written in Maple just as it is here. Howedweznter the initial

value of y', we can not simply write y'(0)=-5. The single quote ' has a special meakiagle, and i

is not a derivative. Instead, we use the "D" operator. The operator "D" is another way fypthgeci

derivative of a function. The derivative y'(t) can be expressed in Maple as D(i)($)" means "the

derivative of y", so "D(y)(t)" means "the derivative of y evaluated at t". Tofyplei initial conditior

y'(0)=-5, we use "D(y)(0)=-5". We use this in the following command:

> sol livp := rhs(dsolve({eql,y(0)=3,D(y)(0)=-5},y(t)));

sollivp := —e( g sin(2t) +3 e(_t) coq 2t)
Note that the first argument to "dsolve" is a list of three elements: {eql,y(@F®@)*-5}. This is
the initial value problem to be solved. As before, the second argument is just y(t), trenft;be
| found.
| Plot the solution.
> plot(sol livp,t=-1..6,labels=["t","y"]);




-
| Now let's try a nonhomogeneous example:
| y"+ 2y + 5y = 3sin(2t).

[>eq2 :=diff(y(t),t,t) + 2*diff(y(t),t) + 5*y(t) = 3*sin(2*t);

9° 0 :
eq2 = Ey(t) +2 (&y(t)] +5y(t)=3sin(2t)

ﬁ Use "dsolve" to find the general solution.
[ > sol 2 : = dsol ve(eq2,y(t));

(-t) . (-t) 3 . 12
sol2:=y(t)=e ’"sin(2t) C2+e " coq 2t)_C1+1—73|n(2t)—1—7cos( 2t)

ﬁ Now solve an initial value problem. We'll use the same initial conditions as before.
[ > sol 2ivp : = rhs(dsol ve({eq2,y(0)=3, D(y)(0)=-5},y(t)));

12 12 0 gin(20) + 2 6 cog 2t) +— sin( 2t) - = cog 21)
SOIZIVPp :=—"_¢€ Sin ——e co — SINn —-—_CO

] P="17 17 17 17

[ > plot(sol 2i vp,t=0..15);
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| We see the initial transient dies out, and the steady-state behavior is a simswildélon. You can
| look back at the solution to see the terms that make up the particular solution.

| Here's an equation with a more complicated function on the right:

L y"+ Yy + 2y =t"2cos(4t)

(> eq3 :=diff(y(t),t,t) + diff(y(t),t) + 2*y(t) = t"2*cos(4*t);

0 0
7 eq3 := (; y(t)] + (&V(‘)j +2y(t) =t* cog 4t)
> sol 3 := rhs(dsol ve(eq3,y(t)));

1 - 1
sol3: —e( H2n r(a«/;t]_02+e( H2n co{;/?t]_Cl

(41128t - 10906+ 11236%) sin( 4t) + cog 4t) (18974t — 39326t* + 16123

L * 595508 595508
| Look carefully at the above solution; you should be able to determine which terms arehmart of t
| homogeneous solution, and which are part of the particular solution.

| Let's solve the problem with initial conditions y(0)=0 and y'(0)=0, and then plot the result.

> sol 3ivp := rhs(dsol ve({eq3,y(0)=0,D(y)(0)=0},y(t)));

33177 (- 16123 1
coldivp =S L gl L7 f7 B v o1 7

4168556 595508

(41128t - 10906+ 11238%) sin( 4t) + cog 4t) (18974t — 39326t> + 16123

+
595508 595508

> pl ot (sol 3i vp, t=0..12);
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ﬁ Maple can solve differential equations that contain parameters:
(> eqd (= diff(y(t),t,t)+ 4*diff(y(t),t)+k*y(t) = 0O;

RECIRIEIN -
7 eq4 = atzy() aty() y(t) =
"> sol4 := rhs(dsol ve(eq4, y(t)));




—2+4-k+4)t —2-4-k+4)t
sold:=_cre Yy oYY

Note, however, that Maple has only given the solutlon that we expect when k < 4. If k=4, then
Maple's solution is not complete (it is missing the term t*exp(-2t)), and if k < 4 ddagoiswer will
become complex-valued (and we want real-valued solutions). If Maple knows the nuratieaf
k, it will give the correct form of the answer. To show this, I'll first introduce tuufenction called
"subs".

The "subs" command (short for "substitute™) allows you to replace variables in as®&prwith
| other variables or values. For example:
[ > p = xX"3+4*xN2-x*y + yh2 +1;
P=xX+4x —-xy+y+1
[ To find the value of this expression when x=3, we can use the following command:
> subs(x=3, p);

64— 3y +V
The last argument of "subs" is the expression in which to make the substitutions. T laegutiment:
| have the form variable=value. More than one subsitution can be given in the command:
[ > subs(x=3,y=5, p);
| 74
' Now we'll use the "subs" command to create copies of eq4 with several differentcaliredues of
k.
[ > eqda : = subs(k=1, eq4);

o)<l
egda:=| S y(1) |+ 4| - y(t) |+y(t) =0

> dsol ve(eg4a, y(t));

y(t)= Cle (-2 +43)1) _CZe(—(2+J§)t)

> eq4b : = subs(k=4, eq4);

9° d
egdb = Ey(t) + 4@ y(t)) +4y(t)=0

"> dsol ve(eqg4b, y(t));

yity=_cre P+ coe

[ Notice that Maple gave the correct answer here.
> eqd4c : = subs(k=8, eq4);

4 _(6_2 t]+4[2 tj+8 t)=0
i eHe =] 5 Yt oYV *8Y(D=
"> dsol ve(eqg4c, y(t));

yit)y=_c1e sin(2t)+ _c2e Y cog 2t)
[ And here it gave the correct, real-valued solution.



